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Abstract

The purpose of this paper is three fold. Firstly, we establish a tripled coincidence fixed point theorem for a
sequence of mappings involving Geraghty contraction using compatibility and weakly reciprocally continuous
maps in the structure of partially ordered metric spaces. The technique used in A. Roldan et al. [9] and
in S. Radenovic [10] are not applicable on the presented theorems, we show that our results can not be
obtained from the existing results in this field of study and thus our results are completely new and give rise
a new dimension. Secondly, the notable works due to V. Berinde [3], V. Lakshmikantam and L. Ciric [8] and
Babu and Subhashini [1] are generalized and extended. Finally, some sufficient conditions are given for the
uniqueness of a tripled common fixed point. Consequently, we point out some slip-ups in the main results
of R. Vats et al.[12] and present a furnished version of the same. Some illustrative examples to highlight
the realized improvements are also furnished. Moreover, existence and uniqueness for the solution of an
initial-boundary-value problem is discussed. On the other hand, as an application to establish existence and
uniqueness for the system of integral equations our results are utilized. (©2017 All rights reserved.
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1. Introduction

In this section, some elementary definitions and fundamental results are discussed, which are essential
in our subsequent discussion.
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Definition 1.1 ([2]). An element (z,y) € X x X is called a coupled fixed point of the mapping F': X x X —
X if

Flr,y) =z,  Fly,z)=y.
Definition 1.2 ([8]). An element (z,y) € X x X is called a coupled coincidence point of the mappings
F:XxX—>Xandg: X — X if

F(z,y) =gz, F(y,z) =gy
Definition 1.3 ([4]). Let (X, <) be a partially ordered set and F': X x X x X — X be a mapping. The

mapping F’ is said to have the mixed monotone property if F' is monotone non decreasing in x and z and is
monotone non increasing in y, that is, for any x,y,z € X,

$17$2€X7$15x2:>F(x17y72) (55273/72’)7

< F
y,y2 € X,y 22 = F(x,y1,2) = F(x,y2,2)
and

21,20 € X, 21 220 = Fx,y,21) 2 F(x,y, 22).

Definition 1.4 ([5]). Let (X, <) be a partially ordered set and F': X x X x X - X andg: X — X
are two mappings. The mapping F' is said to have the mixed g-monotone property if F' is monotone g-non
decreasing in x and z and is monotone g-non increasing in y, that is, for any z,y, 2z € X,

T1,T2 € X7gx1 = gro = F(xlaya Z) = F(x27yvz)7

y1,y2 € X, gy1 = gy2 = F(z,y1,2) = F(2,12,2)
and
21,22 € X, 921 2 gzo = F(x,y,21) X F(x,y, 22).

Definition 1.5 ([4]). An element (x,y,z) € X x X x X is called a tripled fixed point of the mapping
F:XxXxX—Xif

F(z,y,z) ==z, F(y,z,y) =y and F(z,y,x)=z.

Definition 1.6. Let (X, d, <) be a partially ordered metric space. We say that X is regular if the following
conditions hold:

(i) if a non-decreasing sequence {x,} is such that x,, — x, then x, <z for all n > 0.
(ii) if a non-increasing sequence {y,} is such that y,, — y, then y <y, for all n > 0.
Definition 1.7 ([12]). Let (X, d) be a metric space. {F;};cn and g are compatible if

lim d(g(Fn(xn,yn,zn)>,Fn<ga:n,gyn,gzn>) =0,

n——4oo
lim d(g<Fn(yn,:L‘n,yn)),Fn (gyn,g:r:n,gyn» =0
n—-+o0o

and
lim d(g(Fn(Zn7yna$n)>?F" (gzn,gyn,g$n>) =0,

n—-+o0o

whenever {z,}, {y,} and {z,} are sequences in X, such that

lim F,(zn,Yn,2n) = lim gz, =,
n—-+4o0o n—-+4o0o

ngr—ir-loo Fn(ynv Ty yn) = ngrfoo 9Yn+1 =Y
and

lim F,(z T,) = lim z =z
nstoo n( ns Yn, n) n—s-Foo 9Zn+1 )

for some x,y,z € X.
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Definition 1.8 ([12]). {F;}ien and g are called weakly reciprocally continuous if

lim Q(Fn(wmyn,zn)> =gx or lim Fn<9$n=9ymgzn)) = Fu(z,y, 2),
n—-+o0o

n—-+00

ngr}rloo g(Fn(yn,xn,yn)) =gy or ngrfoo F, (gyn,gxn,gyn)) = Fu(y,z,y)
and
lim g(Fn(zn,yn,xn)> =gz or lim F, (gzmgyn,gwn» = Fy(z,y,2),

n—-+o00 n—-+o0o

whenever {z,,},{y,} and {z,} are sequences in X, such that

lim F,(z Zzn) = lim x =z
nstoo n( ny Yn, n) 00 GTn+1 )

im  Fy(Yn, Tn,yYn) = lm  gyni1 =y

n—-+o0o n—-+o0o
and
lim F,(z zn) = lim Z =z
ns oo n( ns Yn, n) n—s-00 9Zn+1 )

for some x,y,z € X.

Definition 1.9. Let ® denote the class of all functions ¢ : [0, +00) — [0, +00) satisfying ¢(t) < t for t > 0
and ¢(t) = 0 if and only if t = 0.

Definition 1.10 ([6]). Let S denotes the class of the functions S : [0,+00) — [0,1) which satisfy the

condition S(t,) — 1 = t, — 0.

2. Main Result

Our essential result is given as follows.

