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Abstract

The aim of this paper is to introduce the new concept of ordered complete dislocated quasi G-fuzzy metric
space. The notion of dominated mappings is applied to approximate the unique solution of nonlinear
functional equations. In this paper, we find the fixed point results for mappings satisfying the locally
contractive conditions on a closed ball in an ordered complete dislocated quasi G-fuzzy metric space.
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1. Introduction

Mustafa and Sims [10] introduced a G- metric space and obtained some fixed point theorems in it. Some
interesting references in G- metric spaces are [2,8,9,12,13,14,16]. In this paper, we find the fixed point results
for mappings satisfying the locally contractive conditions on a closed ball in an ordered complete dislocated
quasi G-fuzzy metric space. Our results improve several well known classical results.

Definition 1.1. Let X be a nonempty set and let G : X × X × X → [0,∞) be a function satisfying the
following properties:

(G1) G(x, y, z) = 0 if x = y = z,

(G2) 0 < G(x, x, y) for allx, y ∈ X with x 6= y,
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(G3) G(x, x, y) ≤ G(x, y, z) for all x, y, z ∈ X with y 6= z,

(G4) G(x, y, z) = G(x, z, y) = G(y, z, x) = ..., symmetry in all three variables,

(G5) G(x, y, z) ≤ G(x, a, a) +G(a, y, z) is called a G- metric space.

Definition 1.2. The G- metric space (X,G) is called symmetric if G(x, x, y) = G(x, y, y) for all x, y ∈ X.

Definition 1.3. A 3-tuple (X,G, ∗) is called a G- fuzzy metric space if X is an arbitrary nonempty set,
∗ is a continuous t-norm, and G is a fuzzy set on X3 × (0,∞) satisfying the following conditions for each
t, s > 0:

(i) G(x, x, y, t) > 0 for all x, y ∈ X with x 6= y,

(ii) G(x, x, y, t) ≥ G(x, y, z, t) for all x, y, z ∈ X with y 6= z,

(iii) G(x, y, z, t) = 1 if and only if x = y = z,

(iv) G(x, y, z, t) = G(p(x, y, z), t), where p is a permutation function,

(v) G(x, y, z, t+ s) ≥ G(a, y, z, t) ∗G(x, a, a, s) for all x, y, z, a ∈ X,

(vi) G(x, y, z, .) : (0,∞)→ [0, 1] is continuous.

Definition 1.4. A G- fuzzy metric space (X,G, ∗) is said to be symmetric if G(x, x, y, t) = G(x, y, y, t) for
all x, y ∈ X and for each t > 0.

Definition 1.5. Let X be a nonempty set and let G : X × X × X → [0,∞) be a function satisfying the
following axioms:

(i) If G(x, y, z, t) = G(y, z, x, t) = G(z, x, y, t) = 1, then x = y = z,

(ii) G(x, y, z, t) ≥ G(x, a, a, t) +G(a, y, z, t) for all x, y, z, a ∈ X. (Rectangle inequality).
Then the pair (X,G, ∗) is called the dislocated quasi G-metric space.

It is clear that if G(x, y, z, t) = G(y, z, x, t) = G(z, x, y, t) = 1, then from (i) x = y = z. But if x = y = z
then G(x, y, z, t) may not be 0. It is observed that if G(x, y, z, t) = G(y, z, x, t) = G(z, x, y, t)

Example 1.6. If X = R+ ∪ {0} then G(x, y, z, t) = x+max{x, y, z, t} defines a dislocated quasi metric on
X.

Definition 1.7. Let (X,G, ∗) be a G-fuzzy metric space and let {xn} be a sequence of points in X, a
point x ∈ X is said to be the limit of the sequence {xn} if limm,n→∞G(x, xn, xm, t) = 1, and one says that
sequence {xn} is G-convergent to x. Thus, if xn → x in a dislocated quasi G-fuzzy metric space (X,G, ∗),
then for any ε > 0, there exists n,m ∈ N such that G(x, xn, xm, t) > ε, for all n,m ≥ N .

