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Abstract

In this paper, we introduce almost Geraghty contraction type maps for a single selfmap and prove the
existence and uniqueness of fixed points. We extend it to a pair of selfmaps by defining almost Geraghty
contraction type pair of maps in which one of the maps is b-continuous in a complete b-metric space. Further,
we prove the existence of common fixed points for a pair of selfmaps satisfying a generalized contraction
condition with rational expression in which one of the maps is b-continuous. Our results extend and generalize
some of the known results that are available in the literature. We draw some corollaries from our results
and provide examples in support of our results.
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1. Introduction and preliminaries

The development of fixed point theory is based on the generalization of contraction conditions in one
direction or/and generalization of ambient spaces of the operator under consideration on the other. Banach
contraction principle plays an important role in solving nonlinear equations, and it is one of the most useful
result in fixed point theory. In the direction of generalization of contraction conditions, in 1973, Geraghty
[19] proved a fixed point theorem, generalizing Banach contraction principle. Several authors proved later
various results using Geraghty-type conditions. In continuation to the extensions of contraction maps,
Berinde [7] introduced ‘weak contractions’ as a generalization of contraction maps. Berinde renamed ‘weak
contractions’ as ‘almost contractions’ in his later work [8]. For more works on almost contractions and
its generalizations, we refer Babu, Sandhya and Kameswari [4], Abbas, Babu and Alemayehu [1] and the
related references cited in these papers. In 1975, Dass and Gupta [14] established fixed point results using
contraction condition involving rational expressions.
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The main idea of b-metric was initiated from the works of Bourbaki [11] and Bakhtin [6]. The concept
of b-metric space or metric type space was introduced by Czerwik [12] as a generalization of metric space.
Afterwards, many authors studied fixed point theorems for single-valued and multi-valued mappings in
b-metric spaces, for more information we refer [3, 5, 9, 10, 13, 20, 21, 22, 23, 24, 25].

Definition 1.1. [12] Let X be a non-empty set. A function d : X x X — [0,00) is said to be a b-metric if
the following conditions are satisfied: for any x,y,z € X

(1) 0 <d(z,y) and d(x,y) = 0 if and only if z =y,
(i) d(z,y) = d(y,z),
(i71) there exists s > 1 such that d(z, 2) < s[d(z,y) + d(y, 2)].
In this case, the pair (X, d) is called a b-metric space with coefficient s.

Every metric space is a b-metric space with s = 1. In general, every b-metric space is not a metric space.

Definition 1.2. [10] Let (X, d) be a b-metric space and let {x,} be a sequence in X.
(i) A sequence {x,} in X is called b-convergent if there exists = € X such that d(z,,z) — 0
as n — oo. In this case, we write lim x, = z.
n—oo
(73) A sequence {x,} in X is called b-Cauchy if d(zy, ) — 0 as n,m — oc.
(731) A b-metric space (X, d) is said to be a complete b-metric space if every b-Cauchy sequence in X
is b-convergent in X.

(iv) A set B C X is said to be b-closed if for any sequence {z,} in B such that {z,} is
b-convergent to z € X then z € B.

In general, a b-metric is not necessarily continuous.

Example 1.3. [18] Let X = NU {co}. We define a mapping d : X x X — [0,00) as follows:

0 if m=n,
d(m,n) = % — % if one of m,n is even and the other is even or oo,
’ 5 if one of m,n is odd and the other is odd or oo,
2 otherwise.
Then (X, d) is a b-metric space with coefficient s = 3.

Definition 1.4. [10] Let (X,dx) and (Y, dy) be two b-metric spaces. A function f: X — Y is a
b-continuous at a point x € X, if it is b-sequentially continuous at x. i.e., whenever {z,} is b-convergent to
x, fx, is b-convergent to fx.

In 1973, Geraghty [19] introduced a class of functions

S ={f:[0,00) - [0,1)/ lim B(t,) =1 = Ji_g)lotn =0}.

n—oo

Theorem 1.5. [19] Let (X, d) be a complete metric space. Let T : X — X be a selfmap
satisfying the following: there exists € & such that

d(Tz,Ty) < B(d(x,y))d(z,y) for all x,y € X.
Then T has a unique fixed point.

We denote ) )
B ={a:[0,00) — [0, g)/nh_)rrolo aty) = S = nlgrolo tn, = 0}.

In 2011, Dukic, Kadelburg and Radenovié [15] extended Theorem 1.5 to the case of b-metric spaces as
follows.
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Theorem 1.6. [15] Let (X,d) ba a complete b-metric space with coefficient s > 1 and let T : X — X be a
selfmap of X. Suppose that there exists o € B such that

d(Tz, Ty) < ald(z,y))d(z,y) for all z,y € X.
Then T has a unique fized point in X.
Throughout this paper, we denote

§=1{8:10,00 = [0, )/ lmsup f(tn) = - = lim 1, =0}

n—oo
and N, the set of all natural numbers.
The following lemmas are useful in proving our main results.

Lemma 1.7. [17] Let (X,d) be a b-metric space with coefficient s > 1 and T : X — X be a selfmap.
Suppose that {x,} is a sequence in X induced by xp+1 = Txy such that d(xy, xpi1) < Ad(Tp—1,2,) for all
n € N, where A € [0,1) is a constant. Then {x,} is a b-Cauchy sequence in X .

Lemma 1.8. [2] Let (X,d) be a b-metric space with coefficient s > 1. Suppose that {x,} and {y,} are
b-convergent to x and y respectively, then we have

1
—d(z,y) < liminf d(2,, yn) < limsup d(zy, yn) < s°d(z,y)
S n—00 n—00

In particular, if x =y, then we have h_)m (Tn,yn) = 0. Moreover for each z € X we have
n oo

1
gd(:c, z) < liminfd(x,, z) < limsupd(z,, z) < sd(z, 2).

n—roo n—00

In 2019, Faraji, Savi¢ and Radenovié [16] proved the following two theorems.

Theorem 1.9. [16] Let (X, d) be a complete b-metric space with parameter s > 1. Let T : X — X be a
selfmap satisfying: there exists § € § such that

d(Tz, Ty) < B(M(z,y))M(z,y) for all z,y € X,

where

M (2, y) = ma{d(z, ), d(z, Tx), dly, Ty), 5-(dl, Ty) +d(y, T2))}

"2s
Then T has a unique fized point.

Theorem 1.10. [16] Let (X, d) be a complete b-metric space with parameter s > 1. Let T,S : X — X be
selfmaps on X which satisfy: there exists 8 € § such that

sd(Tx, Sy) < B(M (z,y)) M (2,y) for all x,y € X,

where M (x,y) = max{d(x,y),d(z,Tx),d(y,Sy)}. If T or S are continuous, then T and S have a unique
common fixed point.

The following theorem is due to Haung, Deng and Radenovié [17].

