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partial ordered complex partial metric spaces. Also we give examples to illustrate our theorems. (©2018 All
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1. Introduction

The existence and uniqueness of fixed and common fixed points of self mappings has been a subject of
great interest since the work of Banach [10] in 1922.

The existence of fixed points in ordered metric spaces has been initiated in 2004 by Ran and Reurings
[23] and further studied by several authors in this direction, see for example [21, 22].

The concept of a partial metric space was introduced by Matthews [19] in 1994. After that, fixed and
common fixed point results in partial metric spaces were studied by many other authors, see for example
[6-8, 13, 14, 18, 24]

Azam et al. [9] introduced the notion of a complex valued metric space which is a generalization of the
classical metric space and obtained sufficient conditions for the existence of common fixed points of a pair of
mappings satisfying a rational contractive condition. Later several authors proved fixed and common fixed
point theorems in complex valued metric spaces,see for example [1, 3, 11, 16, 17, 20, 25, 29, 33-35, 38].

Recently Dhivya and Marudai [12] introduced the concept of a complex partial metric spaces and studied
common fixed point results for two mappings satisfying a rational inequality.

First we give the following known concepts in the literature.
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Let C be the set of all complex numbers and z1, zo € C. Define a partial order = on C as follows:
z1 S z2 if and only if Re(z1) < Re(z2),Im(z1) < Im(z2).

Let C* denotes for all 0 3 C' € C. Through out this paper N denotes the set of all natural numbers and R™
denotes the set of all non negative real numbers.

2. Preliminaries
Recently Dhivya and Marudai [12] defined the notion of a complex partial metric space as follows.

Definition 2.1 ([12]). A complex partial metric on a non empty set X is a function p. : X x X — C* such
that for all z,y,z € X:

Example 2.2. Let X = [0,00) and p. : X x X — C* be defined by

pe(z,y) = max{z,y} + imax{z, y}
for all z,y € X. Then (X, p.) is a complex partial metric space.

It is clear that |pi(x,y)| < |1+ pi(z,y)| for all z,y € X.

Each complex partial metric p. on X generates a topology 7,, on X with the base family of open p.-balls
{By.(z,€) : x € X,e > 0}, where By, (z,¢) = {y € X : pc(z,y) < pe(z,z) + €} forall z € X and 0 < e € C.
With this terminology, the complex partial metric space (X, p.) is a Tp space.

Definition 2.3. Let (X, p.) be a complex partial metric space. A sequence {z,} in X is said to be convergent
to € X if for every 0 < e € C*, there is N € N such that @, € By, (z,¢€) for all n > N. Here z is said to

be a limit of {x,} and we write lim x, = x or x,, — x as n — 0.
n—oo

Lemma 2.4. Let (X,p.) be a complex partial metric space. A sequence {x,} in X is said to be convergent
to xz € X if and only if pc(z,x) = lim p(x, zy).
n—0o0

Definition 2.5. Let (X, p.) be a complex partial metric space. A sequence {z,} in X is said to be Cauchy
if there exists a € C* such that for every e > 0 there is ng € N such that |p.(xp,zm) — a| < € for all
n,m > no.

Definition 2.6. Let (X, p.) be a complex partial metric space.

i) X is said to be complete if every Cauchy sequence {x,} in X converges, with respect to 7,_, to a point
y Y g Pe
x € X such that

pc(x, :U) = n }rilrgoopc(l'm -Tm)

(ii) A mapping T : X — X is said to be continuous to xg € X if for every € > 0 there exists § > 0 such
that T'(Bp,(x,9)) C Bp(T'zo, €).
Lemma 2.7.

(a1) Let (X,pc) be a complex partial metric space. A sequence {zy} is Cauchy in (X, pc) iff {xn} is Cauchy
in (X, dp,).
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(a2) (X,pc) is complete if and only if (X,d,.) is complete. Moreover,

lim dy (z,2,) =0 < pe(z,2) = lm p(z,z,) = m{llgloopc(wn,xm).

Note that if (X, p.) be a complex partial metric space, then we have

lim pe(z,2,) =0 <  lim |pc(z,2,)] =0

for every {x,}, x € X.
One can prove the following.