Theorem 2.1. Let (X, =X) be a complete partially ordered metric space. Let g be a self-mapping on X and
{F;}ien be a sequence of mappings from X x X x Xinto X such that

Fi(z,y,z) 2 Fiy1(u,v,w), Fi1(v,u,v) 2 Fi(y,z,y) and Fi(z,y,2) < Fipq(w,v,u),

(where i =r—1;7 € N) for z,y, z,u,v,w € X with gr = gu,gv X gy and gz X gw, or gx = gu,gv = gy and
gz = gw. Suppose that the following hold:

(i) g is continuous;
(i) Fi(X x X x X) C g(X);
(11i) {F;}ien and g are compatible and weakly reciprocally continuous;

(iv) there exists (xg, Yo, 20) € X X X x X such that gzo < Fo(xo,Yo0,20), 9¥0 = Fo(yo,zo,y0) and gzo =
FO(ZO,?JO7$O);

(v) there exist ¢,1p € ®, B € S and L > 0 such that

d(Fi(x, v, 2), Fj(u, v, w)) <p (M” (x,y, z,u,v, w)) ¢<Mi,j(m, Y, 2, U, V, w)) + L <Nm~(w, Y, 2, U, V, w)) ,
(2.1)
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where

d(gx, gu) + d(gy, gv) + d(gz, gw)
3 )
d(E($7y7 Z)? Fj(u,?}, U})) + d(FZ(yu x7y)7 Fj('l), 'LL,’U)) + d(E(zayvx)a Fj(wvvau))
3 )
d(gu, Fj(u,v,w)) + d(gv, Fj(v,u,v)) + d(gw, Fj(w, v, u)) }
3 Y

M; j(z,y, z,u,v,w) =max {

and
Noj(y. 2. v,w) = min {d(ge. Fi(2.y.2)). d{gz, Fy (u,v.w)). d(gu, Fi(z.y. 2)).d(gu. Fy(u,v,w)) }.

wheret=r—1,7j=s—1;r,s € N.

(vi) (a) F; is continuous for each i or (b) X is regular.
Then {F;}ien and g have tripled coincidence point. That is, there exists (x,y,z) € X x X x X such that
gr = Fl(xv Y, Z)a gy = Fz(y7m7y) and gz = Fi(zvya ZL‘) fOT’ some i € N.

Proof. Let 20,10, 20 € X such that gz = Fo(zo, %0, 20), 950 = Fo(yo,xo,y0) and gzo = Fy(z0, yo, o). Since
it is given that, Fy(X x X x X) C ¢g(X), we can choose x1,y1,21 € X such that gx1 = Fo(zo, vo, 20), gy1 =
Fo(y0,0,y0) and gz = Fy(z0, Yo, o). Again, we can choose 2,92, 22 € X such that gzo = Fy (21,1, 21), 9y2 =
F1(y2, x2,y2) and gzo = Fi(21,y1,21). Continuing this process, we can construct three sequences {z,}, {yn}
and {z,} in X such that

9Tn+1 = Fo(Tn, Yn, 2n)s 9Ynt1 = Fn(Yn, Tn, yn) and gzp+1 = F(2n, Yn, Tn) for all n > 0. (2.2)

If for some nO E N) we ha’ve gx’no - Fno ($n07 yn07 Zn0)7 gy’no - Fno (yn()7 xnou yno) and gzno - Fno (an yTL07 xno)
then {F;}iey and g have a tripled coincidence point. Therefore, in what follows, we suppose that for each

n >0, gra = Fn(xmymzn) # gTp OF GYnt1 = Fn(ymxnayn) # GYn OT gzZpy1 = Fn(znaynaxn) # 92n
holds.

Now, we shall show that
9Tn =2 9Tnt1, GYn = GYn+1 and gzn = g2ni1, (2.3)

for all n > 0. For this purpose, we use the mathematical induction. By (iv) and in view of gx; =

Fo(xo, 90, 20), 9y1 = Fo(yo, Zo, yo) and gz1 = Fo(20, Yo, To), We arrive at gzo = g1, gyo = gy1 and gzo = g21,
thus (2.3) is true for n = 0. We presume that (2.3) is true for some n > 0. Now, utilizing inequality (2.2)
and (2.3), which yields that

gTp+1 = Fn(xna Yn, Zn) = Fn+1(‘rn+1a Yn+1, Zn+1) = gTn+2,

9Yn+2 = Fn+1(yn+17 Tn+1, yn+1) = Fn(ym Tn, yn) = 9Yn+1

and
gin+1 = Fn(zna Yn, xn) = Fn+1(zn+17 Yn+1, mn—&—l) = gZn42-

Hence, (2.3) holds for n + 1. Proceeding by mathematical induction, (2.3) follows. Thus, we get

gro 2 gr1 2 gry X ... 2 gTp1 ...,

Yo = gY1 = gY2 = ... = GYnt1 = ...

and
gz0 2gz1 gz X .2 gzpp1 S
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On using inequality (2.1) and (2.2), we acquire that

d(gz1, gx2) = d(Fo(zo, Y0, 20), Fi(x1,y1,21)) (2.4)
< 5<M0,1(930,y07 20,21, Y1, Zl))¢(MO,1($O’y07 20,21, Y1, Zl)) (2.5)
+ Ly (No,l(fﬂo,yo, 20, %1, Y1, 21)>7 (2.6)
where
d d d
Mo.1(zo, Yo, 20, T1, Y1, 21) :max{ (g0, 971) + (gy%, 9y1) + (gzo,ga)’
d(gz1, gr2) + d(gy1, 9y2) + d(gz1, gz2)
3 )
d(gz1, gz2) + d(gy1, gy2) + d(gz1, gz2) }
3
and

No,1(z0, Y0, 20, 1, Y1, 21) = min {d(gﬂﬁmgl‘l)a d(gxo, gr2),d(gx1, gr1), d(gml,gxg)} = 0.

For simplicity, let us denote 8, = d(92n, 9Tn+1) + d(9Yn, 9Yn+1) +d(g2n, g2n+1), with this substitution above
leads to following cases.
Case (i):
oo 01 O1 01
M » 405, <05 L1, Y1, = {7, > 7} = —.
0,1(900 Y0, 20, L1, Y1, 21) = Max 333 3
With this valued and by the properties of 3, ¢ and 1 functions, (2.4) turns into

0 ) 0
d(gz1,gr2) < B(5)9(5) < - (27)
3 3 3
Similarly,
0
d(gy1, gy2) < 51 (2.8)
and
01
d(gz1,9z2) < 3 (2.9)
Adding (2.7), (2.8) and (2.9), we acquire that
d(gz1, gx2) + d(gy1, gy2) + d(gz1, gz2) = 61 < 1.
Leads to a contradiction. The similar conclusion holds for all n > 0.
Case (ii):
dg 01 01 0o
M = —, === =
0,1(z0, Yo, 20, 1, Y1, 21) maX{ 5303 } 3
Which in turn yields
do, 00, _ 00
d < B(=)o(—= —.
Analogously, we derive
01, ,,01 01
d < B(=)o(—= —=.
Repeating the above procedure, we get
O On— On—
dlgin, gni1) < B(Z5)o(~5) < 5 (2.10)
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Using similar arguments as above, one can easily show that

571,—1
3

d(gYn> gyn+1) < B( (2.11)

and
5n71

3

d(92n, 9zn+1) < B( (2.12)

Adding (2.10), (2.11) and (2.12), which implies
d(gxmg-rn-i-l) + d(gyna gyn-i—l) + d(gzna gzn—i—l) =0p < Op—1.