Theorem 1.11. [17] Let (X, d) be a b-metric space with coefficient s > 1 and T : X — X be a selfmap such
that

d(z,Tx)d(y,T d(z,Ty)d(y,Tx d(z,Tx)d(z, T d(y,Tx)d(y,T
d(Te, Ty) < Ad(z,y) + X ( 1+d)(2(,zgl;) 2 4 agd 1+yd)(:p(,yy) PYE 1+d)(:b(,y) D425 (y1+d)(m(,?g/;) .

where A1, A2, A3, Ay and A5 are nonnegative constants with A1 + Ao + A3 + 28 g + 2sh5 < 1. Then T has a
unique fized point in X. Moreover, for any x € X, the iterative sequence {T"x} is b-convergent to the fized
point.
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In Section 2, we introduce almost Geraghty contraction type maps for a single selfmap and prove the
existence and uniqueness of fixed points. We extend it to a pair of selfmaps by defining almost Geraghty
contraction type pair of maps in which one of the maps is b-continuous in a complete b-metric space. In
Section 3, we prove the existence of common fixed points for a pair of selfmaps satisfying a generalized
contraction condition with rational expressions in which one of the maps is b-continuous. Our results extend
and generalize some of the known results that are available in the literature. We draw some corollaries from
our results and provide examples in support of our results.

2. Fixed points of almost Geraghty contraction type maps

The following we introduce almost Geraghty contraction type maps for a single and a pair of maps in
b-metric spaces as follows:

Definition 2.1. Let (X, d) be a b-metric space with coefficient s > 1, and let f be a selfmap of X. If there
exist § € § and L > 0 such that

d(fx, fy) < B(M(z,y))M(z,y) + LN (z,y) (2.1)

for all x,y € X, where

M (e, ) = max{d(e,y), d(z, f2),dly, fo), 5 [d(a, fy) + d(y, )]}
and
N(a,y) = min{d(a, fz). d(z. Fy),d(y, F2)}

then we say that f is an almost Geraghty contraction type map.

The importance of the class of almost Geraghty contraction type maps is that this class properly includes
the class of Geraghty contraction type maps studied by Faraji, Savi¢ and Radenovié [16] so that the class
of almost Geraghty contraction type maps is lager than the class of Geraghty contraction type maps, which
is illustrated in the following example (also in Example 2.8 and Example 2.9).

Example 2.2. Let X = [0,00) and let d : X x X — [0, 00) defined by

B 0 if r=y
d(x7y)_{ (w+y)2 if x#y.

Then clearly (X, d) is a complete b-metric space with coefficient s = 2.
We define f: X — X by
_ 1 if z€10,1)
f(x)_{ 20 —1 if x€[l,00).

We define 3 : [0,00) — [0, 1) by B(t) = %th for all t > 0. Then S € §. Without loss of generality we assume
that = > y.

Case (i). Let z,y € [0,1).
d(fx, fy) = 0 and clearly the inequality (2.1) holds in this case.

Case (ii). Let z,y € [1, 00).

d(fz, fy) = 4@ +y—1)2, d(z,y) = (z+y)? d(z, fz) = 3z —1)%, d(y, fy) = By — 1)%,
d(x, fy) = (x 42y —1)%,  d(y, fx) = (y+ 22 —1)*
fv)

max{d(z,y),d(z, fz), ( 2
= max{(z +y)? 3z — 1)?, ( -1
= (Bx—1)?

M (z,y) 713,2[61 z, fy) +d(y, fz)]}

(2 + 25— 12 + (y + 20 — 1))}

NH/ ~
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and
N(z,y) =min{(3z — 1), (z + 2y — 1)2, (y + 22 — 1)?} = (z 4+ 2y — 1)°.

We consider

. f3) = Ao +y=1? < g (e =1+ g +20=1)? < B (.9) M(w.9)+ LN (2.,
Case (iii). Let x € [1,00),y € [0,1).
d(fx, fy) = 42%,  d(z,y) = (x +y)? d(z, fz) = 3z —1)%, d(y, fy) = (y +1)?,

d(z, fy) = (z+1)2, d(y, fz) = (y+ 2z — 1)

M(z,y) = max{(z+y)? 3z —1)2 (y+ 1) %[(% + 124 (y+ 22 —1)?)}
= (Bx—1)2

and

N(z,y) min{d(z, fz), d(z, fy), d(y, fx)}
= min{(3z — 1), (x + 1)%, (y + 22 — 1)?}.
We consider
d(fz, fy) = 42? < m(iﬁx —1)2+ Y min{(z + 1)%, (y + 2z — 1)?}
< B(M(z,y))M(z,y) + LN(z,y).

. . . 11
From all above cases f is an almost Geraghty contraction type map with L = .

Here we observe that if L = 0 then the inequality (2.1) fails to hold.
For, we choose x = 3 and y = 2, we have
d(fzx, fy) =64,d(z, fx) = 64,d(y, fy) = 25,d(z,y) = 25,d(x, fy) = 36,d(y, fx) = 49.
Thus,
M (z,y) = max{25, 64, 25, %[36 +49]} = 64.

Here we note that
d(fx, fy) = 64 £ B(64)64 = (M (z,y)) M (x,y) for any B € F.

Definition 2.3. Let (X, d) be a b-metric space with coefficient s > 1, and let f and g be selfmaps of X. If
there exist § € § and L > 0 such that

sd(fx,gy) < B(M(z,y))M(z,y) + LN (z,y) (2.2)
for all z,y € X, where
M(z,y) = max{d(z,y),d(z, fz),d(y, 9y)}
and
N(z,y) = min{d(z, fz),d(z, gy), d(y, fx)}
then we call (f,g) is an almost Geraghty contraction type pair of maps.

Example 2.4. Let X =[0,00) and let d : X x X — [0,00) defined by
0 if t=y

d(x7y) = { (x+y)2 if #y.
Then clearly (X,d) is a complete b-metric space with coefficient s = 2. We define f,g : X — X by

[ xz+1 if z€][0,1) B
f(z) = { 2w—1 if €[l 00) and g(z) =1 for z € [0,00).
We define 3 : [0,00) — [0, 1) by B(t) = %—i—t for all ¢ > 0. Then 8 € §.
Without loss of generality we assume that x > y.
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Case (i). Let z,y € [0,1).

d(fr,gy) = (x +2)% d(z,y) = (x+y)* d(z, fz) = 2z +1)% d(y,gy) = (y + 1)?,
d(z,gy) = (z+1)%,  d(y, fz)=(x+y+1)?

M (z,y) = max{d(z,y),d(z, fz),d(y,9y)} = max{(z +y)*, (22 + 1)*, (y + 1)*} = (22 + 1)°
de@f%ﬂmﬂamfm@@ywdwjm}—mm«mwwvxm+n%@+y+nﬂ~4x+w?
sd(fz,gy) = 2(x + 2)? <3 +(2x+1)2 (22 +1)2 +6(z + 1)?
= B(M(z,y))M(z,y) + LN (z,y).