Lemma 2.8. Let (X,p.) be a complex partial metric space. A sequence {x,} in X converges to x € X such
that pe(z,x) = 0. Then li_)rn Pe(Tn,y) = pe(z,y) for everyy € X.
n o

Proof. We have pc(zn,y) 2 pe(Tn, ) + pe(z,y) — pe(z, ) = pe(Tn, ) + pe(x,y). Thus,
lim pe(zn,y) 2 pe(, ) + pe(x,y) = pe(, y). (i)
n—oo

A1507 pc(CU, y) j pc(x,xn) +pc($n,y) - pc(xnyxn) :5 pc(xaxn) +pc(xn7y)‘ SO we have

pc($, y) = pc(xa x) + lim pc(xm y) = lim pc(xm y) (ii)
From (i) and (ii), we have lim p.(xn,y) = pe(x,y). O
n—o0

Rao et al. [26] modified the definition of partial compatible pair of maps given by Samet et al. [30]
as partial® compatible maps in partial metric spaces. In this paper we introduce p}-compatible maps as
follows.

Definition 2.9. Let (X, p.) be a complex partial metric space and F,g : X — X. Then the pair (F,g) is
said to be p}-compatible if the following conditions hold:

(1) pe(z,z) =0 = pc(gz, gz) = 0 whenever z € X;
(ii) nlg{olo pe(Fgxy, gFxy,) = 0 whenever there exists a sequence {x,} in X such that Fz,, — t and gz, — t
for some ¢t € X with p.(¢,t) = 0.

Samet et al. [31] introduced the notion of a-admissible mappings associated with single map.

Later Karapinar et al. [15], Shahi et al. [32], Abdeljawad [5], and Rao et al. [26] extended a-admissible
mappings associated with two and four mappings and proved fixed and common fixed point theorems for
mappings on various spaces.

Definition 2.10. Let X be a non empty set and o : X x X — RT. We need the following definitions and
notations in the rest of research (see [5, 15, 26, 31, 32] for more detail).

(i) A mapping of T': X — X is called a-admissible if a(x,y) > 1 implies a(Tz, Ty) > 1 for all x,y € X.

(ii) A mapping of T': X — X is called triangular a-admissible if a(z,y) > 1 = a(Tz,Ty) > 1 for all
z,y € X and a(z,2) > 1 and a(z,y) > 1 = a(zr,y) > 1forall z,y,z € X.

(iii) Let f,g : X — X. Then f is said to be a-admissible with respect to ¢ if a(gz,gy) > 1 implies
afx, fy) > 1 for all z,y € X.

(iv) Let f,g: X — X. Then the pair(f, g) is said to be a-admissible if a(x,y) > 1 implies «a(fz, gy) > 1
and a(gz, fy) > 1 for all z,y € X.

(v) Let f,9,5,T : X — X. Then the pair (f,g) is said to be a-admissible w.r.to the pair (S,T) if
a(Sz,Ty) > 1 implies o fz,gy) > 1 and a(Tz, Sy) > 1 implies a(gz, fy) > 1 for all z,y € X.

Recently Abbas et al. [2, 4] introduced the new concepts in a partially ordered set as follows.
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Definition 2.11 (]2, 4]). Let (X, <) be a partially ordered set and f: X — X.

(b1) f is said to be a dominating map if x < fx for all z € X.
(b2) f is said to be dominated map if fo <z for all x € X.

Suzuki [36, 37] proved and generalized versions of Banach’s and Edelsteins basic results. The importance
of Suzuki contraction theorem is that the contractive condition required to satisfied not for all points of the
domain of mapping involved in it. In this direction several authors have given fixed and common fixed point
theorems in various spaces, (see [26-28]).

Recently Rao et al. [27] proved the following.

Theorem 2.12 ([27, Theorem?2.1]). Let (X,d, =) be a partially ordered complete complexr valued metric
space, and o : X x X — R' be a function. Let f,g,S, T : X — X be self mappings on X satisfying the
following

(c1) f, g are dominating maps and f and g are weak annihilators of T and S, respectively;
(c2) f(X) S T(X) and g(X) € S(X);
(c3) 3min {|d(fz,Sz)],|d(gy, Ty)|} < max{|d(Sz,Ty)|,|d(fz,gy)|} implies

a(Sz,Ty)d(fz,gy) 3 ard (Sz, Ty) +azd (Sz, fz) +asd (T'y, gy)

d(fz, Sx)d(gy. Ty)  d(Sz gy)d(Ty, fz)
1+d(Sx,Ty) T d(Sz,Ty)

+ asd (Sx, gy) + asd (Ty, fx) +ag

for all comparable elements x,y € X, where a;(i=1,2,...,7) are non-negative real numbers such that
7

Z a; <1;

i=1

(cq) the pair (f,g) is a-admissible with respect to the pair (S,T);

(c5) a(Szi, fr1) > 1 and a(fx1,Sz1) > 1 for some x1 € X;