It follows that the sequence {d,} is monotone decreasing sequence of non-negative real numbers. Hence,
there exists an § > 0 such that lim d,11 = 6. We shall show that § = 0. Assume to the contrary that § > 0,
n—oo

then from (2.10)-(2.12) and by the property of ¢, we have

d(9Tn, gZny1) + A(GYn, Gynt1) + d(92n, g2nt+1) = 6n < 3B(—=

So,

)on_1.

b < 6(5”3‘1

Which on making n — oo, give rise § < lim ﬂ(5"‘1 )0 < 0. Which yields ILm 5(5”3‘1) =1.

Since, 8 € S, therefore d(gz,,gTn+1) —> 0 d(gYn, gYyn+1) — 0 and d(gzn,gzn+1) — 0. Which gives a
contradiction, yielding thereby § = 0, as n — oo, that is

lim 0, = lim (d(g2n, 9n+1) + d(gYn, 9Yn-+1) + d(92n; g2n+1)) = 0. (2.13)

n—oo

Next, we show that {gz,}, {gyn} and {gz,} are Cauchy sequences. On the contrary, suppose that at least
one of {gx,} or {gy,} or {gz} is not a Cauchy sequence. Then there exists an ¢ > 0 for which we can search
sub-sequences of positive integers {m(k)} and {n(k)} such that for all positive integer k, n(k) > m(k) > k
and let

Ok = d(GZm(k)s 9Tn(k)) T AGYm(k)> Yn(k)) T AGZm(k)> I2n()) = €. (2.14)
Moreover, corresponding to m(k), we may choose n(k) in such a way that it is the smallest integer with
n(k) > m(k) and satisfying (2.14). Then

A(GZrm(k)s 9Tn(k)—1) + AGYm(k)> 9Yn()—1) + A(GZmk)> I2n(k)—1) < € (2.15)

Due to triangle inequality and (2.15), it follows that

€ < 0k < d(9Tm(k), 9Tn(k)-1) + AGYmk)s 9Yn(k)-1) + AIZm(k)> 92n(k)-1) (
+ d(9Tn (k)15 9Tn(k)) + AGYn(k)—15 GYn(k)) + AG2n(k)—15 9Zn(k)) (2.17)
< €+ d(9Tn(k)—1, 9Tn(k)) + AGYn(k)—15 9Yn(k)) + AG2n(k)=1> 92Zn(k))- (
Now, we prove that hm 0k = €. By taking the limit of supremum in (2.16) as k — oo and using (2.13), one
obtains € < hm sup 5k < €, which get that

limsup 0, = e. (2.19)

k—o0

Again, on taking the inferior limit as £k — oo in (2.16) and from (2.19), we arrive at

e < hm inf §; < limsup d = €, which gives
—00 k—o0

liminf 65 =e. (2.20)
k—o0



Deepak Singh, Varsha Chauhan, Mehdi Asadi, Commun. Nonlinear Anal. 3 (2017), 68-86 74

Hence from (2.19) and (2.20), one deduce that lim inf dj, exists and

k—o0

lim inf 6, = lim inf (d(9Zm k), 9Tn(k)) + AGYmk): 9Ynk)) T A(92mr)> 92n(r))) = €. (2.21)

k—00 k—o00

Then from (2.20) and (2.21), klim J) exists and
—00

lim 0 = e. (2.22)
k—o0
Also, by the triangle inequality, we acquire
Ok = d(GTmk)s 9Tn(k)) + A GYm(k)> GYn(k)) + AG2m(k)> 92n(k)) (2.23)
< (k) + Onk) T A9 m)+15 9Ty +1) + AGYmi)+15 9Yni)+1) T AGZm) 115 I2n(k)+1)- (2.24)

As, n(k) > m(k) and g, k) = 9Tn(k)> 9Ym(k) = 9Yn(k) a0 G2pm k) = 92n(k)- Thus, from inequality (2.1) and
(2.2), we have

A(GZm(k)+1> ITn(k)+1) + AGYm(k)+1 9Yn(k)+1) T AGZmk)+1> 9Zn(k)+1)

= d(Fon (k) (T (k) Ym(k)> Zm(i))s Frie) (@ni)s Yn()s Zni))
+ d(F k) Yk Tmk)s Ym(k))s Frik) Un(k)s Tni)s Yn(k))
+ d(F k) (Zmk)s Ymk)s Tmk))s Fnk) Zn(k) Yn(k)s Tn(k)))

<3p (Mm(m,n(k) (Tm(k)> Ym(k)> Zmk)» Tu(k)> Yn(k)s Zn(kﬂ) ¢ (Mm(m,n(k) (Tm(k)s Ym(k)> Zmk)» Tu(k)> Yn(k)s Zn<k>>)
+3Ly (Nm<k>7n(k> (T (k) Ym(k)s Zm(k) Trk)> Yn(k)» zn(m)) - (2.25)

Using the definition of M; j(x,y, z,u,v,w), N; ;(z,y, 2z, u, v, w) and keeping the inequalities (2.13) and (2.22)
in mind, we get

0 M1, 0) (T Y () Zm(k) Tr(h)> Yn(h) 2(h)) = €/3;
(2.26)

klggo Non(i) mk) (T (k) Ym(k)» Zm(k)> Tn(k)s Yn(k)» Zn(k)) = 0

Indeed

Mm(k),n(k) (xm(k:)v Ym(k)s #m(k)s Tn(k)> Yn(k)s Zn(k))
A(GZrm(k)s 9Tn(k)) T AGYm(k)> 9Yn(k)) T AGZm(k)» I2n(k))
3 )
d(gxm(k)Jrlv gxn(k)+1) + d(gym(k)Jrh gyn(k)+1) + d(gzm(k)Jrh gzn(k)Jrl)
3 )
A(GZn(k)s 9Tnk)+1) T AGYn(k)> 9Ynk)+1) + A9Zn (k) 92n(k)+1) }
3