Case (ii). Let z,y € [1,00).

d(fx,gy) = (22)% d(z,y) = (x +y)* d(z, fw) 3z —1)%d(y,gy) = (y +1)%,

d(z,gy) = (z +1)%d(y 7f9:) (y+ % - 1)%.

M(z,y) = max{d(z,y),d(z, fz),d(y,gy)} = max{(z +y)*, (3z — 1)*, (y + 1)*} = (3z — 1) and

N(z,y) = min{d(z, fz), d(z, gy), d(y, fz)}

=min{(3z — 1), (x + 1)%, (y + 22 — 1)?} = (z + 1)2.
We consider
sd(fz,gy) = 2(2x)% < ﬁ(?)x —1)2+6(z+1)2
= B(M(z,y))M(x,y) + LN (z,y).

Case (iii). Let z € [1,00),y € [0,1).

d(fz,gy) = (22)% d(z,y) = (z +y)*,d(=, fr) = (32 — 1)*,d(y, gy) = (y + 1),
d(z,gy) = (x +1)% d(y, fr) = (y + 22 — 1),
M(z,y) = max{d(z,y),d(=, fr),d(y, gy)}

= max{(z +y)%, 3z — 1)%,(y + 1)?} = 3z — 1)? and
N(z,y) = min{d(z, fz), d(z, gy), d(y, fz)}

= min{(3z — 1), (x + 1)?, (y + 22 — 1)*} = min{(z + 1), (y + 22 — 1)?}.
We consider
sd(fx,gy) = 2(22)? < 3+( e 5(3x — 1)2 + 6min{(x + 1)2, (y + 22 — 1)?}

— B(M ()M (z,y) + LN(z, ).

From all above cases, (f,g) is an almost Geraghty contraction type pair of maps with L = 6.

Here we observe that if L = 0 then the inequality (2.2) fails to hold.

For, take v = % and y = 0. Then d(fx, gy) = %,d(:):, fz)=4,d(y,gy) = 1,d(z,y) = %
M(z,y) = max{d(z, y) d(z, fz),d(y, gy)} = 4.

sd(fx,gy) = % £ B(4)4 = B(M(z,y)) M (z,y) for any § € §.

Theorem 2.5. Let (X,d) be a complete b-metric space with coefficient s > 1 and let f : X — X be an
almost Geraghty contraction type map. Then f has a unique fixed point in X.

Proof. Let z( be arbitrary. We define the sequence {z,} in X by z,, = fz,—1 = f"zo,n € N. If z,, = 41
for some n € N, then x,, is a fixed point of T'. Suppose that z, # z,11 for all n € N. From the inequality
(2.1), we have

d(l‘n, wn—s—l) = d(fxn—la fxn) < B(M(xn—ly xn))M(xn—la xn) + LM(fEn—la xn) (23)
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in which
M(l'nfly xn) = max{d(mn 1, xn) d(xn 1, f$n 1)7 d(xnv fxn)a
215 [d(wp—1, frn) + d(Tn, fon-1)]}
- max{d(xn 1, xn) d(l‘n 1, l‘n)a d(ﬂfn, l‘n+1),
215 [d(n—1,Tnt1) + d(Tp, 77)]
= max{d(xn—h xn) (5Un7 xn—i—l)a ;:d(l’n_l, Jf'n—&-l)}
< max{d(zn-1,%n),d(Tn, Tni1),
215 [d(2n—1,70) + d(Tpn, Tni1)]}
- max{d(wn,l,aﬁn), (xn7$n+1 }
and '
N(ajn—ly xn) = mln{d(xn—h fxn—l)a d(xn—la fq:n)’ d(xn’ fxn—l)}
- min{d(wn_l, xn): d(.’L'n_l, xn—l—l)a d(.’L’n, I’n)}
= min{d(zp_1,2y),d(Tp—1,2n+1),0} = 0.
If M(xp—1,2p) = d(xn, Tnt1) then from the inequality (2.3), we have
1
d(l’n, xn—l—l) < B(d(l‘n, xn—i—l))d(-xn, xn—&—l) < gd(xna xn—l—l)
which is a contradiction.
Therefore M (zp—1,%n) = d(zn—1,%,). Hence from the inequality (2.3), we have
1
d(xp, Tpt1) < Bld(Tp—1,2n))d(Tn_1,2Tn) < gd($n,1,:ﬂn). (2.4)

Therefore, d(zy,Tnt+1) < d(xp—1,2,) for all n € N. Thus, {d(z,,zn+1)} is a decreasing sequence of non-
negative reals and bounded below by 0. Hence, there exists » > 0 such that li_)m d(Zp, Tpy1) = 7. Now on
n—oo

taking limit superior as n — oo in (2.4), we get

r < limsup B(d(xm xn—i—l))r implies 1 < limsup ﬁ(d(xm xn—i—l)) <

n—oo

which implies that 1 <1 <limsup B(d(zpn, zn41)) < 1 and so limsup B(d(zy, 2p11)) =
—00

Since 8 € §, we have ILm d(xp, xnt1) = 0. So we have r = 0.

n—oo

L

n—oo

We now prove that {z,} is a b-Cauchy sequence in X. On the contrary suppose that {x,} is not a
b-Cauchy sequence.Thus, there exists € > 0 for which we can find subsequences {z,,, } and {z,, } of {z,}
with ng > my > k such that

d($mk’ mnk) Z € and d($mka xnkfl) <€

From the inequality (2.1), (2.5) and by the b-triangular inequality, we have

€ S d(£mk7$nk) S S[d(xmka fEmk—&-l) + d($mk+17 xnk)}

Taking limit superior as n — co, we get

We now consider

€ .
— < limsup d(Tmy+1, Tn, )-
S n—00

d(xmk+1a l‘?%) = d(fxmka f.fnk,l) S B(M(xmkal‘nkfl))M(xmka :Enkfl) + LN(IEmkaxnkfl)

where

M(Cﬂmk,l’nk,1)

max{d(:vmk, Ly — 1) d(ZEmk’ fl'mk) d(xnkfla f-Tnkfl)a
215 [d(xmlw fmnk 1) + d<mnk 15 fxmk”}

max{d(xmk, Tnyg— l) d('rmkyajmk-‘rl) d(Ink_]_,ZUnk),
215 [d(xmmxnk) + d(xnk 17xmk+1)]}

max{d(xmka l'nk—l) d(xmk 9 xmk+1)7 d(xnk—lu xnk),
%[d(xmk? x”kfl) + d(xnk*h xnk) + d(xnk*h xmk) + d(xmk7xmk+1)]}

(2.5)
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and
N($mk7 xnkfl) = min{d($mk7 fxmk)v d(l‘mk, fmnkfl)a d(mnkfh fxmk)}
- min{d(xmk ) xmk"!‘l)? d(xmk ) xnk)’ d(xnk—lv xmk+1)}'

Taking limit superior as n — oo on M (%, , Tn,—1) and N(zp,, Tn,—1), We get

limsup M (zp,, Tn,—1) = lmsupd(zm,,Tn,—1) <€
n—oo n—oo

and limsup N (@, , Tpn,—1) = 0. Taking limit superior as n — oo in (2.6), we get
n—oo