(c6) (a) S is continuous, the pair (f,S) is compatible, and the pair (g,T) is weakly compatible and there
exists a sequence {yn} in X such that a(Yn,ynt1) > 1 and a(ynt1,yn) > 1 for allmn € N and y, — 2
for some z € X, then we have a(Syan, yan—1) > 1 and a(z,yon—1) > 1, a(z,2) > 1, a(z,Tz) > 1; or

(c7) (b) T is continuous, the pair (g,T) is compatible, and the pair (f,S) is weakly compatible and there
exists a sequence {yn} in X such that a(Yn,ynt1) > 1 and a(yn+1,yn) > 1 for alln € N and y, — 2
for some z € X, then we have a(yon, Tyan—1) > 1 and a(yon,2) > 1, a(z,2) > 1, a(Sz,z) > 1;

(cs) if for a non-increasing sequence {xy,} in X with x, <X y, for alln € N and y, — u for some u € X
implies x, < u for allm € N,

then f,q,5, and T have a common fized point in X. Further

(co) if we assume that a(u,v) > 1 whenever u and v are common fized points of f,q,S, and T and the set
of common fized points of f,g,5, and T is well ordered,

then f,g,S, and T have unique common fized point in X.

The aim of this paper is using alpha-admissible function concept to prove a common fixed point theorem
of Suzuki type for two pairs of maps of which only one pair is p}-compatible and one of the maps is continuous
in a partial ordered complex partial metric space. We also obtain another common fixed point theorem using
closedness of one of the range set of a map instead of p}-compatibility of any pair and continuity of any
map. We provide two examples to illustrate our theorems.

Now we give our main results.
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3. Main Result

Theorem 3.1. Let (X, p., 3) be a partially ordered complete complex partial metric space, a: X x X — RT
be a function, and f,g,S,T : X — X be mappings satisfying

(3.1.1) f, g are dominated and S, T are dominating mappings;
(3.1.2) f(X)CT(X) and g(X) C S(X);
(3.1.3) min{|pc(fz, Sz)|,|pc(9y, Ty)|} < max{|p.(Sz,Ty)|, |pc(fz,qy)|} implies

a(Sz,Ty) pe (fr,9y) 3 a1pe (Sx, Ty) +azp. (Sz, fr) +asp. (Ty, gy)
+ aspe (Sz, gy) + aspe (Ty, fr)
P (Sz, fx) pe (Ty, gy) ar e (Sz,g9y) pe (Ty, fx)
L+ p. (Sz,Ty) +p. (fz, 9y) 1+ p. (Sz,Ty) + pe (fz, 9y)

+a

for all comparable elements x,y € X, where a;(i = 1,2,...,7) are non-negative real numbers such that
a1 + az + az + 2a4 + 2a5 +ag + a7 < 1;

(3.1.4) the pair (f,g) is a-admissible with respect to the pair (S,T);

(3.1.5) a(Sz1, fr1) > 1 and a(fx1,Sz1) > 1 for some 1 € X;

(3.1.6) if for a non-increasing sequence {x,} in X with y, = x, for alln € N and y, — u for some u € X
implies u = x, for all n € N;

(3.1.7) (a) the pair (f,S) is pi compatible and f or S is continuous. Further assume that o(Syan, Yon—1) >
1 and a(p,y2n—1) > 1 for alln € N and a(p,p) > 1 whenever there ezists a sequence {y,} in X such
that a(Yn, Yn+1) > 1 and &(Ynt1,yn) > 1 for alln € N and y, — p for some p € X; or

(3.1.7) (b) the pair (g,T) is p} compatible and g or T is continuous. Further assume that a(yan, TY2n—1) >
1 and a(yan,p) > 1 for alln € N and a(p,p) > 1 whenever there exists a sequence {yn} in X such
that a(Yn, Yn+1) > 1 and a(Ynt1,Yn) > 1 for alln € N and y,, — p for some p € X.

Then f,q,S, and T have a common fixed point in X.

Proof. From (3.1.5), there exists 1 € X such that a(Sz, fr1) > 1 and a(fx1, Sz1) > 1.
From(3.1.2), there exist sequences {x,} and {y,} in X such that yop+1 = fron+1 = Txont2 and yopi2 =
gTont+o = Stonts, n=0,1,2,.... Now we have

a(Szy, fr1) > 1= a(Sz1,Tze) > 1, from the definition of {y, }
= a(fr1,gr2) > 1, from (2.1.4), ie., a(y1,y2) > 1
= a(Tx2,Sz3) > 1, from the definition of {y, }
= a(gze, frs) > 1, from (2.1.4), ie., a(y2,y3) > 1
= a(Swz3,Trs) > 1, from the definition of {y, }
= a(frs,gre) > 1, from (2.1.4), ie., a(ys,ys) > 1.