Definition 1.8. Let (X,G, ∗) be a dislocated quasi G-fuzzy metric space. A sequence {xn} is called G-
Cauchy sequence if, for each ε > 0 there exists a positive integer n ∈ N such that G(xn, xm, xl, t) > ε for all
n,m, l ≥ N ; i.e. if, G(xn, xm, xl, t)→ 1 as n,m, l→∞.

Definition 1.9. A dislocated quasi G-fuzzy metric space (X,G, ∗) is said to be G-complete if every G-
Cauchy sequence in (X,G, ∗) is G-convergent in X.

Proposition 1.10. Let (X,G) be a dislocated quasi G-fuzzy metric space, then the following are equivalent:

(i) {xn} is G convergent to x,
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(ii) G(xn, xn, x, t)→ 1 as n→∞,

(iii) G(xn, x, x, t)→ 1 as n→∞,

(iv) G(xn, xm, x, t)→ 1 as m,n→∞.

Definition 1.11. Let (X,G, ∗) be a G-fuzzy metric space. For x0 ∈ X, r > 0, the G-ball with centre x0
and radius r is, (B(x0, r, t)) = {y ∈ X : G(x0, y, y, t) ≥ 1− r}.

Definition 1.12. Let (X,�) be a partial ordered set. Then x, y ∈ X are called comparable if x � y or
y � x holds.

Definition 1.13. Let (X,�) be a partially ordered set. A self mapping f on X is called dominated if
fx � x for each x ∈ X.

Example 1.14. Let X = [0, 1] be endowed with usual ordering and f : X → X be defined by fx = xn for
some n ∈ N . Since fx = xn � x for all x ∈ X, therefore f is a dominated map.

2. Main Result

Theorem 2.1. Let (X,�) be partially ordered set and let (X,G, ∗) be an complete dislocated quasi G-fuzzy
metric space, S : X → X be a dominated mapping and x0 be any arbitrary point in X. Suppose there exists
k ∈ [0, 1) with,
(2.1.1) G(Sx, Sy, Sz, t) ≥ kG(x, y, z, t), for all x, y, z ∈ B(x0, r, t) and
(2.1.2) G(x0, Sx0, Sx0, t) ≥ (1− k)r.
If for a non increasing sequence {xn} → u implies that u � xn. Then there exists a point x∗ ∈ (B(x0, r, t))
such that x∗ = Sx∗ and G(x∗, x∗, x∗, t) = 1. Moreover, if for any three points x, y, z ∈ B(x0, r, t) such that
there exists a point v ∈ B(x0, r, t) such that v � x, v � y and v � z, that is, every three of elements in
B(x0, r, t) has a lower bound, then the point x∗ is unique.

Proof. Consider a Picard sequence xn+1 = Sxn with initial guess x0. As xn+1 = Sxn � xn for all n ∈ {0}∪N.
Now by inequality (2.1.2) we have
G(x0, x1, x1, t) ≥ r, which implies that x1 ∈ B(x0, r, t). By rectangular inequality

G(x0, x2, x2, t) ≥ G(x0, x1, x1, t) +G(x1, x2, x2, t)

then we get,
G(x0, x2, x2, t) ≥ G(x0, Sx0, Sx0, t) +G(Sx0, Sx1, Sx1, t)

≥ (1− k)r + k(1− k)r
≥ (1− k2)r ≥ r.

Thus, x2 ∈ (B(x0, r, t)). We suppose that x3, ..., xj ∈ (B(x0, r, t)), for some j ∈ N .
Now using (2.1.1) we get,

G(xj , xj+1, xj+1, t) = G(Sxj−1, Sxj , Sxj , t)
≥ k[G(xj−1, xj , xj , t)]
≥ k2[G(xj−2, xj−1, xj−1, t)]
...
≥ kj [G(x0, x1, x1, t)]

(2.1.3)