@ |m

< hmsup d(xmk+1a$nk)
n—oo

< lim Sup[IB(M(xmk7xnk—l))M(xmk’ w”k_l) =+ LN(xmk’xnk_l)]
n—oo
< limsup S(M (@m,,, Tn,—1))€

n—oo

which implies that
< lim sup B(M(xmka xnk—l)) S

n—oo

1
s

®w |

Therefore,

—_

lim sup 5(M(xmk7$nk—1)) = ;

n—oo
Since f € §, we have limsup M (xy,, , Tn,—1) = 0. i.e., limsup d(zy, , Tn,—1) = 0.
n—oo n—oo
Therefore lim d(zp,,%n,—1) = 0.
n—oo

From (2.5) and using b-triangular inequality, we have

€< d(xmmxnk) < S[d(l’mk, xnk_l) + d(xnk_17 xnk)]
Taking limit superior as k — oo, we get
€ < limsup d(xm,,, zn,) =0,
k—o00

it is a contradiction. Therefore, the sequence {x,} is a b-Cauchy sequence in X.
Since X is b-complete, there exists u € X such that li_>m Ty = U.
n—oo

From the inequality (2.1) and the b-triangular inequality, we have

d(u, fu) < S[d(uvfxn) + d(fxac,fu)] (2.7)
< sd(u, fzy) + s[B(M (u, xy)) M (u, z,) + LN (u, )] '
where
M (uy0) = ma{d(n, 20 d(on, Fu), d(en, ), 51w, fra) + dlan, Fu)])
and

N(u,zy) = min{d(u, fu),d(u, fr,), d(xn, fu)}.

Taking limit superior as n — oo on M (u, z,) and N (u,z,) and using Lemma 1.8, we get

lim sup M (u, z,,) = d(u, fu) and limsup N (u, z,) = 0.

n—o0 n—0o0

Taking limit superior as n — oo in (2.7), we get

d(u, fu) < slimsup (M (u, zy)) limsup M (u, x,) + sLlim sup N (u, z,,)

n—oo n—oo n—oo
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implies that
d(u, fu) < slim sup B(M (u, 2,))d(u, fu)

n—oo

which implies that
< limsup (M (u, z,)) <

n—oo

1
s

®w | =

Therefore lim sup B(M (u, z,,)) = %
n—oo
Since § € §, we have lim M (u,z,) =0. ie. lim d(u, fu) =0.

Therefore fu = u. i.e., v is a fixed point of f.
Uniqueness of fixed point follows from the inequality (2.1). O

Theorem 2.6. Let (X,d) be a complete b-metric space with coefficient s > 1 and let (f,g) be an almost
Geraghty contraction type pair of maps. If either f or g is b-continuous then f and g have a unique common
fixed point in X.

Proof. Let xg be arbitrary.
We define the sequence {z,} in X by zon+1 = fxo, and xo,40 = gront1 foralln =0,1,2,... .
From the inequality (2.2), we have

sd(xon41, Tant2) = sd(fxon, gToni1) (2.8)
< B(M(z2n, Tan+1))M(xon, Tont1) + LN (z2n, Tont1) '
where
M (xon, xony1) = max{d(zan, Tont1), d(T2n, f2on), d(Ton+1, 9Ton+1)}
= max{d(xon, T2n+t1), d(T2n, Tont1), d(Ton+1, Tont2) b
= max{d(xon, Tont1), d(T2n+1, Tant2)}
and

N(2on, Tont1) = min{d(xan, fron), d(X2n, 9Ton+1), d(Tont1, fron)}
min{d(zan, Ton+1), d(Ton, Tont2), A(T2nt1, Tant1)}
= min{d(22n, Tan+1), d(T2n, T2n+2),0} = 0.

If M(xon, Tant1) = d(xon+1, Tant2) then from the inequality (2.8), we have

1
sd(Tan+1, Ton+2) < B(d(T2n41, T2n+2))d(T2n+1, Tant2) < gd(x2n+17x2n+2)7

which is a contradiction. Therefore M (zay,, Ton+1) = d(x2n, Tont1).
Hence from the inequality (2.8), we have

1
sd(Tan+1, Tany2) < B(d(an, T2nt1))d(T2n, T2nt1) < gd(mn,wznﬂ)- (2.9)

Therefore d(xon+1, Ton+2) < d(Tapn, Tont1). Similarly, we obtain d(xap+2, Ton+3) < d(Ton+t1, Tont2).
Hence d(xy, Tpt1) < d(xp—1,x,) for all n € N.
Thus {d(xy,xn+1)} is a decreasing sequence of nonnegative reals and bounded below by 0.
Hence there exists r > 0 such that li_>m d(Tp, Tpy1) = 7.
n—oo
Now on taking limit superior as n — oo in (2.9), we get

sr < limsup B(d(z2n, T2ni1))r
n—oo

implies that

W | =

s < limsup S(d(zon, Tont1)) <

n—o0
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which implies that
<1 < limsup B(d(z2n, T2nt1)) <

n—oo

1
- <
s

®w | =

1
52

which implies that

[

lim sup B(d(22n, T2nt1)) = —.
n—o00 S

Since 8 € §, we have nILHQO d(xp, xnt1) = 0 so that r = 0.
We now prove that {z,} is a b-Cauchy sequence in X. It is sufficient to show that {z2,} is b-Cauchy.
Suppose that {xa,} is not a b-Cauchy sequence. Then there exists an ¢ > 0 for which we can find
subsequences {ay,, } and {xa,, } of {z2,} with
nyg > my > k such that

d(T2m,, T2ny) > € and  d(Tomy, Ton,—2) < € (2.10)

From the inequality (2.2), (2.10) and by the b-triangular inequality, we have

e < d(xan,mek)
< sld(xan,, Tan,—1) + d(T2n,—1, Tam,, )] (2.11)
= Sd(anﬂ,kaxanfl) + Sd(f:l"anfQ) g.fL'kafl) '
< sd(@ony, Ton,—1) + B(M (220, —2, Tomy—1)) M (Tan,—2, Tam,—1) + L(Zon,—2, Tamy—1)
where
M (xon,—2,Tom,—1) = max{d(zan,—2,Tomy—1), d(Tan,—2, fTon,—2), A(Tam,—1, 9T2m,—1)}
= max{d(zan, -2, T2my—1), A(T2n,—2, T2n,—1), AT2my—1, T2m,, ) }
and
N(zon,—2, Tam,—1) = min{d(on,—2, fTon,—2), d(T2n,—2, 9Z2me—1), A XZ2my—1, fTon,—2)}