Continuing in this way, we have
a(Yn, Yn+1) > 1,¥n € N. (3.1)

Similarly by using «(fx1,Sz1) > 1 we can show that
a(Yn+1,Yn) > 1,Vn € N. (3.2)
From (3.1.1), we have zop4+1 X STopnt1 = gron X Top X Txo, = fron—1 = Top—1. Thus

Tntl = Tp,Vn € N,
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Case (i): Suppose that y,, # yn41 for all n € N. From (3.1), a(Sxon+1, TTont2) = @(Y2n, Yon+1) > 1. From
the definition of {y,} we have

min {|pc(front1, STant1)|, [Pe(922n+2, TTon+2)|} = min {|pc(Sxon+1, TTon+2)|, [Pe(9Z2n42, front1)|}
< max {|pe(STont1, Txont2)| s [Pe(9T2n+2, frons1)|}-

From (3.1.3), we have

Pe (Y2n+1, Y2n+2) = Pe (fT2n+1, 920 +2)
Z a(Szany1, Txony2) Pe (fT2n41, 9T2n12)
3 a1pe (Yon, Yan+1) + a20e (Yoan, Yont1) + a3pe (Y2nt2, Yont1)
+ aspe (Y2n, Yont2) + aspe (Y2n+1, Yont1)
Pe (Y2ns Y2n+1) Pe (Y2n+2, Y2nt1) Pe (Y2n, Y2n+2) Pe (Y2n+1, Y2n+1)

+ ag 7 .
1+ pe (Y2n, Yan+1) + Pe (Y2n+1, Y2n+2) 1+ pe (Y2n, Yon+1) + Pe (Yon+1, Y2n+2)

Using
Pe (Yon, Yant2) 3 Pe (Y2ns Yont1) + Pe (Yont1s Y2nt2) — Pe (Y2nt1, Yont1) 3 Pe (Y2n, Yont1) + Pe (Y2nt1, Yont2)
and pe (Yon+1, Yont1) Z Pe (Yon+1, Yon), wWe get

|pc (y2n+1, y2n+2)| <a |pc (ana y2n+1)’ + as |Pc (y2n7 y2n+1)| + a3 \pc (3/2n+27 y2n+1)\
+ a4 [|pe (Y2n, Yon+1)| + |Pe (Y2n+1, Yon+2)|] + a5 [Pe (Y2n+1, Yon)]
+ ag |pe (Y2n, Yon+1)| + a7 [Pe (Y2n+1, Yon)] -

Thus
ai + a2 +aqg +as+ag + ar

1—a3—a4

’pc (92n+17 y2n+2)’ < < > ’pc (y2n; y2n+1)‘ . (A)

From (3.2), a(Sx2n+1, Tx2n) = a(Y2n, Y2n—1) > 1. From the definition of {y,} we have

min {|pe(front1, STant1)|, [Pe(922n, Txopn)|} = min{|pe(front1, 922n)|, [Dc(STont1, Txon)|}
< max {|pc(fxant1, 9Z2n)|, [Pe(STont1, Txon)|} .

From (3.1.3), we have

Pe (Y2n, Y2n+1) = pe (fT2n+1, gT2n)
3 a(S72an41, To20) Pe (fT2n+1, 9T20)
< a1pe (Yon, Yan—1) + a2be (Yon, Yon+1) + a3pe (Yon—1, Yon)
+ agpe (Y2ns Yon) + aspe (Yon—1; Yon+1)
6 Pe (Y2n, Y2n+1) Pe (Y2n—1, Y2n) + a7 Pe (Y2n, Y2n) Pe (Y2n—1, Y2n+1)
L+ pe (Yon, Y2n—1) + Pe (Y2n, Y2n+1) 1+ pe (Y2n, Y2n—1) + pe (Y2n, Yont1)’
e (Y2n, Y2nt1)| < a1 [pe (Yans yan—1)| + a2 |pe (Y2n, Y2nt1)| + a3 [pe (Yan—1, Y2n)|
+ a4 |pe (Y2n, Yan—1)| + a5 [|pe (Y2n—1, y2n)| + |Pe (Y2n, Y2n+1)|]
+ a6 [pe (Y2n—1, Yon)| + a7 [Pe (Y2n, Y2n—1)] -

+a

Thus

a1 + a3+ a4+ a5+ ag + ay
1—a2—a5

1Pe (v yonsn)| < ( ) Do (yam—t, yon)|. (B)
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Hence
‘pc (yna yn+1)| S h |Pc (yn—17 yn)’ for n = 27 37 47 ey
where
{ a1+astastastagtar ai-t+aztastastagtar }
h = max , < 1.
1-— a3z—ay4 1— a2—as
Thus