By using inequalities (2.1.1) and (2.1.3) we have,

G(x0, xj+1, xj+1, t) ≥ G(x0, x1, x1, t) +G(x1, x2, x2, t) + ...+G(xj , xj+1, xj+1, t)
≥ (1− k)r + rk(1− k) + ...+ rkj(1− k)
= r(1− k)[1 + k + k2 + ...+ kj ]
≥ r(1− k)(1− kj+1)/((1− k)) ≥ r.
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Thus, xj+1 ∈ (B(x0, r, t)). Hence xn ∈ (B(x0, r, t)), for all n ∈ N . Now inequality (2.1.3) can be written as,

G(xn, xn+1, xn+1, t) ≥ kn[G(x0, x1, x1, t)]. (2.1.4)

Using inequality (2.1.4) we get,

G(xn, xn+i, xn+i, t) ≥ G(xn, xn+1, xn+1, t) + ...+G(xn+i−1, xn+i, xn+i, t)
≥ kn(1− ki)/((1− k))G(x0, x1, x1, t)→ 1

as n→∞.
This proves that the sequence {xn} is a G-Cauchy sequence in ((B(x0, r, t)), G, ∗). Therefore there exists

a point x∗ ∈ (B(x0, r, t)), with, limn→∞G(xn, x∗, x∗, t) = 1.
Similarly, it can be proved that limn→∞G(x∗, x∗, xn, t) = 1.
Therefore limn→∞G(xn, x∗, x∗, t) = limn→∞G(x∗, x∗, xn, t) = 1. (2.1.5)
Now, G(x∗, Sx∗, Sx∗, t) ≥ G(x∗, xn, xn, t) +G(xn, Sx∗, Sx∗, t).
By assumption x∗ � xn � xn−1, therefore,

G(x∗, Sx∗, Sx∗, t) ≥ G(x∗, xn, xn, t) +G(Sxn−1, Sx∗, Sx∗, t)
≥ G(x∗, xn, xn, t) + kG(xn−1, x∗, x∗, t)
≥ limn→∞[G(x∗, xn, xn, t) + kG(xn−1, x∗, x∗, t)] ≥ 1.

This implies G(x∗, Sx∗, Sx∗, t) = 1. Therefore, x∗ = Sx∗. Similarly,G(Sx∗, Sx∗, x∗, t) ≥ 1, and hence
x∗ = Sx∗. Now,

G(x∗, x∗, x∗, t) = G(Sx∗, Sx∗, Sx∗, t) ≥ kG(x∗, x∗, x∗, t).

Since, k ∈ [0, 1), then G(x∗, x∗, x∗, t) = 1. Uniqueness: Let y∗ be another point in (B(x0, r, t)), such
that y∗ = Sy ∗ . If x∗ and y∗ are comparable then, G(x∗, x∗, y∗, t) = G(Sx∗, Sx∗, Sy∗, t) ≥ kG(x∗, x∗, y∗, t).
Therefore, G(y∗, x∗, x∗, t) ≥ 1. This shows that x∗ = y∗.

Now, if x∗ and y∗ are not comparable then there exists a point v ∈ (B(x0, r, t)) which is the lower bound
of both x∗ and y∗ that is v � x∗ and v � y ∗ . Moreover, by assumption x∗ � xn as xn → x ∗ . Therefore,
by (2.1.1) and (2.1.2) and the fact that v � x∗ � xn � ... � x0

G(x0, Sv, Sv, t) ≥ G(x0, x1, x1, t) +G(x1, Sv, Sv, t)
≥ G(x0, Sx0, Sx0, t) +G(Sx0, Sv, Sv, t)
≥ (1− k)r + kG(x0, v, v, t)
≥ (1− k)r + kr.