= min{d(x2n,—2, T2n, 1), A(T2n, -2, Tmy ) A(T2my—1, T2n,—1) }-

Taking limit superior as n — oo on M (22, —2, 2m,—1) and N(T2n, —2, T2m,—1), We get

llm Sup M(xan—% ‘I'ka—l) = hm Sup d(x2nk—27 $2mk—1)
n—oo n—oo

and limsup N(x2p,—2, Z2m,—1) = 0. From the b-triangular inequality, we have
n—oo

d(zon,—2, Tomy—1) < s[d(Zon,—2, Tam,,) + A(Z2m, , T2m,—1)]
Taking limit superior as n — oo and using (2.10) in the above inequality, we get

lim sup d(xan, —2, Tam,—1) < S€.
n—oo

Taking limit superior as n — oo in (2.11), we get

e < limsup[sd(zan,, Ton,—1) + B(M (2n,—2, Tam,—1)) M (X2n,—2, Tam,—1) + LN (T2n, -2, T2m,—1)]
n—oo

= limsup B(M (22n;, -2, Tam,—1)) limsup M (22, —2, T2m;,—1) + Llimsup N (z2,, —2, Zom, —1)
< eslimsup (M (22n,—2, T2m,—1))-
n—oo

Therefore . .
s < hfl_gp B(M (22n, —2, Tomy—1)) < 3
implies that lim sup B(M (z2n,—2, Tam,—1)) = %
n—oo
Since S € §, it follows that lim sup M (z2,, —2, Tam,—1)- i.e., imsup d(x2p, —2, 2m,—1) = 0.

n—o0 n—oo
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From the inequality (2.10) and by using b-triangular inequality, we get
€ d(x2mk7$2nk)

sld(zam,,, Tamy—1) + d(T2my—1, Tan, )]

sd(Tomy s Tamy—1) + 82[d(T2my—1, Tong—2) + d(Ton,—2, Tan,, )]

$A(Tomy,, Tamp—1) + $2d(X2my—1, Ton,—2) + $3d(Tan,—2, Tong—1) + $3d(Tan, -1, T2n,,)

VA VAR VARRPAN

Taking limit superior as n — co, we get

0 < e < limsup d(x2m,,, T2n,) < 0.

n—oo

Therefore lim d(zam,, z2n,) =0,
n—oo

it is a contradiction.
Therefore, the sequence {z,} is a b-Cauchy sequence in X.

Since X is b-complete, there exists x € X such that lim x, = x. Suppose f is b-continuous, we have
n—o0

fr= lim fze, = lim x9,41 = .
n—oo n—oo

Therefore z is a fixed point of f.

We now prove that x is also a fixed point of g.
Suppose that d(z,gz) > 0.

From the inequality (2.2), we have

sd(z,gx) = sd(fz,gx) < B(M(x,z))M(z,x) + LN (x, x)

where
M (z,z) = max{d(z, z),d(z, fx),d(z, gx)} = d(z, gx)
and
N(xa x) = min{d(x7 f$)7 d((L‘, gx), d($7 ffL')} = 0.
Therefore

sd(z,g2) < B(d(e, g2))d(z,g2) < <d(z, go),

which is a contradiction. Therefore x is a common fixed point of f and g.
On the similar lines, we can obtain x is a common fixed point of f and g, when g is b-continuous.
Uniqueness of common fixed point follows from the inequality (2.2). O

Remark 2.7. Theorem 1.9 and Theorem 1.10 follow as corollaries of Theorem 2.5 and Theorem 2.6
respectively by choosing L = 0.

The following is an example in support of Theorem 2.5, in which we show the importance of L.

Example 2.8. Let X = [0,00) and let d : X x X — [0,00) defined by
0 if z=y,

4 if z,y€(0,1),
d(z,y) = (

%—i— x%ry if z,y€]l,00),
% otherwise.
Then clearly (X, d) is a complete b-metric space with coefficient s = %.
Here we observe that when z = &,z =1 € [1,00) and y € (0,1), we have d(z,z) = J + xiz = 189 and

d(z,y) +d(y,z) = % + % = % so that d(z, z) # d(x,y) + d(y, 2).
Hence d is a b-metric with s = % but not a metric.
We define f: X — X by
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[ 2 if xe0,1)
We define 3 : [0,00) — [0 ,5) by B(t) = 25e_t Then B ESF.
Case (i). Let z,y € [0,1).
d(fx, fy) = 0 and clearly the inequality (2.1) holds in this case.

Case (ii). z,y € [1,00).

d(fz, fy) = 5+ oy dle fo) = 5+ gy Ay fy) = § + Sy dl@y) = 5+ G
d(z, fy) = 5 + 315
dy, fz) = % + (x}ry)
M(z,y) = max{d(z,y),d(z, fx),d(y, fy, 5:[d(z, fy) + d(y, fz)])}
= max{3+ et e T e Bkt T2t el T 2
and 9 )
N(z,y) = min{d(z, fz),d(x, fy),d(y, fo)} = 5 + —— "

We consider

d(fz, fy) =5+ @ iy) < e -3 +(r+y))(% + (Iiy)) +3x(3+ (lery)>
< B(M(z,y))M(x,y) + LN (z,y).
Case (iii).  €[0,1),y € [1,00).
d(y, fw) = %—I— (w_}_y).
M(z,y) = maX{Cllgﬁ,lg),gd(ﬂf, flzv),dl(Qy,lgy),g%[d(xi fy) + dg(y,fxl)]}
= max{F, 55t Gy osls tit @l T2t @iy
d
" N(z,y) = min{d(z, fz),d(z, gy),d(y, fr)} = min {12 12 9+ 1 }—E
We consider
d(fr, fy) =3+ —+= < 24e(+riy>)(9+ )+3x 2
’ 2 " (zt+y) — 25 2 " (zty)
< BM(z,y))M(z,y) + LN (z,y).
Case (iv). z € [1,00),y € [0, 1).
(‘T fy) = 2 + (a;+y)7d(yvfx) = %
M(z,y) = maX{cllg ) ),d(:lr,fwl)2, dlzy,gfy),%[d(x,lzy)+%(y,fx1)]}
= max{F. 0t G s B T Ew T T2 T G
and
. .9 1 9 1 12 12
N(‘Tay) - mln{d(xa fx)ad(xafy)ad(ya f{ZI)} - mln{§ + (I‘ + y) ) 5 + (CC n y)7 g} - ?

1

(z+
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We consider

24 —(3+=15),9
256 (z+v) (§+(z+y))+3><

B(M (z,y))M(z,y) + LN (z,y)

IAIA

From all the above cases, f is an almost Geraghty contraction type map with L = 3.

Threfore f satisfies all the hypotheses of Theorem 2.5 and 1 is the unique fixed point of f.
Here we observe that if L = 0 then the inequality (2.1) fails to hold.

For, by choosing x = 0 and y = 2 we have

d(fx, fy) = b.d(z, fr) =2, d(y, fy) =5,d(z,y) = 2, d(z, fy) = Z,d(y, fr) =5.

M(z,y) = max{d(z,y), <x £y, fo). L ldCa F) +d<y,fx>]}
= max{lsz, 152757 %2[12 + 5]} =5.