‘pc (yna yn+l)| S hn_l ’pc (y17 3/2)’ for n = 25 37 47 e (33)
For m > n, using (3.3), we have
[P (Yns Ym)| < |Pe (Yns Ynt1)] + [Pe (Ynt15 Ynt2)| + -+ + [Pe (Ym—1,Ym)|
n—1

< (hn_l +h"+ - +hm_2) |pc (y1>y2)| < 1—h

|pe (y1,92)] = 0 as n — oo, m — o0,

which implies that

lim pC(ymym) =0. (C)

m,n— 00

Hence {y,} is a Cauchy sequence in X.
Since (X, p.) is complete, there exists z € X such that y, — z and

pe(z,2) = ILm pe(2,y,) = lim  pe(y,,ym) =0, from (C).

m,n—00

Hence
Pe(2,2) = T pe(frani1,2) = I pe(gront2, 2) = Um pe (Stani1,2) = lm pe(Tranie,2) = 0. (3.4)
Suppose (3.1.7) (a) holds. Since tha pair (f,S) is p} compatible, from (3.4), we have
pe(Sz,52) =0 (3.5)

and
nli)nolopc(f'sx?n—&-la Sf$2n+1) = 0. (36)

Since S is continuous at z, from (3.5) we have

lim pC(SS:UQnJrl? SZ) = pc(SZ, SZ) =0 (37)
n—oo
and
li_}rn Pe(Sfrony1, Sz) = p(Sz,5z) =0. (3.8)
Also

|pc (fstn-l—la SZ)’ < ’pc (f5x2n+17 Sfon—i—l)‘ + ’pc (waQn—l—la SZ)| .
Letting n — oo, we get from (3.6) and (3.8) that

nh_}rrgo |pe(fSzant1,52)| = 0. (3.9)
From (3.9) and (3.7) we get
[pe (fSzan+1, SSan+1)| < [pe (fSTont1, S2)| + |pe (57, SST2p41)] = 0 as n — oo. (3.10)

Letting n — oo and (3.9) and (3.4) in

’pc (fsx2n+lygx2n) - pc(SZ, Z)| < ‘pc (fsx2n+1; SZ)’ + ’pc (Z, gxn)’
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we get
Jingopc(fsmmhgxzn) = pe(Sz, 2). (3.11)

Letting n — oo and (3.7) and (3.4) in
|pc (Ssx2n+1a T:L'QTL) - pc(SZ, Z)| < |pc (SS$2TL+17 SZ)| + |pc (Z, T-r2n)‘

we get
lim p.(SSxont1, Txon) = pe(Sz, 2). (3.12)
n—oo

Letting n — oo and (3.7) and (3.5) in

Ipe (SSTan+t1,9%2n) — pe(Sz, 2)| < [pe (SST2n41, S2)| + |pe (2, gT20)|

we get
lim pc(ssx2n+179$2n) = pC(SZ, Z) (3'13)

n—o0

Letting n — oo and (3.9) and (3.4) in

IDe (fSxont1,Txon) — pe(2z, 82)| < |pe (fSTant1,52)| + |pe (2, Txan)|

we get
Ii_>m Pe(fSTont1, Txon) = pe(z, S2). (3.14)

Suppose Sz # z. from (3.1.7)(a) a(SSzant+1, Tr2n) = a(Sy2n,Yon—1) > 1.
From (3.1.1), we have Szo,4+1 = gro, < T2,. Now using (3.1.3), we get, if

min {|pe (fSzan+1, SS%an+1)|, |Pe (922n, T2n)|} > max {|pe (SSTon+1, Txon)| , [Pe (fSTon+1, 922n)|},

then letting n — oo, we get 0 > |p.(Sz, z)|. It is contradiction. Hence

min {|pe (fST2n+1, SSTan11)], |Pe (9220, Tr2,)|} < max {|pc (SSTani1, Tr2n)|, [Pe (fST2041, 9720)|}

IPe (fSTany1,922n)| < @ (SSw2n41, Tx2,) |Pe (fSTon 1, 922n)]
< aq [pe (SSw2n11, Txon)| + a2 |pe (SSTony1, fST211)]
+ ag |[pe (Txan, gr2n)| + a4 [pe (SSTant1, 9T2n)| + as [pe (Tx2n, fSTont1)|
Ipc (SST2n+1, fST2041)| |Pe (TT20, gT21)|
11+ pe (SSTan+1, TTon) + pe (fSTant1, gTon)|
a [pe (SSzont1, 9%2n)| [pe (Tx2n, fSTont1)| 7
11+ pe (SSzan+1, TTon) + pe (fSTant1, gTon)|

