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Abstract

In this paper we introduce a new concept for generalized sliding window rough measurable function on
almost ()‘mi un['y;fj) convergence in X?i?)\ . -Riesz spaces strong P-convergent to zero with respect to an
g m; Hny kj

Orlicz function and examine some properties of the resulting sequence spaces. We also introduce and study

sliding window rough statistical convergence of generalized sliding window rough measurable function on

almost ()\mi unﬂkj) convergence in Xf%x , -Riesz space and also some inclusion theorems are discussed.
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1. Introduction

The idea of rough convergence was introduced by Phu [11], who also introduced the concepts of rough
limit points and roughness degree. The idea of rough convergence occurs very naturally in numerical analysis
and has interesting applications. Aytar [1] extended the idea of rough convergence into rough statistical
convergence using the notion of natural density just as usual convergence was extended to statistical con-
vergence. Pal et al. [10] extended the notion of rough convergence using the concept of ideals which
automatically extends the earlier notions of rough convergence and rough statistical convergence.

A triple sequence (real or complex) can be defined as a function z : Nx N x N — R (C), where N, R and
C denote the set of natural numbers, real numbers and complex numbers respectively. The different types
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of notions of triple sequence was introduced and investigated at the initial by Sahiner et al. [12, 13], Esi et
al. [2-4], Datta et al. [5], Subramanian et al. [14], Debnath et al. [6] and many others.
A triple sequence z = (X, ) is said to be triple analytic if

1
SUDm ks | Tk T TE < 00.

The space of all triple analytic sequences are usually denoted by A3. A triple sequence = = (Z,,n) is called
triple gai sequence if

(m+n+k)! \xmnk|)m+z+k — 0 as m,n, k — oo.

The space of all triple gai sequences are usually denoted by x>.
In this paper we denote (,7n) as a sliding window pair provided:

(i) v and n are both nondecreasing nonnegative real valued measurable functions defined on [0, c0),

(i)

(i) Tim infape (7 (@) 7 (a)) > 0.
)

(iv) (0,00 =UA{(v(s) = n(s)] : s < a} for all a > 0.

Suppose Ipe = (7 (@), n(«)] and () — v () = p (Lape) , where p (A) denotes the Lebesgue measure of the
set A.

() < n () for every positive real number «, and 1 (a) — 0o as a — oo,

2. Definitions and Preliminaries

A triple sequence & = (&) has limit 0 (denoted by P—lima = 0) (i.e) ((m + n + k) |@ps) /™ —
0 as m,n, k — co. We shall write more briefly as P — convergent to 0.

Definition 2.1. An Orlicz function ([see[7]) is a function M : [0,00) — [0, 00) which is continuous, non-
decreasing and convex with M (0) = 0, M (z) > 0, for z > 0 and M () — oo as x — oo. If convexity of
Orlicz function M is replaced by M (x +y) < M (x)+ M (y) , then this function is called modulus function.

Lindenstrauss and Tzafriri ([8]) used the idea of Orlicz function to construct Orlicz sequence space.
A sequence g = (gmn) defined by

gmn (V) = sup {|v|v — (frank) (w) :u >0} ,mn,k=1,2,---

is called the complementary function of a Musielak-Orlicz function f. For a given Musielak-Orlicz function
f, (see[9]) the Musielak-Orlicz sequence space ty is defined as follows

ty = {x cwd: Iy (|Zmne )™ =5 0asm,n, k — oo} ,
where Iy is a convex modular defined by

Iy (z) = anozl 2311 Ziil Srmnk (‘xmnk|)1/m+n+k T = (Tmnk) € ty.

We consider ¢y equipped with the Luxemburg metric

‘1/m+n+k)
)

d(x,y)=Zm 1Zn 1Zk 1 Jrmnk (7/&

is an exteneded real number.
Let f be a Orlicz function; ¢ be positive real number then we define the following definitions:
Let (v,n) as a sliding window pair and g : [0, 00) — R? a measurable function. Then;
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Definition 2.2. The function g is N (v, 7, f,q) summable to 0 and write
N (v,n, f,q) —limg=0(or g = 0N (7,1, f,q))
if and only if, limabc_,oom flabc f(lg(t),o0")dt =0.