Here we note that

d(fz, fy) =5 £ B(5)5 = B(M(z,y))M(z,y)
for any 8 € §. Hence Theorem 1.9 is not applicable.

The following is an example in support of Theorem 2.6, in which we show the importance of L.

Example 2.9. Let X = [0,00) and let d : X x X — [0, 00) defined by
0 if x=y,
4 if z,y€(0,1),

d(z,y) = %—Fﬁ_y if z,y € [l,00),
%2 otherwise.
Then clearly (X, d) is a complete b-metric space with coefficient s = 2.
Here we observe that when x = 190,2 =1¢€[l,00) and y € (0,1), we have d(x,z) = % + x}_z = % and

d(z,y) +d(y,z) = % + %2 = % so that d(z,2) # d(z,y) + d(y, 2).
Hence d is a b-metric with s = 2 but not a metric.

We define f,g: X — X by

z6-2) i 20,1
f(x):{ @ ifaze{l?oo) Tmandg(x):{

if xe€l0,1)
if xe[l,00),

] &

Clearly g is b-continuous.
We define 3 : [0,00) — [0,1) by B(t) = 631 Then S € §.

Case (i). =,y € [0,1).

d(fr,gy) = 4,d(z, fz)=4,d(y,g9y) =4, d(z,y) = 4,d(z, gy) = 4,d(y, fz) = 4.
M(z,y) = max{d(z,y),d(z, fzr),d(y,gy)} = 4,
N(z,y) = min{d(z, fz),d(z,gy),d(y, fr)} =

We consider .

sd(fa,gy) =8 < "4 +2 x4 = B(M(x.y) M(z,y) + LN (z,y).

Case (ii). z,y € [1,00).

d(f,gy) = 2, d(z, fz) = + i Ay 9y) = 2,
d(z,y) = Q + (;,;.,.y) ,d(, ) = %7

dly, fz) = 9 5+ (m+y)

M(z,y) = max{d(:r y),d(z, f),d(y, 99)} = 3 + Gy
N(l‘,y) = min{d(x,fx),d(:v,gy),d( afx)} = 32
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We consider

sd(fa,gy) = %< TEEBNG L1 49w 12 - B(M(a,p)M(a,y) + LN (2,9
Case (iii). z €[0,1),y € [1,00).
d(fz,gy) = B,d(x, fr) =4,d(y, gy) = &, d(z,y) = &, d(x,gy) = 4,d(y, fz) = &
M(z,y) = max{d(z,y),d(z, fr),d(y,g )} —4 and
N(I‘,y) = min{d(xv fw),d(x,gy), (yv )} - %
We consider
24 e 12
sd(fr,gy) = &= < 54+ 2x = B(M(2,y))M(2,y) + LN (2,y).
Case (iv). x € [1,00),y € [0,1).
d(fe,gy) = 2.d(z, fr) =3+ Gy dly,gy) = 4. d(z,y) = 2. d(z,gy) = 2, d(y, fz) = 3.
M(ZL‘,y) = max{d(:n,y) (1: fl') (ya y)} = % + (acj-y) and
N(z,y) = min{d(z, fz),d(z,gy),d(y, fx)} = 2.

We consider .
e (5+mry)
sd(fr,gy) =% < (G4 o) F2x B

= B(M(z,y))M(z,y) + LN (z,y).

From all the above cases, (f,g) is an almost Geraghty contraction type pair of maps with L = 2.
Threfore f and g satisfy all the hypotheses of Theorem 2.6 and 0 is the unique common fixed point of f and
g.
Here we observe that if L = 0 then the inequality (2.2) fails to hold.
For, we choose x = 0 and y = 2 we have

d(fx,gy) = %,d(x,f@ =4,d(y, gy) = 15—2,d(x,y> = %
12 12
M(w,y) = max{d(z,y), d(, fz), d(y, gy)} = max{=.4, =} = 4.

Here we note that

sd([f,99) = 5 £ BAM = B(M(z,))M(z,)

for any € §.
Hence Theorem 1.10 is not applicable.

Remark 2.10. Remark 2.7, Example 2.8 and Example 2.9 suggest that Theorem 2.5 and Theorem 2.6 are
generalizations of Theorem 1.9 and Theorem 1.10 respectively.

3. Common fixed points of genaralized contraction pair of maps with rational expressions

Definition 3.1. Let (X,d) be a b-metric space with coefficient s > 1 and f,g : X — X be two selfmaps.
Assume that there exist non—negatlve reals )\Z, 1=1,2,3,4,5 with \{ + Ao + A3 4+ 254 + 2s\5 < 1 satisfying:

Jx ,9y)d T xz,fx)d(x, d(y,fz)d(y,
d(fz, gy) < \d(z,y) + X (er)(x(?;)gy) EpW (1“%@%)][ )+)\ (lid)(x(yy)gy) s (ylfrd)(x%gy) (3.1)

for all z,y € X, then we say that the (f, g) is a generalized contraction pair of maps with rational expressions.
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Example 3.2. Let X = [0,1] and let d : X x X — [0,00) defined by
_ 0 if =y,
d(z,y) = { ($+y)2 if 7 £y
Then clearly (X, d) is a complete b-metric space with coefficient s = 2.

We define f,g: X — X by

0 if x€0,1]\ {5}

1 s _ 1
128 1fﬁ[7—2.

) = & and gfe) = {
Take )\1 = %,)\2 = %,)\3 = )\4 :)\5 =0.
Case (i). z =3,y = 1.
d(fz,gy) = 0. Clearly the inequality (3.1) holds in this case.

Case (i). = # 3,y = 3.

d(fz,gy) = (G +p 832,d(w fr)=(+ 43 d(y, gy) = ($5)% d(z,y) = (z + 3)%,
d(z, gy) = (z+ 12 8) (y, fx) = (* + %) X ) .
d@,fe)d(y,gy) _ (v+57)° () dwgpdfe) _ (x+m)2(§+§7)2 d(z, fx)d(z,gy) _ (t55)* (@ +35)°
1+d(z,y) I+(z+23)2 7 1+d(zy) I+(z+3)2 7 1+d(zy) 1+(z+1)2
d(y,fx)d(y.9y) _ (7)( + ).
1+d(z,y) 91 x+y)
We consider
d(fz,gy) = (§+ 1) .
x—i—i bo
< gl Py
_ d(z,fr)d(y,9y) d(z,9y)d(y, fz) d(z,fz)d(z,9y) d(y,fz)d(y.9y)
- Ald( ) + )\ 1+d(:v,§/;)gy + )\3 lz-yd(zi) + )\4 1+d(a:,y)gy + )\5 yl-l—d(:v,zg/;)gy :
Case (ili). =1,y # 1.
_ Ly IRy 2,
d(fz,9y) = (15g)" dlz, fr) = (z + 128) ,d(y, gy) =
1
d(.ﬁlﬁ,y) = (5 + y)2,d(x,gy) = $2
Ay, fr) = (y 1+ Zy2, W fo)dy, gy) _ (v + 35)*° d(x,gy)d(y, fr) _ 2*(y+ §)°
’ 64 1+ d(z,y) 1+ (L +y)?" 1+d(z,y) 1+ (3 +y)?
d(z, fr)d(z,9y) _ (= + 35)%0% dly, fo)d(y,9y) _ (W + 7))y’
1+d(z,y) 1+ (3+y)?  1+d(z,y) 1+ (3+v)?)