= max{

and
Nini),n(k) (T (k) Ym(k) s Zm(k)> (k) Yn(k)> Zn(k))
= min {d(gxm(k)v IZm(k)+1) AIZm(k)s 9Tn(k)+1)> AITn(k)ys ITm(k)+1)s AITn(k)s ITn(k)+1) }
Therefore, it follows from (2.23) and (2.25) that
Ok < Om(k) 1 On(k)
+36 (me),n(k) (T (k) Ym(k)s Zm(k)» Tnk)s Yn(k)» Zn<k>>> ¢ (me),n(k) (T (k) Ym(k)s Zm(k)» Tnk)> Yn(k) Zu(kﬂ)

+ 3Ly (Nm(k),n(k) (T (k) Ym(k) Zm(k)s Tr(k)s Yn(k)s Zn(k))) : (2.27)
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Letting the limit as k — oo in (2.27) and using inequality (2.26), we arrive at lim §; = € < lim 6(%’“)6 <e,
k—o00 k—o00
which deduce that klim /B(%’“) = 1. Hence, we assert that 0y — 0 as k — oo, which is a contradiction to
—00

(2.22). Thus, {gxn}, {gyn} and {gz,} are Cauchy sequences in X. Since, X is complete, then there exists
(xz,y,2) € X x X x X, such that

lim x = lim F,(x Zn) =T
n=+00 9Tn+1 i n( ny Yn, n) )

w9t = o Fnlun: onatn) = v

and
lim gZn+1 = lim Fn('zna Yn, .ZUn) =z
n—+00 n—+oo

Since, {F;}ien and g are compatible, we acquire

lim d(g(Fn(acn,yn,zn)>,Fn(gmn,gyn,gzn)) =0,

n——+00
lim d(g <Fn(ym T, yn)) En (gy”’ 9%n, gyn)) =0
n—+o00
and

lim d(g(Fn(zn,yn,xn)),Fn (gzn,gyn,gxn>) =0. (2.28)

n—-+00

Since, {F; }ien and g are weakly reciprocally continuous, we acquire

lim g(Fn(xmymzn)) =gz,

n—-+o0o
nkr-il-loo Q(Fn(ym Ln, yn)) =9y
and
lim g(Fn(znuynaxn)) =9z

n—-+o0o

It follows
lim F, (gmn,gyn,gzn) = gz, (2.29)

n—-+o0o

lim  F, (gymgxmgyn> =gy (2.30)
n—-+4o0o
and
lim F, (gzn,gyn,gacn> = gz. (2.31)

n—-+o0o

Consider the two possibilities given in condition (vi).
(a) Assume that F; is continuous. Due to inequality (2.1), we arrive at

d(E(QZ‘, y> Z)? Fn (gxnmgyn’ gzn)) S B(Ml,n(wv ya Z,g$n,gyn, gzn))d)(Ml,n(xv y7 z,gwn,gyn, gzn))

+ L,l/] (Ni,n(x7 Y,2,9dTn, gyn7gzn)>7
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where
d(gx, g(9xy)) + d(gy, n)) +d(9z, 9(9zn
M (2,5, 2, 6, G 9%0) :max{ (97, 9(g2n)) + d(gy g(gy ) +dl92,9(920))
d(Fl(xa ya Z)a Fn(gxn’gynv gzn)) + d(Fl(y’ $7 y)a Fn(gy’nv gfn, gyn)) + d(FZ(Zv y’ 33), Fn(an,
3
d(9(97n), 9(92n11)) + d(g(gyn), 9(gyn+1)) + d(g(92n), 9(92n+1)) }
3
and

N, 9. 2,90, gns 9%0) = min {d(gz, gzi11), d(97, g1, d(g(g2n), 92511, d(g(g2n), 9(gns1)) |

Passing to the limit as n — oo and from (2.28), (2.29) and utilizing the continuity of F; and g, one can
conclude that

d(E-(fﬁ, Y, 2), grz:) < Jim 5 <d<Fi($a Y, 2), Iy, (gfﬂn, 9Yns gzn) ) ) d(Fz-(fv, Y, 2), g:r:)

Which yields, d(F;(z,y,2),g9z) =0, i.e., Fi(z,y,2) = gz, as € S. Using the same as mentioned above,
one can obtained F;(y,x,y) = gy and F;(z,y,z) = gz.

(b) Suppose that X is regular. As {gz,} and {gz,} are non-decreasing and {gy,} is non-increasing,
utilizing the regularity of X, we get gx, <z, y < gy, and gz, < z for all n > 0.
Therefore, using inequality (2.1), we have

d<Fl(xa Y, Z)? F, (gxm gyn?.gzn))
S ﬁ(MZ,n(x) Y,2,9Tn, GYn, gzn)>¢<Ml,n(x7 Y,2,9Tn, GYn, gzn))
+ L¢ (Ni,n(xv Y,2,9%n, GYn, gzn))a

Letting the limit as n — oo in previous inequality and applying the same treatment as above, one can
easily arrive at d (E(m,y, 2), ga:) = 0, which gives Fj(z,y,z) = gr. Analogously, it can be derived that
Fi(y,z,y) = gy and F;(z,y,x) = gz. This concludes the Theorem.

Remark 2.2. If we relax the conditions (i), (iii) and completeness of X in Theorem 2.1 by assuming g(X)
to be a complete subspace of X and X is regular then the conclusion of Theorem 2.1 remains true.

Proceeding exactly as in Theorem 2.1, {gz,}, {9y} and {gz,} are cauchy sequences in g(X). Since, g(X)
is complete, then there exists (z,y,2) € X x X x X, such that

lim gz, = gz,
n——+0o00

lim gy, = gy

n——+o00

and

lim gz, = gz.
n—-+o00

As {gz,} and {gz,} are non-decreasing and {gy,} is non-increasing, utilizing the regularity of X, we
get gz, X gz, gy = gy, and gz, < gz for all n > 0. Using (2.1) we obtain

d(Fl(‘Ta Y, Z)a gxn-f—l) - d(F’L(mv Y, Z)v Fn(xna Yn, Zn))
S B(Mi,n(‘rayv Zy Ty Yns Zn))(b(MZ,n(‘rvyv Zy Ty Yns Zn))

+ Ly (Ni,n(xy Y,2,Tn,Yn, Zn)),
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where

d n) +d(9y, gyn) + d(92, 92n
Mi,n(fcay7271’n7yn72n> :max{ (g:z,gx )+ (gy3gy )+ (gz gz )7
d(Fi([L’,y,Z),Fn(l'n,yn,Zn))+d( (y7x y) Fn(yn7$n7yn>)+d( (Z ya )7Fn(znayn7mn))
3 )
d(gxna gwn+1) + d(gynv gyn+1) + d(gzm anJrl) }
3

and

Ni,n(m) Y, 2, Tny Yn, ZTL) = min {d(ng gmi-i—l)a d(ng, gxn+l)7 d(gl’n, gmi-{-l)) d(gxn, gl‘n—‘,—l)}-

Passing to the limit as n — oo in previous inequality and applying the same treatment as mentioned
above, we can easily observe that d( i(x,y, 2), g:c) = 0, which gives Fj(x,y,z) = gx. In a similar way,

Fz(%%?]) =gy and Fi(z7y7 ) = gz.