Definition 2.3. Let (qrst) , (Grst) » (Grst) be sequences of positive numbers and

(g1 qi2 ... qs O...
21 q22 ... @q2s5 O...
Qr=1 - =qu+q2+...+q¢s#0,
dr1 4r2 ... Qrg 0...
0 0 .0 0 0.
[(G11 T2 - @ 0.
Q21 Qa2 - Qos 0.
Q= =qn+qo+...+qs#0,
qu 67’2 qrs O
0 0 .0 0 0.
(11 Q12 q1s 0.7
21 q22 Gys O
Q= =1t G2t +qs #0.
6’/‘1 57“2 51“5 0

Then the transformation is given by

Trst = Ai;@’}’j ﬁ St D fet ATy (M + 1+ k) |xmnk\)1/m+”+k is called the Riesz mean of
TWs%t

triple sequence z = (Tynk) - If P — limysTs (x) = 0,0 € R, then the sequence x = (%) is said to be

Riesz convergent to 0. If = (2,,,k) is Riesz convergent to 0, then we write Pg — limx = 0.

Definition 2.4. Let A = (\p,,), 1t = (ftn,) and v = ('yk].) be three non-decreasing sequences of positive real
numbers such that each tending to oo and

Amit1 < Ay + LA =1, ppggr < pny + 1,1 =1 Y <y +1Lm =1
Let Iy, = [mi — A, + 1,my], Iy = [0 — pin, + 1,ny] and Iy, = [k‘j =Y, + 1, k:j] . For any set K C N x N x
N, the number

1

—— G, j) i€l jel, kel (i,0,j) e K
)\miﬂn[}/kj H( ]) m;y.J Ny i ( .7) }

6%#,“/ (K) = limm,n,k—)oo

)

is called the (A, p,y) — density of the set K provided the limit exists.

Definition 2.5. The function g is N (v,n, f,p) summable to 0. A triple sequence x = (Z,,k) of numbers
is said to be (A, p,7y) — sliding window rough statistical convergent to a number ¢ of measurable function
provided that for each € > 0,

1 1 B
— Iingk; i Gndk | Tmn —¢P) > —0,
. QiQeru(H(t)e ek F (@Gl [Tk (8) — €P) > 1+ €}|)

limm,n,k%oo )
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(i.e) the set

: . = H (H(t) € Immekj : f (qunak |xmnk (t) - ﬂp) >r+ 6}‘)

K =
(e) A g Vi Qz@zQ]’

has (A, i, y) — density zero. In this case the number £ is called the (\, i, ) — sliding window rough statistical
measurable function of limit of the sequence and we write st?/\’“ﬁ)limm,n,kﬁoo =¢.

Definition 2.6. The triple sequence 6;¢; = {(mi,ng, kj)} is called triple lacunary if there exist three
increasing sequences of integers such that

mg=0,h; =m; —m,_1 — 00 as i — .

no=0,hy =ng —ny_1 — 00 as £ — 0.

kozo,hij:kj—kj_léooasj%oo.
Let m;p; = minekj, hip; = hi%, and 0; ¢ ; is determine by

mE ng __ kj
, e = yqdj = Lk .
mg—1 Ny—1 j—1

Lioj={(m,nk):mi_1 <m<my, ng_1 <n<mny, kji_1 <k<kj},q=

Using the notations of lacunary sequence and Riesz mean for triple sequences. 0;,; = {(mj,ng, k;)} be a
triple lacunary sequence and ¢,,,7,,q; be sequences of positive real numbers such that

Qmi: Z pm“Qm: Z p’l’bg7Qn]': Z Pk;

me(0,m;] ne(0,n,] ke(0,k ]
and B _
Hi= Y pooH= Y, pupH= > i
me(O,mi] ?’LE(O,’I’L@} ke(O,kj]

Clearly, H; = Qm; — Qm; ,»Hi = Qn, — Qn, . H; = Qk; — Qk,_,- If the Riesz transformation of triple
sequences is RH-regular, and H; = Qp,, — Qum,_, — 00 as i — 00, H = Zne(o,ng] Pn, — 00 as £ — oo, H =
Zke(o,kj} Pk; — 00 as j — oo, then 0;,24' = {(ms,ng, kj)} = {(Q@anQkk)} is a triple lacunary sequence.
If the assumptions @, — 0o as 7 — 00, Q4 — 00 as s — 0o and QL_) oo as t — oo may be not enough to

obtain the conditions H; — oo as i — 0o, Hy — 00 as £ — 0o and H;j — 00 as j — oo respectively. For any
lacunary sequences (m;) , (ng) and (k;) are integers.
Throughout the paper, we assume that

Qr=qu+q2+...+¢s—=00(r—=00),Q, =G +q1o+ ...+ s = 00(s = 00),

Qi =qu + Qg+ ---+7ps = 00 (t = 00),

such that o
Hi =Qm; — Qm;_, = 00 (i > 00),H;=Qn, — Qn, , = 00 ({ = 00),

H;= Qr; — Qr;_, — 0 (j — 00).