We consider

d(fz,gy) = (135)°
1 (z+135)%°

1,1 2
< 3Ty

_ )\1d( y) NIV d(z,fr)d(y,9y) + A3 d(z,g9y)d(y,fz) + )\4d(:c,fx)d(a:,gy) s d(y,fx)d(y,gy)‘

1+d(z,y) 1+d(z,y) 1+d(z,y) 1+d(z,y)

Case (iv). = # 3,y # 3.

2

d(fr.gy) = () de, f2) = (+ )% d(y,99) = v

d(z,y) = (z +y)* d(z, gy) =

@y dle, f)dly,9y) _ (x+§0)%° d(z,gy)d(y, fz) _ 2*(y + 57)°
64 1+ d(z,y) 1+ (z+y)?2  1+d(z,y) L+ (z+y)?

2

d(y, fz) = (y +
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d(z, fr)d(z,gy)  (z+ )% dy, fo)d(y.gy) (v +§)*)y°

L+d(z,y) 1+ @+y?  14+d(z,y) (1+(z+y)?)
We consider
dfrgy) = (&) e
x+35)%y
i é(x+y)2+§cllzr(%‘i)yd)(2 ) d(z,9y)d(y, fz) d(z,fz)d(z,gy) d(y, f=)d(y,9y)
= Md(z,y) + TG0 TN T ey T M T dwy - T A T )

From all the above cases, (f, g) is a generalized contraction pair of maps with rational expressions.

Proposition 3.3. Let (X, d) be a b-metric space with coefficient s > 1 and (f, g) be a generalized contraction
pair of maps with rational expressions. Then u is a fived point of f if and only if u is a fized point of g.
Moreover, in that case u is unique.

Proof. Let u be a fixed point of f. i.e., fu = u.
Suppose that gu # u.
We now consider

d(u, gu) = d(fu,gu)
< Ad(u, u) + A URelegn) o g disgutlinfu) ) deludlign) g deeigdign — ),

Therefore d(u, gu) = 0 and hence u = gu.

Therefore u is a fixed point of g. Hence u is a common fixed point of f and g.
Similarly, it is easy to see that if u is a fixed point of g then w is a fixed point of f also.
Suppose u and v are two common fixed points of f and g with u # v.

From the inequality (3.1), we have

d(u,v) = d(fu,gv)

d(u, fu)d(v,gv d(u,gv)d(v,fu d(u,fu)d(u,gv d(v,fu)d(v,gv
< Ald(u, U) + A2 dz 1+)(il)((u(,u)j ) + );Zz ()15?3(11(),1)) ) —Z()‘4 );(1+c§)(u(,v)g )d(—i_ )\)5d(( 1)+d)(u(,v)g )
= Ald(u’ U) + A2 1—;—d(u,v7) + A3 I—Ld(uﬂ;) + M I—Ld(u,v’) + A5 l-ly-d(u,v’)
= (M + A3)d(u,v)
< d(u,v),
which is a contradiction.
Therefore d(u,v) = 0 and hence u = v. O

Theorem 3.4. Let (X,d) be a complete b-metric space with coefficient s > 1 and (f,g) be a generalized
contraction pair of maps with rational expressions. Then f and g have a unique common fixed point in X,
provided either f or g is b-continuous.

Proof. Let 9 € X be arbitrary. We define the sequence {x,} in X by

Top+1 = fron and xopto = gxop+ foralln =0,1,2,.. .. If 9, = z9,41 for some n, then x9, = xop+1 = fro,
so that xo, is a fixed point of f.

By Proposition 3.3, we have xs, is a fixed point of g so that x2, is a common fixed point of f and g.
Similarly, if 9,41 = xopt2 for some n then also we have z9,41 is a common fixed point of g and f.

Hence without loss of generality we assume that x, # x,4+; for all n.

Suppose n is even. Then n = 2m, m € N.

We now consider
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d(Tpt1,Tnt2) = d(T2m+1, Tams2
d(f562m,9332m+1

)
)
) + Ao d(z2m,fram)d(T2m+1,9T2m 1)

< \id(z2m, Tam+1 [N F—
d(x2m,9T2m+1)d(T2m+1,fT2m) d(z2m, fT2m )d(T2m,9T2m+1)
+)\3 1+d($2m7$2m+1) + )\4 1+d(1‘2m1$2m+1)
+A d(x2m+1,9%2m ) d(T2m+1,9T2m41)
5 1+d(51727n712m§%) v )
T2m , L2m-+1 T2m+1,L2m+2
= Ald(xzm’ $2m+1) + )\2 1+d4€x2mam2mil) .
+A d(z2m,2m12)d(T2mt1,82m41) + A d(z2m,T2m+1)d(T2m,T2m12)
3 1+d(m2m,x2m+1) 4 1+d(332m7x2m+1)
+A d(T2m+1,22m+1)d(T2m+1,22m42)
5 1+d(x2m,l“2m-5%) i )
Tom,,L2m, T2m+1,L2m
< Alaa ) # e M1 4 3, 23002
d(xom,x d(x X
< Md(z2m, Tanr) + Ap LE2m 11’2{;;71(@222111) 2ms2) 4\ s[d(@am, Tame1) + d(@2m41s Tamp2)].
Therefore \ \
1+ SA4
d(T2m+1, Tam+2) < ———————d(T2m, Tam+1) = h1d(T2m, T2m+1),
1— )\2 — 8)\4
_ _A1+s)
W'he.re 0< h = Toh—sha < 1.
Similarly, we can prove that
A1+ sAs
d(T2m42, Tam43) < ﬁd($2m+lax2m+2) = hod(x2m, T2m+1),
— A2 — 5

Where()ghg:%<l.

Now, if n is odd, then n = 2m + 1, m € N. We now consider

d(z2m+2, Tam+3)
d(T2m+3, Tam+2)

= d(fx2m+27 g$2m+1)
Md(T2m+2, Tom+1) + Ao dmm”ﬁﬁ?&;ﬁlci(,?ngrll’)mmﬂ)
+A d(zam+2,9C2m+1)d(T2m+1,fTam42) +A d(xam+2,fTomt2)d(T2mt2,9%2m41)
3 1+d(xom+2,T2m+1) 4 1+d(xom+2,T2m+1)
s d(xomy1,frami2)d(T2m+1,9T2my1)
1+d(w2m+2,x2m4&1) i
M d(T2m12, Tom+1) + A2 (I2m+124€12(?2+i)+2(,:;2;;:1{)x2m+2)
A d(x2m+2,T2m+2)d(T2m41,Z2m+3) + A d(x2m+2,2m+3)d(T2m42,22m+2)
3 1+d(z2m+t2,Z2m+1) 4 1+d(z2m+2,Z2m+1)
A d(x2m+1,22m+3)d(T2m+1,T2m42)
5 1+d(z2m+2,Z2m+1)

Md(z2m42, Tamt1) + Aod(Tam+3, Tam+2) + Asd(T2m+41, Tam+3)
MA(Z2m41, Tamt2) + Aod(Tam+3, Tam+2) + AsS[d(Z2m+1, Tamt2) + d(T2m+2, Tam+3)]-

d($n+1 s xn+2)

IN

INIA

AL+sA
Therefore d(zom+3, Tam+2) < %d(ﬂczmw,xzmﬂ) = hod(T2m+2, T2m+1),

Wh€f€0§h2z%<l.