But, x0, v ∈ (B(x0, r, t)) then G(x0, Sv, Sv, t) ≥ r − rk + rk ≥ r.
This implies G(x0, Sv, Sv, t) ≥ r.
It follows that Sv ∈ (B(x0, r, t)). Now, we will prove that Snv ∈ (B(x0, r, t)), by using mathematical induc-
tion. Let S2v, S3v, ..., Sjv ∈ (B(x0, r, t)) for some j ∈ N.
As Sjv � S(j − 1)v � ... � v � x∗ � xn � ... � x0, then,
G(xj+1, S

j+1v, Sj+1v, t) = G(Sxj , S(Sjv), S(Sjv), t). Thus, by (2.1.1),

G(xj+1, S
j+1v, Sj+1v, t) ≥ kG(xj , S

jv, Sjv, t) ≥ ...kj+1G(x0, v, v, t). (2.1.6)

Now,

G(x0, S
j+1v, Sj+1v, t) ≥ G(x0, x1, x1, t) + ...+G(xj , xj+1, xj+1, t) +G(xj+1, S

j+1v, Sj+1v, t)
≥ G(x0, x1, x1, t) + ...+ kjG(x0, x1, x1, t) + kj+1G(x0, v, v, t)
≥ G(x0, x1, x1, t)[1 + k + k2 + ...+ kj ] + rkj+1

≥ (1− k)r(1− kj+1)/((1− k)) + rkj+1 = r.



M. Jeyaraman, D. Poovaragavan, S. Sowndrarajan, S. Manro, CNA 6(1) (2019), 23–31 27

This implies G(x0, S
j+1v, Sj+1v, t) ≥ r.

It follows that Sj+1 ∈ (B(x0, r, t))and hence Snv ∈ (B(x0, r, t)) for all n. Now

G(x∗, y∗, y∗, t) ≥ G(Snx∗, Sn−1v, Sn−1v, t) +G(Sn−1v, Sny∗, Sny∗, t).

As Sn−1v � Sn−2v � ... � v � x∗ and Sn−1v � y∗ for all n ∈ Nas Snx∗ = x∗ and Sny∗ = y∗ for all n ∈ N .
Then by (2.1.1)

G(x∗, y∗, y∗, t) ≥ kG(Sn−1x∗, Sn−2v, Sn−2v, t) + kG(Sn−2v, Sn−1y∗, Sn−1y∗, t)
...
≥ knG(x∗, Sv, Sv, t) + knG(Sv, y∗, y∗, t)→ 1 as n→∞.

So G(x∗, y∗, y∗, t) ≥ 1, hence x∗ = y ∗ .
Similarly, G(y∗, x∗, x∗, t) ≥ 1, hence y∗ = x∗. This proves the uniqueness of the fixed point.

Theorem 2.2. Let (X,�) be partially ordered set and let (X,G, ∗) be an complete dislocated quasi G-fuzzy
metric space, S : X → R be a mapping and x0 be an arbitrary point in X. Suppose there exists k ∈ [0, 1/2)
with

G(Sx, Sy, Sz, t) ≥ k(G(x, Sx, Sx, t) +G(y, Sy, Sy, t) +G(z, Sz, Sz, t)) (2.2.1)

for all comparable elements x, y, z ∈ (B(x0, r, t)) and

G(x0, Sx0, Sx0, t) ≥ (1− θ)r (2.2.2)

where θ = k/(1 − 2k). If for non increasing sequence {xn} → u implies that u � xn. Then there exists
a point x∗ ∈ (B(x0, r, t)), such that x∗ = Sx∗ and G(x∗, x∗, x∗, t) = 1. Moreover, if for any three points
x, y, z ∈ (B(x0, r, t)), there exists a point v ∈ (B(x0, r, t)) such that v � x and v � y, v � z, where

G(x0, Sx0, Sx0, t) +G(v, Sv, Sv, t) +G(v, Sv, Sv, t) ≥ G(x0, v, v, t)+
G(Sx0, Sv, Sv, t) +G(Sx0, Sv, Sv, t)

(2.2.3)

then the point x∗ is unique.

Proof. Proof Consider a Picard sequence xn+1 = Sxn with initial guess x0. Then xn+1 = Sxn � xn for all
n ∈ {0} ∪N and by using inequality (2.2.2), we have,

G(x0, Sx0, Sx0, t) ≥ (1− θ)r ≥ r.