Let Qumyng ey = QumiQy, Q> Hiej = HiHoHj,

/

Iiéj = {(mvna k) : Qmif1 <m< Qmiaang,l <n< Qng, ij—l <k< akj}a
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Qmi Vg: an §4: ij

QmFl ’ Qng,l 7 ! Qk]-_l
If we take ¢, = 1,7, = 1 and q;, = 1 for all m,n and k then Hjp;, Qiej, Viej and Iﬁ reduce to higj, giej, viej
and szj

Let f be a Musielak Orlicz function; p be any factorable triple sequence of strictly positive real number then
we define the following definitions:

Let (v,n) as a sliding window pair and ¢ : [0,00) — R3 a measurable function, we define the following
sequence spaces:

Vi = y Vieg = Vivzij-

SN Y amtna

3 .
|:XR>\miHn[’Yk- ) eifja q, f7 p:| = (P - llmi,@,j—)oo \
J €105 €€ L5 €105

mzl’l’nél-}/k z A
[F (10 )Y i g (D)) =0,

uniformly in ¢,/ and j.

N Ot 0] = (P sy S Y Y G
AL Mn[)/k

N2
Z J 7'61163 Ze[zﬁg ]EIM]

U | Tmti nre ks (1) !pm”k]) < oo),

uniformly in 4, and j. o
Consider Q, = q11 4+ Grs, Qs = @11+ * Gps and Q; = Gq1 - - G5 If we choose ¢, = 1,q,, = 1 and g, = 1 for
all m,n and k, then we obtain the following sequence spaces.

7

— ) i: zj: G Tnr

>‘ ike5 Q; QeQ] m=1n—=1 k=1
[F ()@ (D] ) =0,

[X%kmi“"g'ﬂcj y 45 f7 p:| =K (P - limi,f,j*)oo

uniformly in 4, and j.

Z Z Z Gmlndn

A3 7Q7f7p:| :,LL<P—S’LLP 0
[ Foamssne, ’ 7])‘ ey QzQzQJ m=1n=1 k=1
[F ((m+ 14 ) i g ()] ) < oo,

uniformly in ¢,/ and j.

3. Main Result
Theorem 3.1. If f be any Orlicz function and a bounded factorable positive sliding window rough measurable

function of triple sequence, then X?;%A » i, q, f, p} is linear space.

nZ’ij
Proof. The proof is easy. Theorefore, we omit the proof. O
Theorem 3.2. For any Orlicz function f and a bounded factorable positive sliding window rough measurable

function of triple sequence we have

3 3
|:XR>\m-#nZ7k ) Qifja q, [, p:| C |:XR>\m-unZ“/k ) Hifjv q,p| -
v J v J
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Proof. Let x € [X?})%A s 2 Bie, q,p] so that for each 4, ¢ and j
mgHnp V.

S amtds

3 .
I:XR)‘W‘“W[YIC- 707:@]'7(17 f7p:| = <P - lzmi,f,jﬁoo
J i€1;05 0€ 105 1€ 1505

A ity Hi
[(m+ 7+ B)! i (D)) ) =0,

uniformly in 4,¢ and j. Since f is continuous at zero, for ¢ > 0 and choose § with 0 < é < 1 such that
f(t) < e for every t with 0 < ¢ < ¢. We obtain the following:

_ L (i) + DS > F(m 4 n B o enss )]

Aiteyj i /\ iteys hies

mel; g5 n€L 0 j K€L ¢ j,|Tmtinte,k+;—0[>0

1 1 _
K5 f(2) hig; [X%Amwnﬂk] 792'@]'7(1,2?] :

(higje) + ~——

1
hiej Aitbeyj i

Hence i, and j goes to infinity, we are granted x € [x?jh » yBiejsq, f, p] . O

np ’ij

Theorem 3.3. Let 0;,; = {m;,ng, k;} be a sliding window rough measurable function of triple lacunary
sequence and qi,ﬁﬁj with liminf; V; > 1, liminf, V; > 1 and liminf; V; > 1, then for any Orlicz function f,

3 3
|:XR>\mi#n£,ij ) fa Q7p:| - |:XR>‘miﬂng“/kj ) gifja Qap:| .