Remark 2.3. On replacing the weakly reciprocal continuity of {F;};cny and g by assuming g to be non-
decreasing in Theorem 2.1, one can derive another version of our main results.

Remark 2.4. In Theorem 2.1, restrict F': X3 — X, L =0 and (t) = k, where k € (0,1), we obtain

d(F(m,y,z),F(u,v,w)) —|—d(F(y,:U y), F(v,u v)) —l—d(F(z,y,a:),F(w,v,u))
{ (g2, gu) + d(gy, gv) + d(gz, gw)
F

< Bk:gb( max
d(F'(z,y, 2),

3 ,
(u,v,w)) + d(F(y,z,y), F(v,u,v)) + d(F(z,y,z), F(w,v,u))
3 ;

d(gu, F(u,v,w)) + d(gv, F(v,u,v)) + d(gw, F(w,v,u)) })

3 )

< 3¢(max { d(gz, gu) + d(gy?), gv) + d(gz, gw)’

d(F(z,y,z2), F(u,v,w)) + d(F(y,z,y), F(v,u,v)) + d(F(z,y,z), F(w,v,u))
3 ;

d(gu, F(u,v,w)) + d(gv, F(v,u,v)) + d(gw, F(w,v,u)) })

3

Thus, we get the another version of V. Berinde [3] for tripled coincidence points.

Remark 2.5. By restricting F : X3 — X, L =0 and 3(t) = k, where k € (0,1), one can easily get

d(F(a:, y,2), F(u,v, w)) < ¢<max { d(gx, gu) + d(gy3, gv) + d(gz, gw)’
d(F(z,y,2), F(u,v,w)) + d(F(y,z,y), F(v,u,v)) + d(F(z,y,z), F(w,v,u))
3 )
d(gU; F(U, v, UJ)) + d(g?], F(U, u, ’U)) + d(gw, F(’LU, v, u)) }) .
3

Thus, our results extend the coupled coincidence point theorems contained in V. Lakshmikantam and L.
Ciric [8] for tripled coincidence points.

Remark 2.6. Restricting F : X3 — X, L = 0 Theorem 2.1 can be viewed as a generalization of Theorem
2.1 of Babu and Subhashini [1] for tripled fixed points, so it extends and generalizes the related result of
Babu et al. [1], but we omit the details due to repetition.

Remark 2.7. The following observation are worth noting in the perspective of Theorem 2.1 in [12].
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(i) The non-decreasing requirement of g is superfluous. Notice that, in the context of Theorem 2.1[12],
authors used the sequence of mappings {7;};cy and in the statement and in the proof of the Theorem
2.1[12], they used To(xo, Yo, 20), which is unsound as for this to hold one needs to supplant i =7 — 1;7 € N;

(i1) In Example 2.3 author observed that (1,1,1) is also a tripled coincidence point of g and T;, where gz = x

and T;(z,y,2) = x‘?fz;i € N, which is invalid for i > 1;

(#i) In Theorem 2.1[12], authors used regularity of g(X). On using this authors reported that gz, < =z,
9yn =y and gz, < z for all n > 0. Which is worthless, one needs to replace regularity of g(X) by regularity
of X, so that the given proof can work. Also, in Theorem 2.1[12], authors used compatibility and weakly
reciprocal continuity together with completeness of g(X). Notice that there is no necessity of compatibility
and weakly reciprocal continuity of g and {T;};cn in Theorem 2.1[12], if g(X) is complete subset of X and
these properties are used only when X is complete. The proof can be completed on the lines of the proof of
Theorem 2.1 and Remark 3.1.

Now, we present the example which demonstrate the validity of the hypotheses and degree of generality
of our main result.

Example 2.8. Let X = [—1,1] with the usual metric and order. Then (X,d, <) be a partially ordered
metric space. Consider the mappings g: X — X and F; : X x X X X — X defined by

gz =z and F; = 42 i € N such that 2 + 2 <y.

Note that F;(x,y, z) C gz, g(X) is complete subset of X, g is monotonic non-decreasing, continuous, as well
as

Fi(z,y,z) 2 Fiy1(u,v,w), Fipq(v,u,v) 2 Fi(y,z,y) and Fi(z,y,2) < Fip1(w,v,u)

for x < w, y > vand z < w. Also, one can easily verify that {F;};cny and g are compatible and weakly
reciprocally continuous. Take ¢,¢ : [0,+00) — [0,4+00) be given by ¢(t) = % and ¥(t) = % And
B :[0,400) = [0,1) be given by

0 if t =0.

Then by a routine calculation, it can be easily verified that F; and g satisfy condition (2.33) for L > 6,
when B(t) > 0 with * # y # 2z and u # v # w. Also, L > 10, when B(t) = 0, with z # y # z and
u # v # w. Thus, all the hypotheses of Theorem 2.1 are satisfied and (0,0,0) is the tripled coincidence
points of F; and g.

B(t):{ %Hift>0;

Theorem 2.9. In addition to the hypotheses of Theorem 2.1 assume that the set of coincidence points is
comparable with respect to g, then {F;};en and g have a unique tripled common fized point, that is, there
exists (z,y,z) € X x X x X such that x = gr = Fi(x,y,z2), y = gy = Fi(y,z,y) and z = gz = Fi(z,y,x)
for some i € N.