(3.15)

+ ag

+

we have

1+ pe (Sz,85x2041) + pe (SSxoan+1, Txon) + pe (Txop, 2)
+pe (Sz, fSTan11) + pe (fST2n11, 9T2n) + Pe (9720, 2)
<1+ pe (SSxony1, Txon) + pe (fSTant1, 9g2on)| 4 |pe (T2, 2)|
+ [pe (Sz, SSTant1)| + |pe (Sz, fST2n41)| + Pe (9720, 2)] -

11+ pe(Sz,2) + pe (Sz,2)| <

Letting n — oo, we get

‘1 + De (SZ, 2) + Pe (SZ, Z)’ S nh—)rgo ’1 + Pe (SS:UZTH—la Tm2n) + Pe (fsx2n+lyg$2n)‘
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from (3.4), (3.7), and (3.9).
Letting n — oo in (3.15) and (3.4), (3.10), (3.11), (3.12), (3.13), and (3.14), we get

Ipe (Sz,2)| < a1 |pe (Sz, 2)| + a2(0) + a3(0) + a4 |pe (Sz, 2)| + as |pe (Sz, 2)| + ag(0)

Ipe( 82l (2,52)
|1 + Pe (Za SZ) + De (Z,SZ)|

+a < (a1 + a4+ as+ay)|pc (Sz,2)|,

which implies that Sz = z.

Suppose fz # z. Since gxa, =< Ton, gre, — z by (3.1.6), we have z =X z3,. Also a(Sz,Txo,) =
a(z,yan—1) > 1 from (3.1.7) (a). Since p.(z,2z) = 0, by Lemma 2.8, we have p.(fz,z) = lim,_00c pc(f2, 925,,)-
If min {|p. (Sz, f2)|,|pc (9220, Tx2n)|} > max {|p. (Sz, Txan)l|, |pc (fz, gzan)|}, then letting n — oo, we get
0 > |pe(fz,2)|. It is contradiction. Hence

min {|p. (Sz, 2)],|pe (9220, Tron)|} < max {|pe (Sz, Txan)l, |pe (2, 9220)|} -
From (3.1.3), we get

Ipe (f2, 92n)| < a1 |pe (2, Txon)| + az |pe (2, f2)] + a3 |pe (Txon, gT2n)|
+ aq ‘pc (Z,g$2n)| + as ‘pC (Tx2n7 fZ)| (316)
|pc (Z7 SZ)‘ ’pc (TJTQn, g$2n)| |pc (Za gﬂf?n)| |pC (Tﬂfgn, fZ)|

+ ag ay )
|1+ pe (2, Tx2pn) + pe (f2, gxon)| 11+ pe (2, Txapn) + pe (f2, gxan)]

11+ pe (fz,2)] < |1+ pe(fz,9720) + pe (9T2n, TT2n) + pe (T2, 2)|
< ‘1 + P (Tx2n> Z) + De (fzv 91:271)‘ + ’pc (ganna Tx2n)|
< |14 pe (Txon, 2) + pe (f2, gT2n)| + [Pe (922n, 2)| + |pe (2, Tx2n)] -

Letting n — oo, we get
|1 + DPe (fZ, Z)| < nh—>120 |1 + De (Txan Z) + De (fza ngn)| , from (34)
Letting n — oo in (3.16), we get

Ipe (f2,2)] < a1(0) + a2 |pe (fz, 2)| + a3(0) + a4(0) + a5 |pc (2, f2)| + as(0) + a7(0) < (a2 + as) [pe (f2, 2)],
which implies that fz = z. Thus
Sz=2z= fz. (3.17)

Since f(X) C T'(X), there exists a point w € X such that fz = Tw. From (3.1.1), we have w < Tw = fz =
z. Suppose z # gw. From (3.1.7) (a), we have a(Sz, Tw) = a(z,z) > 1, and

min {[pc (Sz, f2)], |pc (gw, Tw)|} = min {[pc (2, )/, [pc (g, 2)|}
= 0 from (3.5)

< max {[pc (52, Tw)], [pe (fz, gw)|} .
From (3.1.3), we have

|pc (Zv g’LU)| = |pc (fz,gw)|
< a1 |pe (2,2)| + az [pe (2, 2)| + a3 pe (2, gw)| + a4 [pc (2, gw)|
[pe (2, 2l Ipe (2 gw)l o pe (2, gw)| [pe (2, 2)|
114 pe (2, 2) + pe (2, gw)| 11+ pe (2, 2) + pe (2, gw)|
< a1(0) + a2(0) + ag |pe (2, gw)| + a4 [pe (2, gw)| + a5(0) + ag(0) + a7(0)
< (a3 + aa) |pc (2, gw)| ,

+ a5 |pe (2, 2)| + ap

which implies that gw = z = Tw. Since T is dominating, and ¢ is dominated, we have w < Tw = z and
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z = gw = w. Hence z = w. Thus
gz=z="Txz. (3.18)

From (3.17) and (3.18), it follows that z is a common fixed point of f, g, S, and T.
Similarly, we can prove theorem when (3.1.7) (b) holds.