Proof. Suppose liminf; V; > 1,liminf,V; > 1 and liminf; ? > 1, then there ex1sts 0 > 0 such that
Z

o Hz _d 0
Q. > 155 and =L Qk > 155 Then for

Vi > 1409, Vg>1—|—5andV > 1+0. ThlSlmpheS

x(t) € [x%)m‘#nﬂk_  f, q,p] , we can write for each ¢, ¢ and j,
J

Z Z Z QanQk |: (m +n+ k)l |$m+z’,n+€,k+j (t)‘)l/m+n+k} Pmnk

mel; g]TLELLg]k‘EIZpJ

Ajp i
e >‘ ey zﬁj

mi Ny j

Pmnk
Z Z Z 4mTn [ ((m+n+ k) Cmtint e k+j (t)|)1/m+n+k}

7,/~L[Y] zfjm 1n—1 k=1

mi—1 ng—1 ki—1

Pmnk
LS S S o [£ (4 ) sy O

z,u[')/] Mj m—1 n—1 k—1

np— lk_] 1

Y H Z Z quank [ m+n+k)!|xm+i,n+f,k+j (t)‘)l/m—&-n-&- ]
ileY5 £1ie5 m=my_ 141 n=1 k=1

M1

Pmnk
Z S Y wad (£ (4 n+ W) omsinsepss ()]

z,ué")/] M] k=k;+1n=ng_1+1 m=1

o 1 le Qng Qk:j
Aipeyj  Hhigg

m; Ny j

Qm @ Q@0 Qs SO T [ (0 ) i ()R]
‘m 1n=1k=1
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1 kaflangflékjfl
Ai eV Hip;
1 mq—1 Ny— 1’% 1

] mn
(;2 ( ) f |: m n + k’)' ‘.’I}m ikt (t)’) /m+n+k k
mi—1%n,_1 ¥kj—1 m= p

k;
1 Qk-j71 1 Ne—1 J

Pmnk
A H Z f [ ((m+n+ k) Tmtint e k+j (t)’>1/m+n+k}
iheY; Hieg \ Qr;oy 5~ L =
Q. k;
: Q - ! [ Sby Pmnk
- A I‘}w o Z f |: m +n+ k)‘ |$m+i,n+€,k+j (t)|)1/m+n+k]
iheY; Higg \ Qu,_, o~ i i
1 5 - 1 A Pmnk
Nl [Zlv’“'l — Z Z Z f [ (m +n+ k) Cmprinok+j (t)|)1/m+n+k]
ileYj ilj ka L k=1n=ng_1+1 m=1

Since = € ngA P f,aq, p} , the last three terms tend to zero uniformly in m,n, k in the sense, thus, for
ma Hng Yk
each i,/ and j

1 Qmi@m_;@kj
Aitey;  Hig

Aigj =

m; Ny .7

k Pmnk
e 30 D Dl [F (ot B i (0D
leQnZQk m=1n=1k=1

1 Qm¢71in,1ij,1
iV Hip;
1 mi—1 My— 1kg 1

— m4n Pmnk
) Gy, [f ((m+ 1+ k) T e ()7 +0(1).
Qmileng_le‘jfl m=1 n= k=1

—_

. 1 . . .
Since WHW l“m 71— Qm,Q,, ZQ k; mw] o Qm,_,Q, . 1Q k;_, Weare granted for each i, £ and j the following

1 Qmi@neék]’ < 1 +(5 1 Qmi71@ne,1@kj,
Aitey;  Hig 0T Ny Hiyj

<

Of;\v—l

The terms

1 i Pmnk
Z Z Z QanQk [ m +n+ k)' ’xm+r,n+s,k+u (t>‘)1/m+n+k}

AibeYj Qs Qnng: m=1n=1k=1
and

mi—1mne—1 kj—1

1 1
Aiftej Qi 1Qny , Qry_y m=1 n=1 k=1

_ Pmnk
T [ ((m+ 1+ B)! iy (D)7

are both gai sequences for all 7,5 and u. Thus A;; is a gai sequence for each 7,/ and j. Hence

HAIS X?DL 79i€j7Q7p:|' O

/\nL,L- Hny "/kj
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Theorem 3.4. Let 0;,; = {mj,ng, k;} be a sliding window rough measurable function of triple lacunary
sequence and ¢mq,q, with limsup; V; < oo, limsup,V, < oo and lim sup; Vj < 00, then for any Orlicz
function f,

3 3
|:XR)\miHné"/kj ) eifja q, f, p:| - XRAmi“ng’ij 24 [ p:| .