Proof. Theorem 2.1 implies that the set of tripled coincidence points is non-empty. Now, we prove that if
(z,y,z) and (r, s, t) are tripled coincidence points, that is, if F;(z,y,2) = gz, Fi(y,x,y) = gy, Fi(z,y,x) =
gz, Fi(r,s,t) = gr, Fi(s,r,s) = gs and F;(t,s,r) = gt, then we will show that

gxr = gr, gy = gs and gz = gt. (2.32)

On the contrary, assume that at least one of them is not equal, that is, d(gx, gr) # 0 or d(gy,gs) # 0 or
d(gz,gt) # 0. Since, the set of coincidence points is comparable, applying inequality (2.1) to these points,
we acquire

d(gz, gr) + d(gy, gs) + d(gz, gt)
=d(Fi(z,y, z), Fi(r,s,t)) + d(Fi(y, z,y), Fi(s,r,s)) + d(Fi(z,y,z), Fi(t,s,r))

<3p (MZ-J-(x7 Y, 2,7, S, t))gi)(Mm-(x, Y, 2,7, S, t)) + 3Ly (Niyj(x, Y, 2,7, S, t)),
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where
M (2,9, 2,7 5, £) — max d(gx, gr) + d(gzz/)), gs) +d(gz,9t)
d(gz, gr) + d(gy, gs) + d(gz, gt)
3 )
d(gz, gr) + d(gy, gs) + d(gz, gt) }
3 b
and

Nij(x,y,2,7,5,t) = min {d(gm, gr),d(gz, gu), d(gu, gr), d(gu, gU)}-

Which deduce that

d(gx, gr) + d(gy, gs) + d(gz, gt)

< 35<d(9m, gr) + d(gzg, gs) + d(gz, gt)>¢(d(9w, gr) + d(g?é, gs) + d(gz, gt))

< p( Mo 9n) £ A9y 99) £ NG (g1 gr) + a9y, 95) + dl9z. 90)

< d(gx,gr) + d(gy, gs) + d(gz, gt),

which is a contradiction. So that (2.32) holds, and we have gz = gr, gy = gs and gz = gt. Thus, {F;}ien
and ¢ have a unique tripled point of coincidence. As two compatible mappings are also weakly compatible,
so they commute at their coincidence points. Hence, we conclude that, {F;};eny and g have a unique tripled
common fixed point, whenever {F;};cny and g are weakly compatible. O

The following example illustrate Theorem 2.9.

Example 2.10. In the setting of Example 2.8 replace the mappings ¢, : [0, +00) — [0, +00), 8 : [0, +00) —
[0,1) and L by the followings besides retaining the rest:

2¢—2t .
ft>0;
t = L t = ﬁ t = 2+t ! )
o) =% v =% B0 { bty
By repeating the discussion above, one can easily observe that inequality (2.33) with = # y # z and
u # v # w, is satisfied. Hence, all the conditions of Theorem 2.9 are fulfilled, also (0,0,0) remains tripled

common fixed point under F; and g and is indeed unique.

and L > 6.

In Theorem 2.1, if we restrict F': X x X x X — X, g=1, ¢(t) =t and L = 0, we deduce the following
corollary.

Corollary 2.11. Let (X, <) be a complete partially ordered metric space. Let F be a mapping from X x
X x Xinto X such that

F(x,y,z) 2 F(u,v,w), F(v,u,v) 2 F(y,z,y) and F(z,y,z) < F(w,v,u), for x,y,z,u,v,w € X with
z3u,v=yandz 3w, orx=u,v =y and z = w. Suppose that the following hold:

(i) there exists (xo,y0,20) € X X X x X such that xg = Fo(zo,Y0,20), Yo = Fo(yo,Zo,y0) and zy =
FO(Z()’yvaO);

(i) there exist [ € S such that

d(F(m, y,2), F(u,v, w)) < B(M(a:, Y, Z, U, U, w)) M(z,y, z,u,v,w), (2.33)
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where

d(z,u) + d(y,v) + d(z,w)
3 ;
d(F(z,y,2), F(u,v,w)) + d(F(y,z,y), F(v,u,v)) + d(F(z,y,z), F(w,v,u))
3 )
d(u, F(u,v,w)) + d(v, F(v,u,v)) + d(w, F(w, v, u)) }
3 )

M(z,y, z,u,v,w) :max{

(iii) (a) F is continuous or (b) X is regular.
Then F has tripled fized point. That is, there exists (x,y,z) € X x X x X such that
r=F(z,y,2), y=F(y,z,y) and z = F(z,y,z).

Corollary 2.12. In addition to the hypotheses of Corollary 2.11, suppose that the elements in the set of
tripled fized points are comparable. Then F has a unique tripled fixed point.

3. Applications

3.1. Application to ordinary differential equation

In this section we present an application to ordinary differential equation and this is inspired by [[7],
[11]]. Consider the following system of initial-value problems:

up(x,t) = ugy + f(z,t,u,uy) + g(x, t,0,0v;) + bz, t,w,w,), —oco<z<oo, 0<t<T, (3.1)
u(z,0) = p(z) —o00 << 00, '
ve(x,t) = vgp + fx,t,0,0,) + gz, t,u,uy) + h(2, t,0,0,), —o<r<oo, 0<t<T, (3.2)
v(z,0) = p(z) —o0 <z < 00, ’
wi(x,t) = Weyp + fx, t,w,wy) + g(z,t,v,0,) + h(z, b, u, uy), —o<r<oo, 0<t<T, (3.3)

w(z,0) = p(x) —o00 <z <00, '

where ¢ is a continuously differentiable function and that ¢ and ¢ are bounded and f, g and h are continuous
functions. Consider the space

Q={r(z,t):r,ry € C(R x I),and ||r]| < oo},
where I = [0,7] and

Irll = sup |r(z,0)| + sup |re(z,t)].
rzeRtel zeRtel

Obviously, this space with the metric given by

d(u,v) = sup |u(z,t) —v(z,t)|+ sup |ug(z,t) — va(z, )],
zeRtel zeRtel

is a complete metric space. The metric space ) can also equipped with a partial order given by

u,v € Q, u<v<= u(z,t) <v(x,t), ug(z,t) <vg(x,t), zeRtel.
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Definition 3.1. An element (u,v,w) € Q x Q x 2 is called a tripled lower-upper-lower solution of (3.3) if

up(x,t) < ugy + flx, t,u,ug) + g(x, t,v,v,) + h(x, t,w, wy), —co<zr<oo, 0<t<T,
u(z,0) < p(z) —00 <& < 00,
ve(,t) > Vap + f2,t,0,02) + g(x, b0, ug) + R(x, t,0,0,), —co<zr<oo, 0<t<T,
v(z,0) > (x) —o00 <z <00,
and
wi(x,t) < Wep + f(2,t,w,wy) + g2, t,v,05) + (2, tu, uy), —co<x<oo, 0<t<T,
w(z,0) < p(zx) —00 << 00.