Therefore,x1 ∈ (B(x0, r, t)). Let x1, ..., xj ∈ (B(x0, r, t)) for some j ∈ N. Thus, by using inequality (2.2.1)
we have

G(xj , xj+1, xj+1, t) = G(Sxj−1, Sxj , Sxj , t)
≥ k[G(xj−1, Sxj−1, Sxj−1, t) +G(xj , Sxj , Sxj , t) +G(xj , Sxj , Sxj , t)]

which implies that,

G(xj , xj+1, xj+1, t) ≥ θG(xj−1, xj , xj , t) ≥ θ2G((xj−2, xj−1, xj−1, t)
≥ θjG(x0, x1, x1, t)

then,
G(xj , xj+1, xj+1, t) ≥ θjG(x0, x1, x1, t) (2.2.4)

Now, by using the inequality (2.2.2) and (2.2.4) we have,

G(x0, xj+1, xj+1, t) ≥ G(x0, x1, x1, t) +G(x1, x2, x2, t) + ...+G(xj , xj+1, xj+1, t)
≥ (1− θ)r[1 + θ + θ2 + ...+ θj ]
≥ (1− θ)r(1− θj+1)/((1− θ)) ≥ r,
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which gives, xj+1 ∈ (B(x0, r, t)). Hence xn ∈ (B(x0, r, t)), for all n ∈ N. It implies that inequality (2.2.4)
can be written as,

G(xn, xn+1, xn+1, t) ≥ θnG(x0, x1, x1, t). (2.2.5)

Now, by using inequality (2.2.5) we have,

G(xn, xn+i, xn+i, t) ≥ G(xn, xn+1, xn+1, t) +G(xn+1, xn+2, xn+2, t) + ...+G(xn+1−i, x(n+ i), xn+i, t)

≥ θn(1− θi)/(1− θ)G(x0, x1, x1, t)→ 1 as m, n →∞.

Notice that the sequence {xn} is G-Cauchy sequence in ((B(x0, r, t)), G, ∗).
Therefore, there exists a point x∗ ∈ (B(x0, r, t)), with limn→∞xn = x ∗ . Also,

lim
n→∞

G(xn, x∗, x∗, t) = limn→∞G(x∗, x∗, xn, t) = 1. (2.2.6)

Now, G(x∗, Sx∗, Sx∗, t) ≥ G(x∗, xn, xn, t) +G(xn, Sx∗, Sx∗, t).
By assumption x∗ � xn � x(n− 1), therefore,

G(x∗, Sx∗, Sx∗, t) ≥ limn→∞[G(x∗, xn, xn, t) + k(G(xn−1, Sxn−1, Sxn−1, t)
+G(x∗, Sx∗, Sx∗, t) +G(x∗, Sx∗, Sx∗, t))].

Thus, (1−2k)G(x∗, Sx∗, Sx∗, t) ≥ 1 and this implies G(x∗, Sx∗, Sx∗, t) = 1. Similarly, G(Sx∗, Sx∗, x∗, t) ≥
1 and hence x∗ = Sx ∗ . Now,

G(x∗, x∗, x∗, t) = G(Sx∗, Sx∗, Sx∗, t) ≥ k[G(x∗, Sx∗, Sx∗, t) +G(x∗, Sx∗, Sx∗, t) +G(x∗, Sx∗, Sx∗, t)],

which implies that, (1− 3k)G(x∗, x∗, x∗, t) ≥ 1.
This implies that,

G(x∗, x∗, x∗, t) = 1 (2.2.7)

Uniqueness: Now we show that x∗ is unique. Let y∗ be another point in(B(x0, r, t)), such that y∗ = Sy∗.
By following similar arguments as in inequality (2.2.6) we obtain,

G(y∗, y∗, y∗, t) = 1. (2.2.8)