Proof. Since limsup; V; < oo, limsup,V, < oo and limsupjvij < o0, there exists H > 0 such that

Vi < H, V;, < H and ﬁj < H for all 7,/ and j. Let x € X%A . ,Gigj,q,f,p} and € > 0. Then, there exist
L MY
i0 > 0,49 > 0 and jg > 0, such that for every a > ig, b > £y and ¢ > jo and for all ¢,¢ and 7,

: q.q k Pmnk
Aabc )\ Z Z Z dm4qpdg |:f ((m +n+ k)l |xm+i,n+z7k+j (t)|)1/m+n+ ]
itteyj Have mElgpen€ly e k€lqpe

— 0 as m,n, k — oo.
Let G = max{A 1 <a<ig, 1<b< ¥y and 1§c§j0} and p,r and t be such that m;_; < p <
m;, ny—1 <r <ngyand kj_1 <t < k;. Thus, we obtain the following:

a,b,c *

Pmnk
— Z Z Z AT { (m+n+k)! ’xm+i,n+f,k+j (t)|)1/m+n+k}
'LMK’YJQPQTQt m=1n=1 k=1

mg o Ty

J
: S e DD 39 B (R R Tl M
J

zHK'Y]QmZ 1QTL£ 1ij 1 m=1n=1k=1
i ¢

1
2

)\'L./’Lgfijmi—lQn[_l Qk’j,l =1b=1 c=

q Pmnk
Z Z Z Amqnqx [f ((m+n+ k) Tmpinroktj (t)|)1/m+n+k:

mEIayb,c nela,b’c ke]a’byc

IN

Lo Jo

10
Y Hupedly,

)\i/’LK’Yiji_lQng_lejil a=1 b=1 c=1

1 /
+ — = > HabeAape
itttV Q1 Qg Qs 1 (i0<a<i) U(lo<b<t) Ulio<e<j)
GlQmi @ i 5]@ 1 /
° 10 :O + — = Z Ha,bﬁAa,b,C
it Vj Qi @y R,y Nkt Qmi— @y, Qi (i0<a<i) U(lo<b<) Ujo<e<y)
G Qm, O, Q. ,
<YL S
PRI =1 XY Qi @y, ijq (i0<a<i) U(Lo<b<) U(jo<c<j)
G/Q —La ol
< Oy
)\z‘NZ’Yiji_lQW_le;j,l
/ 1
+ <5Upa2ioUbZKOUCZjoAa,b,c) — = Z Hap.e
AtttV Qmiy @ny_, @iy 1 (0<a<i) U(to<b<t) Ulio<e<j)
G/Qm' @ el
0 Vg, Q.
< . ki + ‘ = Z Ha,b,c

NitteVQums 1 Qny  Qry_y Nk Qmi 1 @y, Qs (ig<a<i) Ults <b<0) Ulio<c<j)
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G Qmio Qn[()ak. =
)‘i:u[}/iji—lQng_l Qk‘j,1

¢ Qm,Q

j%@kﬂg + eH3.
Nitte Vi Qmiyy @y @iy,

IN

Since Qm,_, Q, oy 5,%71 — 00 as i,£,j — oo approaches infinity, it follows that

Pmnk
S [ B s )]
z,U/K')’]QpQerm 1n=1k=1

uniformly in ¢,¢ and j. Hence x € [X%Am-unﬂk. ,q, f, p] . O

Corollary 3.5. Let 6;4; = {m, ne, ki} be a sliding window rough measurable function of Orlicz function on
triple lacunary sequence and ¢mq,,q;, be sequences of positive numbers. If 1 < lim;;Vie; < limygjsupVig; < oo,
then for any Orlicz function f,

3 _ 3
|:XR’\mi“ng'ij 5 eifjv q, f7 p:| - l:XR)‘mi”"E'Yk]' , 4, f7 p:| .