Definition 3.2. Let ¥ denote the class of those functions 9 : [0,00) — [0.00) which satisfies the following
conditions:

(iii) B(t) = 40 ¢ s;

1 is positive in (0, c0) with 1(0) = 0.

For example, 1 (z) = 275 and ¢ (x) = In(z + 1) are in V.

Theorem 3.3. Consider the problem (3.3) with f,g,h: R X I xR xR — R continuous and suppose that
the following conditions are satisfied:

(i) for any ¢ > 0 with |a| < ¢ and || < ¢ the function f(z,t,a,7),g9(x,t,a,7) and h(x,t,c,7y) are uniformly
Holder continuous in x and t for each compact subset of R x I;

(ii) for all (a1,71), (a2,72) € RXR with a1 < ag and vy, < o, there exist 1 € ¥ and three positive constants
cf,cqg and cp, such that

042—041+72—71>
3 b
012—041+72—71>

3 )

0 < f(l',t,OéQ,’}/Q) - f(iU,t,Oél,’)/l) < cfd}(

0 < g(l’,t,ah’)/l) _g(x7t7a2772) < Cg¢(

and

7

012—041+72—71>

OSh(xaan?’YQ)_h(w7t7a17’yl) Sch"(/’( 3

(iii) f,g and h are bounded for bounded o and ~y;

() cy,cq,cn < %(T + QW%T%)”.
Then the existence of tripled lower-upper-lower solution for the initial value problem (3.3) provides the
existence of the unique solution of the problem (3.3).

Proof. The problem (3.3) is equivalent to the following integral equations

u(x,t) = /_Z k(z — a,t)p(a)da + /Ot /_Z k(z —a,t —\) [f(oz, A u(oy, N),ug(ay A))

+ g(a, A\, v(a, A),vz(a, X)) + ko, X\, w(o, N), we(a, )\))} dodX
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v(x,t) = /OO kE(x — a,t)p(a)da + /Ot /_O; kE(x —a,t —\) {f(oz, A v(a, ), vz (a, M)

—00

gl A u(a, \), s (, N) + h(a, A\, v(a, ), vg(a, A))} dav dA

w(z,t) = /_Z kE(z — a,t)p(a)da + /Ot /_0; kE(x —a,t — ) [f(oz, A, w(ay A), we (o, M)

+ g(a, A\, v(a, A),vz(a, X)) + ko, A u(a, N), ug(a, )\))} dod\

(3.4)

forallz e R, 0 <t <T. Where
2

e { o}
ex
4Art P

k(x,t) =

for all x € R and ¢ > 0. The initial value problem (3.3) possesses a unique solution if and only if the equation
(3.4) possesses a unique solution (u,v,w) such that u,v,w and us,v,,w, are continuous and bounded for
all z € R, 0 <t <T. In our subsequent discussion we need following integral due to [7].

) J [ k(x — ayt — N)dad\ < T

(ii) fof (r—a,t— A\ )|dad)\§27r_71T%.

Let the mapping F : Q x Q x Q — Q is defined by

[e.9]

F(u,v,w)(x,t) = / k(x — a,t)p(a)da + /Ot /Z kE(x —a,t— ) {f(a, A u(ay A), ug (o, N))

—0o0

(3.5)
+g(a, \,v(a, N), v (a, N)) + h(a, A\, w(a, N), we(a, /\))} doad)

for all z € R and t € I. It is easy to note that, if (u,v,w) € Q x Q2 x Q is a fixed point of F' then (u,v,w) is
a solution of the problem (3.3).

We show that all the conditions of the Corollary 2.11 and 2.12 are satisfied. From the condition (ii) of
Theorem 3.3, one can easily prove that [’ has the mixed monotone property.

From (3.5), for uy, v, w1, ug, v2, wy € Q with u; > ug, v1 < ve and wy > we, we have

F(uy,vi,wr)(z, t) — F(ug,ve, ws)(z,t)

/ / (& — ot = ) [ (00 M (0 X))o, ) = Flae X, us(r, ), (), V)

+g(a>)‘7vl(aa)‘)>( 1) ( )) g(Oé,)\,UQ(Oé,)\),(UQ);E(OC,)\)) (3'6)
+ h(a, A, wi(a, A), (w1)z(a, A)) — h(a, A, wa(a, A), (w2), (a,)\))}dad)\

)
// kot = ) (02 = ()  (1)efX) — (u)e(a )
(

3

2)e(0,3) = (0)ef0, )
5 )
(

IR EIC .

(U}I(OJ,)\) —wa(a, A) + (wi)a(a, A) — (wa)a (e, )\))}da dA.

+cp 3
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Since the function v is non-decreasing, therefore we get

l)x(ay )\) - (U2)x(a7 )‘) >

w(ul(a, A) — ug(a, A) + (u

3
< w(SllpaeR aer lui(a, A) —ug(a, A)[ + SgpaeR ser |(w1)z(o, A) = (ug)e(a, /\)!>
<ot
Similarly
w(vz(a, A) — v, A) + (gz)x(% A) = (01)a(e, >\)>
< w<supa€R,)\€I ‘UI(O‘7 >‘) - 02(0‘7 /\)’ + S;paER,AGI |(v1)$(aa )‘) - (UQ)GE(O‘? A)’)
S ﬂJ(d(Ul?: UQ))
and

w(wl(a, A) —wa(a, \) + (w1)z(a, A) — (w2)z(a, A))

3
- w<suPaeR,>\EI jwi(a, A) — wa(e, M) + supaer rer [(W1)z (@, A) — (wa)a (e, A)!)
- 3
Sw(d(wlg,wg))

Thus from inequality (3.6), we arrive at

sup | F'(u, vi, wi)(z,t) — F(uz, v2, w2)(z,t)|
zeR,tel

S/Ot/::k(x—a,t— W [er (B2 o g (Tt o (H N goay

7o (2522 4o (A252)) oy ()|

Moreover, from the above inequality, we acquire

5F(U1, U1, wl)

5F(UQ, V2, wg)

s (@,0) - T2
L () 4 () (2 03
<2ma T [cw((ulg’m)) +egu( (UI’UQ)) +c w(M)}
By adding (3.7) and (3.8) and utilizing the condition (iv) of Theorem 3.3, we have
d(F(uy, v1,w1), F(us, va, ws)) < (T + 275 T3) [cfw(d(ul’ug ) ”1’”2 ) ¢(d(“’13w2)ﬂ
() (2l ] N