Similarly, we can prove that d(x2m+3, Tam+4) < %d(mmw, ZTom+3) = hd(Tom, Tam+1),
where 0 < hy = P2 < 1,
Let 0< h = max{hl,hg} < 1.
Therefore d(zy, zp+1) < hd(xp—1,x,) for all n € N. Now by Lemma 1.7, {x,} is a b-Cauchy sequence in X.
Since (X, d) is b-complete, we have {x,} is b-convergent to some point z(say) in X.
Therefore z = lim x9,41 = lim fxo, and x = lim xop40 = lim gxony1
n—o0 n—o0 n—o0 n—00

so that lim fzo, = = lim gxo,41.

n—oo n—,oo
We assume that f is b-continuous. Since x9, — x as n — oo, we have fzo, — fx as n — oo.
By b-triangular inequality, we have 0 < d(z, fx) < s[d(x, fxo,) + d(fzan, f)].
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Taking limit superior as n — co, we get
0 < d(z, fxr) < 0. Therefore z is a fixed point of f.
By Proposition 3.3, we have x is a unique common fixed point of f and g.
On the similar lines, we can prove that x is a unique common fixed point of f and g, whenever g is
b-continuous. O

The following is an example in support of Theorem 3.4.

Example 3.5. Let X = [0,00) and let d : X x X — [0, 00) defined by

0 if x=uy,
4 if z,y € (0,1),
d(z,y) = 5+x—+y if z,y € [1,00),
gg otherwise.
Then clearly (X, d) is a complete b-metric space with coefficient s = %.

We define f,g: X — X by

2 . 2 .
_ ) T +2 if ze(0,1) z® if 2 €][0,1)
/(@) { 322 -2 if z€[1,00) and g(z) = 1,—12 if z€l,00),
1

Clearly g is b-continuous. We take A\; = g, Ao = ,)\3 80, A = 5%0’ A5 = 355
Then A1 4+ Ao + A3 + 2sMg + 2sA5 < 1. Without loss of generality we assume that x > y.

Case (i). z,y € (0,1).
66

d(fx,gy) = a5 4@, fr) = %5 d(y, gy) = 4,d(z,y) = 4,d(z, gy) = 4,d(y, fx) = %

d(z, fr)d(y,gy) _ 264 d(z,gy)d(y, fx) 264 d(z, fr)d(z,gy) 264 d(y, fr)d(y,gy) _ 264
1+d(z,y) 1257 14d(z,y) 1257 14d(x,y) 1257 1+d(z,y) 125°
We consider

d(fe,gy) =58 < Sx4+ 1 x 34+ 45 x B+l x 24+ 1 x 35

Ve fodgs) - dwgnidw.fo) o, y A fo)dagy) | ) d.fo)d.o)
_ z,Jxr)a\y,g9y z,9Y)a\y,Jx ,J L)\ Z,9Y Yy, Jr)aly,.g9y
= Md(@,9) + 7500, T T dmy) - T MT ey TS irdey)
Case (ii). z,y € [1,00).
d(fz,gy) = ngd(w fr) =5+ Hyg L d(y, 9y) = 32,
d(x,y) = 5+ (:B-i-y) d(x gy) 257
d(z.fr)d(y,9y) _ (20)(5+(z+y)) d(z.g)d.f) _ (35)0HGiy) defe)d@gy) _ (638) 0+ wg)
14d(z,y) 6+t | 1Td@w) b+ | ey 6+t
dy.fo)dly.gy) _  (1250)0 +(r+y))
1+d(z,y) 6+ Gy
We consider
(33) 5+ z17) (155) 5+ 5) (655) 5+ z377)
d(f,gy) =% < Fx G+ G Tix T B b x T = )ﬂﬂ + gy x
Tty T TTY
(1330)(5-%@)
5 6+ Gy
_ d(2.f2)d(y.9y) d(z.gy)d(y.fz) d(z,fz)d(z,9y) d(y,fz)d(y.9y)
- Ald(x’ y) + A2 1+d(z,y) + A3 1+d(z,y) + M\ 1+d(z,y) + s 1+d(z,y)
Case (iii). = € [1,00),y € [0,1).
d(f$ gy) = gg>d($a f.%') =5+ ﬁa d(yagy) =4, d(xay) gga d(l‘ gy) ggad(yv fﬂi‘) 257
defo)dly.gy) _  1OOCHER) dagy)dy.fo) _ 4356 d(fo)d(.gy) = (85)(5 + ),
1+d(z,y) 91 > 1+d(z,y) 22757 14d(z,y) (:Eer)
dly,f2)d(y,gy) _ 264

+dy) O
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We consider

1
(100)(5+m5) | 1 _ 4356

e 0 66 1 1 66 1
d(fr,gy) =35 < 3 1%+géx971+@Xm+ﬁx(7)(5+(x+y))
+335 X B
Y 320 . £\ Uz f2)dly.gy) |y, dz.gy)dly.fo) |y dz.fr)d(z.gy)
= \d(z,y) + 2" 1wy T M itdmy) T M itdzy)
4\ f2)d(,9y)
5T 1+d(zy) -

From all the above cases, f and g satisfy all hypotheses of Theorem 3.4 and 1 is the unique common fixed
point of f and g.

Corollary 3.6. Let (X,d) be a b-metric space with coefficient s > 1 and T : X — X be a mapping such
that

d(z, Tz)d(y, T d(z, Ty)d(y, T d(z, Tz)d(z, T d(y, Tx)d(y,T
(2, T2)dy, Ty) , | dz.Ty)dy,Tz)  \ d@ T2)d(z,Ty) | dy,Tz)dly, Ty)

d(Tz,Ty) < Md(z,y)+ A
(Tx, Ty) 1d(2, y) + A2 1+d(z,y) 1+d(z,y) 1+d(z,y) 1+d(z,y)

where A1, A2, A3, Aq and A5 are nonnegative constants with Ay + Ao + A3 + 2s g + 2sh5 < 1. Then T has a
unique fized point in X. Moreover, for any x € X, the iterative sequence {T"x} is b-convergent to the fized
point.

Proof. By choosing f = g =T in Theorem 3.4, the conclusion of this corollary follows. O
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