Now, if x∗ � y∗, then,

G(x∗, y∗, y∗, t) = G(Sx∗, Sy∗, Sy∗, t) ≥ k[G(x∗, Sx∗, Sx∗, t) +G(y∗, Sy∗, Sy∗, t) +G(y∗, Sy∗, Sy∗, t)]

then, G(x∗, y∗, y∗, t) = 1 by using (2.2.7) and (2.2.8). Similarly, G(y∗, y∗, x∗, t) = 1.
Hence, we have x∗ = y∗. Now if x∗ and y∗ are not comparable then there exists a point v ∈ (B(x0, r, t)),which
is a lower bound of both x∗ and y∗. Now we will prove that Snv ∈ (B(x0, r, t)). Moreover, by assumptions
v � x ∗ xn � ... � x0.
Now, by using inequality (2.2.1) and (2.2.3), we have,

G(Sx0, Sv, Sv, t) ≥ k[G(x0, Sx0, Sx0, t) +G(v, Sv, Sv, t) +G(v, Sv, Sv, t)]
≥ k[G(x0, x1, x1, t) +G(v, Sv, Sv, t) +G(v, Sv, Sv, t)]
≥ k[G(x0, v, v, t) +G(Sx0, Sv, Sv, t) +G(Sx0, Sv, Sv, t)]

Hence,

G(Sx0, Sv, Sv, t) ≥ k[G(x0, v, v, t) +G(x1, Sv, Sv, t) +G(x1, Sv, Sv, t)].

Thus,

G(x1, Sv, Sv, t) ≥ θG(x0, v, v, t). (2.2.9)
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Now,
G(x0, Sv, Sv, t) ≥ G(x0, x1, x1, t) +G(x1, Sv, Sv, t)

≥ G(x0, x1, x1, t) + θG(x0, v, v, t),
≥ (1− θ)r + θr.

Thus, G(x0, Sv, Sv, t) ≥ r, then it follows that Sv ∈ (B(x0, r, t)).
Now, we will prove that Snv ∈ (B(x0, r, t)). By using the mathematical induction to apply inequality (2.2.1).
Let S2v, ..., Sjv ∈ (B(x0, r, t)), for some j ∈ N .
As

Sjv � Sj−1v � ... � v � x∗ � xn � ... � x0,

then,
G(Sjv, Sj+1v, Sj+1v, t) = G(S(Sj−1)v, S(Sjv), S(Sjv, t))

≥ k[G(Sj−1, Sjv, Sjv, t) +G(Sjv, Sj+1, Sj+1v, t)
+G(Sjv, Sj+1, Sj+1, t)],

which implies that,

G(Sjv, Sj+1v, Sj+1v, t) ≥ θG(Sj−1, Sjv, Sjv, t)
≥ θ2G(Sj−2, Sj−1v, Sj−1v, t)
...
≥ θjG(v, Sv, Sv, t).

(2.2.10)

Now,
G(xj+1, S

jv, Sj+1v, t) = G(Sxj , S(Sjv), S(Sjv), t)
≥ k(G(xj , Sxj , Sxj , t) +G(Sjv, Sj+1v, Sj+1v, t)

+G(Sjv, Sj+1v, Sj+1v, t)).

By (2.2.4) and (2.2.10), we get

G(xj+1, S
j+1v, Sj+1v, t) ≥ k[θjG(x0, x1, x1, t) + θjG(v, Sv, Sv, t) + θjG(v, Sv, Sv, t)]

≥ kθj [G(x0, x1, x1, t) +G(v, Sv, Sv, t) +G(v, Sv, Sv, t)]
≥ kθj [G(x0, v, v, t) +G(x1, Sv, Sv, t) +G(x1, Sv, Sv, t)]
≥ kθj [G(x0, v, v, t) + θG(x0, v, v, t) + θG(x0, v, v, t)]
≥ θj+1G(x0, v, v, t).

(2.2.11)

Now,

G(x0, S
j+1v, Sj+1v, t) ≥ G(x0, x1, x1, t) + ...+G(xj , xj+1, xj+1, t) +G(xj+1, S

j+1v, Sj+1v, t)
≥ G(x0, x1, x1, t) + θG(x0, x1, x1, t) + ...+ θj+1G(x0, v, v, t)
≥ G(x0, x1, x1, t)[1 + θ + θ2 + ...+ θj ] + θj+1r
≥ (1− θ)r((1− θj+1)/(1− θ)) + θj+1r = r.