As 1) is non-decreasing, which yields

¢(d(u13, UQ)) +¢<d(vl3, UQ)) +Q]Z)(d(uq?), wg)) < 3¢(d(U1,U2) —|—d(v1:;v2) + d(wl,wg)).
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Hence, from (3.9), we obtain

d(uz,ug) + d(vi,ve) + d(w1, w2)>
3

< Q/J(M(Ul,vl,wl, Uz, v2, w2))

A(F (wr, 1, 01), F (a2, w9)) < 3

P M(uhm,wl,uz,vg,wz))

.M(Ul,’U]_,U)]_,UQ,’UQ,U)Q)
M(Ul, U1, w1,U2,U2,w2)

= ,3<M(’LL1, V1, W1, U2, V2, ’LUQ)) .M(ul, V1, W1, U2, V2, ’IUQ)
Finally, Let (u,v,w) € Q x  x Q be a tripled lower-upper-lower solution of (3.3) then we have
u(z,t) < Flu(z,t), v(z,t),w(z,1)),

v(z,t) = F(u(z,1), u(z,t),v(z,1)),
w(z,t) < Fw(z,t),v(z,t), u(z,1)),
for all x € R and t € (0,T]. Therefore from Corollary 2.11 and 2.12, F' has unique tripled fixed point. [

3.2. Application to system of integral equations

Consider the following system of integral equations:
T
u(t) = p(t) + /0 Aty s)[f(s,u(s)) + g(s,v(s)) + h(s,w(s))]ds,
T
mw:puwy/ Mt ) [ (5. (5)) + g5, u(s)) + h(s,v(s))ds, (310)

T
)+ ; At w(s)) + g(s,v(s)) + h(s,u(s))]ds.

We consider the space X = C([0,T],R) of continuous functions defined on [0,7]. Obviously, the space with
the metric given by

d(ua U) = Ssup ’U(t) - U(ﬂ‘? u,v € C([O,T],R),
te[0,T

is a complete metric space. Consider on X = C([0,T],R) the natural partial order relation, that is,
u,v € C([0,T,R), u<v < u(t) <wo(t), tel0,T].
Theorem 3.4. Consider the problem (3.10) and assume that the following conditions are satisfied:
(i) f, g, h:[0,T] xR — R are continuous;
(ii) p:[0,T] = R is continuous;
(i1i) X :[0,T] x R — [0,00) is continuous;

(iv) There exists ¢ > 0 and ¥ € U such that for all u,v € R, v > u,

0< f(s,v) — f(s,u) < %ﬁ(vgu),
0 <g(s,u) —g(s,v) < %MU ; %),
0 < h(s,v) — h(s,u) < §w<” ; u%
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(v) Assume that

T
¢ sup / A(t, s)ds < 1;
te[0,7]J0

(vi) A pair (a,n,7) € X3 with (X = C([0,T],R)) is called a lower-upper-lower solution of (3.10), if
a(t) < p(t) + /OT At 5)[f(s,u(s)) + g(s,v(s)) + h(s, w(s))]ds,
n(t) = p(t) + /OT At s)[f(s,v(5)) + g(s,u(s)) + h(s, v(s))]ds,
(t) < p(t) + /OT At s)[f (s, w(s)) + g(s,v(s)) + (s, u(s))]ds.

Then the system of integral equation (3.10) has a unique solution in X* with (X = C([0,T],R)).

Proof. Consider the mapping F': X x X x X — X defined by
T
F(u,v,w)(t) = p(t) + /0 At, s)[f (s, u(s)) + g(s,v(s)) + h(s, w(s))]ds,

for all u,v,w € X and t € [0,T]. We prove that all the conditions of Corollary 2.11 and 2.12 are satisfied.
By the condition (iv) of the Theorem 3.4, it is not difficult to show that F' has mixed monotone property.
Now, for uy,v1, wi,us, v9, we € X with uy > usg, v < w9 and wy > we, we obtain

F(ul,vl, wl)(t) — F(’LLQ,’UQ,’ZUQ)(t)

= /OT A(t, s) [f(S, ui(s)) — f(s, uQ(S))} ds + /OT A [9(3’ R W(g))} )
T
+/0 A(t, s) [h(S,wl(S)) — h(S,wz(s))}dS

< S[o(BUS0) (2S00 OS] [Ty

As 1) is non-decreasing function, we have

¢(u1(s) gug(s)>

<Sups€[0 T lui(s) — u2(5)|>

v 3
(),

IN

Similarly,
¢<U2(8) ;vl(s)) < ¢<d(v1?: vg))
and
QZ)(wl(s) ; wg(s)) < ¢(d(w13, wg))‘

Hence, from the above inequality, we arrive at

sup |F(ug,vi,wy)(t) — F(ug, v, w2)(t)]

te[0,7)
[¢(M) _|_¢(d(v13’ U2)) +¢<Wﬂ sup C/OT)\(t, s)ds.

3 t€[0,T]

1
< Z
-3
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Which yields

[1&(761(“1’“2)) +4( (Ul’”)) +w(7d(w1’w2))] (3.11)

d(F (u1, v1,w01)(t) = F(uz, vz, w)(t)) < 5

Wl =

Since, 1 is a non-decreasing function, we get

¢(d(ug UQ)) +¢<d(vl3, UQ)) +?/)<d(wl?; wg)) < 3¢(d(U1,U2) —I—d(vlévg) + d(wl,wg))'

So by (3.11), we have

d(F(’LLl,’Ul,’wl)(t) — F(UQ, V2, U)Q

%Z)(d uy,ug) + d(m?,)vg) + d(w1,w2))

7/J<M Ulvvl,wl,uz,vz,u&))

d}(ﬂl u1,v1yuu,u2,v2,ua)>

M (u1,v1,wr, ug, v2, ws)

M (uq,v1, wr, ug, v2, wa)
= 5(M(u1,thl,uz,vz,wz))-M(ul, U1, Wi, U2, V2, W2).

This show that the contractive condition in Corollary 2.11 is satisfied.
Let (a,1,7) € X3 be a tripled lower-upper-lower solution of problem (3.10) appearing in condition (vi) of
Theorem 3.4 then we have

a < F(a,n,7), n>F(namn) and v <F(y,n,a).

Therefore from Corollary 2.11 and 2.12, F' has a unique tripled point in X, that is, the system of integral
equations has a unique solution.
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