Definition 3.6. Let 6, ¢, = {m;,ny, k;} be a sliding window rough measurable function of Orlicz function

on triple lacunary sequence. The triple number sequence z () is said to be s’ — P convergent
3

X Oicj
RAmi#ng’ij o J:|

to 0 provided that for every € > 0,

1
u(P—lim-Uisup'g-H m,n, k S gmT,q
S NipeyiHigg ( )€ A

F{(m - nt B (O 0] 2t e

)=o.

— P —limz =0.
3

In this case we write s’
VQ. .
l:XR)\miMng’ij Z[]:|

Theorem 3.7. Let 6;¢; = {m;,ng, k;} be a sliding window rough measurable function of Orlicz function
on triple lacunary sequence. If I;fj C I, then the inclusion |:X%>\ - ,Qigj,q] C s" 18
1%, m;Hn k. .
|:X5RAmZ l‘ng’ij 7912J:|

3
R
>\m,L- N'ne ’Yk'j

strict and | x5 J0i0i q| — pn (P —limx) = s% — (P —limx) = 0.
R/\miMnZ’Yk]- J |: :|

N

Kau, (€)= [{tm.n.k) € Ly am@y@if [(m+ 1+ W) amsimienrs ODY™ 0] 2r v el 3.0)

Suppose that = € [x%km_unwk 2 0iej, q} . Then for each 4,/ and j,
i j

S 3 Y @i (0 B @i D0 | =0

melig; n€ly; ke[z[]

P—1
a Ny Hi )\Z/’LZVJ il
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Since

1

- - ma = ) i (t 1/m+4n+k 0
)\i,LLK’Ysz’Kj Z Z G @S [((m+n+ M it hts ()]) ) ]

mG]igj nGIigj ke[w

Z Z Z GmTndrf [ m o+ 1+ k)T nt0,k+ () mrnk 6}

ZM[.Y] M’] mEI,gj ’IIEIM] ke[zgj

_ ‘KQMJ' (6) }
Nipveyi Hioj”

. . . ’KQW (e)‘
for all ¢,¢ and j, we get p | P — llmi,f,ji,\.uﬂﬂ.é.
i EREIA)

) = 0 for each ¢, ¢ and j.

3
X
R/\mi Mne ’Yk]-

This implies that z € s” .
) 'LZ]:|

To show that this inclusion is strict, let @ = (z,,,%) be defined as

(@mnk (1) =

m+n+k
M“m[\“/Hi,e,j] -1
1 2 & - f GEEE=DL 0
mtn+k
Aiﬂﬂj[x“/”i,e,j] -1
1 2 3 o f arhyT 0
: m+4n+k m4n—+k
)\iy,['yjl:‘l/H,i,eyj:I —1 /\i,l,é»yj[4/Hiij] —1
f (T o) 2 3 - f (mTn i)l 0
: m4n+k m+n+k m4n+k
Xikgj {\4/Hi.&j} Nikej [\4/Hri,z,j] Xirevj {\4/Hi,l,j}
f [T f (mTnTm)! f (mTn iR 0
0 0 0 0 0

and ¢, = 1;q,, = 1;q, = 1 for all m,n and k. Clearly, x is unbounded sequence. For € > 0 and for all i, ¢
and j we have

{0, 0) € Ly = g [((m 14 ) mgims e )80} > v+ e
m-+n m4n m4n 1/m+4n+k
| Nt (m +n + k)| [\/—} ++k[ Hiis ++k[ Hii; +ntky\ 1/
=p | P—limy; f e
[ VH; g m+n+k)!

=0.

X% 0505

)\"”i ngkj

Therefore, = € ST[ ] with the p (P —lim) = 0. Also note that

] (P lzmwj/\ o Hor Z Z Z qmqnqkf[ (m+n+E) | Tmtintt,kti (t))l/m+n+k’(_):|)
g4dq

T m€le; n€lie; kELe;

k mntk ky\ L/mtntk
1 ‘ )\z/iZ'YJ (m L+ k [4 H, Lj]m-i-n-‘r [4 / lﬂj n+n+ [ Hi,e,j m+n+
=u P—§ limggj f s +1
[/H; (m+n+k)!
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Hence x ¢ [X%Amyunﬂk_,&gj,q] . O
z J

Theorem 3.8. A sliding window rough triple sequence of Orlicz function of f, let 1;43' C Iyy;. If the following
conditions hold:

(1) 0<p<1and0< f [((m 0 ) Tttt (t)\)l/m“*’“,()} <1

(2) l<p<ooandl<f [((m +n 4 k) it k+j (t)|)1/m+n+k,(_)} < 0.