Case (ii): Suppose y, = yn—1 for some n. Without loss of generality assume that n = 2m. Then ya,, =
Yam—1. From (A) in Case (i), we have y2, = yam+1. Then From (B) in Case (i), we have yom+1 = Y2m+2-

Continuing in this way, we get Yom—1 = Yoam = Y2m+1 = Yo2m+2 = ---. Thus {y,} is a constant Cauchy
sequence in X.
The rest of the proof follows as in Case (i). O

Now we give an example to illustrate our Theorem 3.1.

Example 3.2. Let X =[0,1] and p. : X x X — C* be defined by
pe(x,y) = max{z,y} + i max{z,y} forall z,y € X.

Let < be the ordinary <. Let f,g,S, and T be defined by

o /o, 1f:r€[0,%),
fx—g,VxE[O,l], gx—{ 1—16’ 1f:g€[%,1],
3z 1 1
5, ifze [0, 5), | 2z, ifxe [0, 5)7
Sw_{x, ifze i, 1], Tw = z, ifzeli 1].

Let a: X x X — R™ be defined by

oy = | L HreXy=1,
Y= 2, otherwise.

Then f(X) C T'(X) and g(X) C S(X). From the following table it is clear that f, g are dominated and S, T
are dominating mappings.

ze[0,2) | fa=

ve3,1] | fa=

<z | gr=0<x xS%x:Sx <2z =Tx
<z gm:%<x r=x=>5x r<1=Txzx

o] 8 [co|8

Now we will verify the condition (3.1.3) as follows.

(i)3Let z,y € [0,3). Then p.(Sz,Ty) = pe(3£,2y) = max{(%¥,2y)} + imax{(3,2y)}, a(Sz,Ty) =
a(y,2y) = 1,

X x T 1 3z 3z

a(Sz, Ty)p.(fz,g9y) = (1)pc(§>0) = (g + Zg) = ﬁ(? + Z?)
< fmax{2Z, 29} + imax{°2, 2y}] = = p(Sz, Ty) < ~pe(Scx, Ty)
N12max2ay zmax2,y —12pc l'ayw4pc r,1Y).

(ii) Let z € [0, %) and y € [%, 1]. Then p.(Sz,Ty) = pc(%"’, 1) =141, a(Sz,Ty) = a(%’”, 1)=1,

r 1 1

1
- <
816~ 16 16 ~

1 o1 1
a(Sz, Ty)pe(fx, gy) = pe( E(l +1i) = Epc(S% Ty) 3 ch(Saf, Ty).

(iii) Let € [3,1] and y € [0, 3). Then p.(Sz, Ty) = pe(z,2y) = max{z, 2y} + i max{z, 2y}, a(Sz, Ty) =
alz,2y) =2,

1
a(Sz, Ty)pe( f7, 9y) = 2pe(=,0) = 2% +i% = ~(z + iz) 3

. 1

e
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(iv) Let z,y € [3,1]. Then p.(Sz,Ty) = pe(z,1) = 1 +4, a(Sz, Ty) = a(z,1) = 1,

z 1 r x ,1 ) 1 1
a(Sz, Ty)pe(fz, gy) = pe(g, 15) = g Tig T gL +1) = gpe(S2,Ty) I 1 pe(S2, Ty).
Thus (3.1.3) is satisfied with a1 = %, az = ---=ay = 0. Hence f is continuous and ¢, S,T are discontinuous.

Suppose pc(z,x) = 0. Then x = 0 and hence p.(Sz,Sz) = p.(0,0) = 0. Thus p.(z,z) = 0 =
pe(Sz, Sx) = 0. Suppose there exists a sequence {z,,} in X such that fx, — ¢ and Sz, — t for some ¢t € X
with pe(t,t) = 0. Then p.(t,t) =0=1t =0,

fxn = t= lim p.(fzy,t) =p(t,t) =0= lim p.(fz, +ifzr,) =0= lim fzr,=0= lim z, =0.
n—oo n—oo n—oo n—oo
Similarly Sz, =t = 1i_>m x, = 0. Consider
ILm pe(fSxp, Sfry,) = ILm [max{fSxn, Sfx,} +imax{fSzy,,Sfr,}] =0 by definitions of f and S.