It follows that Sj+1v ∈ (B(x0, r, t)), and hence Snv ∈ (B(x0, r, t)). Now inequality (2.2.10) can be written
as, G(Snv, Sn+1v, Sn+1v, t) ≥ θnG(v, Sv, Sv, t)→ 1 as n→∞. (2.2.12)
Now, by (2.2.7), (2.2.8) and (2.2.12)

G(x∗, y∗, y∗, t) = G(Sx∗, Sy∗, Sy, t)
≥ G(Sx∗, Sn+1v, Sn+1v, t) +G(Sn+1v, Sy∗, Sy∗, t)
≥ k[G(x∗, Sx∗, Sx∗, t) +G(Snv, Sn+1v, Sn+1v, t)

+G(Snv, Sn+1v, Sn+1v, t)] + kG(Snv, Sn+1v, Sn+1v, t) + 2G(y∗, Sy∗, Sy∗, t)
≥ kG(x∗, x∗, x∗, t) + 3kG(Snv, Sn+1v, Sn+1, t) + 2kG(y∗, y∗, y∗, t)G(x∗, y∗, y∗, t) ≥ 1

Similarly, G(y∗, x∗, x∗, t) = 1. Thus, x∗ = y∗. The following example exhibits the superiority of our Theorem
(2.2). The mapping is contractive on the closed ball instead on the whole space.
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Example 2.3. Let X = R+ ∪ {0} be endowed with usual order and G : X ×X ×X → X be an ordered
complete dislocated quasi G-fuzzy metric space defined by, G(x, y, z, t) = x/2 + y + z. Let S : X → X be
defined by, Sx = x/8 if x ∈ [0, 1/2], Sx = x− 1/2 if x ∈ [0,∞). Clearly, S is a dominated mappings. Then
for x0 = 1/2, r = 3/2, = 3/8, (B(x0, r, t)) = [0, 1/2] and for k = 3/10.
(1−θ)r = (1−3/8)3/2 = 15/16 and G(x0, Sx0, Sx0, t) = G(1/2, S1/2, S1/2, t) = 1/4+1/16+(1)/16 = 3/8.
This implies G(x0, Sx0, Sx0, t) ≥ (1− θ)r = 3/8 ≤ 15/16.
Implies 48 ≤ 120..
Also, if x, y, z ∈ (1,∞) we assume that x < y and y < z, then

5x+ 10y + 10z ≤ 15/2x+ 15/2y + 15/2z + 7/2.

Thus,

5x+ 10y + 10z − 5− 5− 5/2 ≤ 15/2x+ 15/2y + 15/2z − 9

It means that

10[(x/2− 1/4) + (y − 1/2) + (z − 1/2)] ≤ 3[((x/2 + x+ x− 1) + (y/2 + y + y − 1)
+(z/2 + z + z − 1))]

Hence,
G(Sx, Sy, Sz, t) ≤ k[((x/2 + x− 1/2 + x− 1/2) + (y/2 + y − 1/2 + y − 1/2)

+(z/2 + z − 1/2 + z − 1/2))]
≤ k[G(x, Sx, Sx, t) +G(y, Sy, Sy, t) +G(z, Sz, Sz, t)].

So, the contractive condition does not hold in X. Now if x, y, z ∈ (B(x0, r, t)), then

G(Sx, Sy, Sz, t) = x/16 + y/8 + z/8 = 1/8{x/2 + y + z}
≥ 3/10x/2 + y/2 + z/2
≥ 3/10{(x/2 + x/8 + x/8) + (y/2 + y/8 + y/8) + (z/2 + z/8 + z/8)}
≥ 3/10{G(x, Sx, Sx, t) +G(y, Sy, Sy, t) +G(z, Sz, Sz, t)}
≥ k{G(x, Sx, Sx, t) +G(y, Sy, Sy, t) +G(z, Sz, Sz, t)}.

Hence it satisfies all the requirements of Theorem (2.2).
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