Then

3 .
[XRAmiung Tk Oiej. q]

C s"
M {

3
X Oic;
RAmiHng’ij T

and

3 0./
|:XR)‘mi“n[ij7 lf])q:|

3 0ii
XRA il

M5

— p (P — limx) = st
: |

} — p (P —limx) = 0.

Proof. Let © = (ynk) be strongly |:X§%>\ o 2 Bie, q} -almost P-convergent to the limit 0. Since
mgBngIn;
m

q man+k 5"
ImTn x| [((m + 1+ k) | Tompin ket ()| /mrrtk ,O]
2 A [((m + 14 B Zmsnpg () 0}

for (1) and (2), for all 4, ¢ and j, we have

SO Y andef [(m 0 B min s ()]

me]zl] ne]zé] ke[zé]

Z Z Z QanQkf [ m+n+ k)' |xm+i,n+€,k+j (t)‘)l/m—&-n—&-k: ’ 6}

hu[}/j il

zﬂff)/] iy T)’LEIZ@J nelzgj ke[lgj
> € ‘KQM]' (6)‘
= NipeyiHieg
where Kq,, (€) is as in (3.1). Taking limit i,/,j — oo in both sides of the above inequality, we conclude
that s” — (P —limx) = 0. O
3 P
R)‘mi“”[Vk]- ,9123]

Definition 3.9. A sliding window rough measurable function of Orlicz function on triple sequence of
x = (Tmnk) is said to be Riesz lacunary of x almost P-convergent 0 if u( — lim; &anijnk (z (t))) =0,
uniformly in ¢, ¢ and j, where

w' (z(t) = w = ST amtadnt [ m A1+ k) oo ()T 0} :

iy Hioi
'Ul[.y] itj mel; ilj ’I’LEIMJ kele

Definition 3.10. A sliding window rough measurable function of Orlicz function on triple sequence (k)
is said to be Riesz lacunary y almost statistically summable to 0, if for every € > 0 the set
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mnk’

K. = {(i,f,j) eEN3: f ()wwj (_)D >4 e} has triple natural density zero, (i.e) d3 (K.) = 0. In this we
write

|:X?])%>\miﬂng’wcj 79i€j:| —H (P - llm:l:) =0.

sto

That is, for every € > 0,

1 i
M<P_lim7'strst ’{Z ST,ESS,j gtf(‘w:ﬁjnkaol> Zr+€}‘> :07

uniformly in ¢,/ and j.

Theorem 3.11. A sliding window rough measurable function of Orlicz function on triple sequence of I;Ej -
Ligj and qnQ,qx | [((m + 1+ ) T ey (D)7 ,6} < M for all m,n,k € N* and for each i, ¢
and j. Let x = (Tynk) be sr[ ] — p (P —limx) = 0.

%)‘mi g ,91'[]'
Let
Kau; (€)= |{m,n, k) € Ly s am@@if [(m+ 4 0 ooy ODY™7F0] } =74
Then
L 1 _ _
Flwied) =l 3 D Y anadef [(m+ 0+ ) amgisenss () ,0]
)\l/-LKPY]HZEJ me]igj 'I‘LEI,L[]' k’e[igj
< Z 3 Z Q@i [(m 41+ ) @i epes () F 0]
z/i@’)/j 'Lé] I EI kGI
n
M ‘KQiZj (6)‘
— 5 +t(r+te,
Aoy Higg r+e)

mnk

for each i,£ and j, which implies that u( — lim ¢ jw i (z (t))) = 0, uniformly i, and j. Hence, sty —
7 (P — limgp;w Tﬁnk) = 0 uniformly in i, £, j. Therefore, {XRA . ,Qigj} — p (P —limx) = 0.
i sty

To see that the converse is not true, consider the sliding window rough measurable function of Orlicz function
on triple lacunary sequence 0; {(2i7134714j71)}an = 1,3, = 1,q, = 1 for all m,n and k, and the
sliding window rough measurable of Orlicz function on triple sequence ¥ = (Typnk) defined by Ty (t) =

f <((m13:”+:]:k) f07‘ all m,n and k.
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