Thus the pair (f,S) is p}-compatible. One can easily verify the remaining conditions. Clearly 0 is a common
fixed point of f,g,.5, and T.

Remark 3.3. Our main Theorem 3.1 is an improvement of Theorem 2.1 of [27] which is in complex valued
metric space.

Now replacing continuity and p} compatibility assumptions with one of f(X), g(X), S(X), and T'(X)
being a closed subspace of X, we prove the following theorem.

Theorem 3.4. Assume the conditions (3.1.1), (3.1.2), (3.1.3), (3.1.4), (3.1.5), and (3.1.6) hold. Further
assume the following.

(3.4.1) (a) Suppose S(X) is a closed subset of X. Further assume that a(p,yon+1) > 1 for alln € N and
a(p,p) > 1 whenever there exists a sequence {yn} in X such that a(yn,yn+1) > 1 and o(Yn+1,yn) > 1
for alln € N and y,, — p for some p € X; or

(3.4.1) (b) suppose T(X) is a closed subset of X. Further assume that a(yapn,p) > 1 for allm € N and
a(p,p) > 1 whenever there exists a sequence {yn} in X such that a(yn,Yn+1) > 1 and o(Yn+1,yn) > 1
for alln € N and y, — p for some p € X.

Then f,g,S, and T have a common fixed point in X.

Proof. As in Theorem 3.1, there exists a Cauchy sequence {y,} in X such that yo,11 = front1 = TTopto
and Yop+2 = gTopnt2 = Sxon+s, n=0,1,2, ..., and y, — z € X such that

pe(2,2) = lim pe (frony1,2) = Um pe (Sxony1,2) = lim pe(gzonto,2) = lim p. (Txon42,2) = 0. (3.19)
n—0o0 n—0o0 n—oo n—oo

Suppose (3.4.1) (a) holds. Since S(X) is a closed subset of X. Then there exists u € X such that z = Su.

Since S is dominating we have u < Su = z. Since g is dominated we have gzont2 < xon12 and gronio — 2

by (3.1.6), z < zap+2. Thus u < zap42.
Suppose fu # z, a(Su, Txoni2) = (2, yon+1) > 1. If

min {|pe (fu, Su)|, |pe (972n+2, TT2n12)|} > max {|pc (Su, Trani2)|, [pe (fu, gToni2)|}

then letting n — oo, we get 0 > |p.(fu, z)|. It is contradiction. Hence

min {|pe (fu, Su)|, |pe (972n+2, Txons2)[} > max {|pc (Su, Twoni2)|, [P (fu, gront2)[} -
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Now From (3.1.3), we have

e (fu, gront2)| < o (Su, Twont2) [pe (fu, gTan+2)|
< a1 |pe (2, Toon+2)| + a2 [pe (2, fu)| + as |pe (Tx2n+2, gTan+2)|
+ ag |pe (2, gTany2)| + a5 |pe (Tont2, fu)l
6 Ipe (2, fu)l [pe (TT2n12, gTon+2)|
11+ pe (2, TTon+2) + pe (fu, gT2n12)|
. Ipc (2, 9T2n+2)| |[Pe (TT2n12, fu)l
11+ pe (2, Tront2) + pe (fu, grany2)|’

(3.20)
+ a

+a

1+ pe(fu,2) 314 pe(fu, gront2) + pe(9xont2, Txont2) + pe(TTony2, 2),
11+ pe(fu, 2)| < |1+ pe(fu, grany2) + pe(Txont2, 2)| + [Pe(922n+2, Txon42)] -

Letting n — oo and using (3.21), we get
114 pe(fu, 2)| < Jlim |1+ pe(z, Toop12) + pe(fu, gTan+2)| -
Letting n — oo in (3.20) and using (3.19), we get
[pe (fu,2)| < a1(0) + a2 |pe (2, fu)| + a3(0) + a4 (0) + as |pe (2, fu)| + a6(0) + a7(0) < (a2 + as) pe (2, fu)],

which in turn yields that fu = z. Thus fu = z = Su. Since f is dominated and S is dominating maps, we
have z = fu < u and v <X Su = 2. Thus u = z. Hence

fz=2=25z (3.21)

Since f(X) C T(X), there exists v € X such that z = fz = Tw. Since T is dominating v < Tv = z. Suppose
z # gv. Now «a(Sz,Tv) = a(z,2z) > 1,

min {|p. (fz,52)|, |pc (gv, Tv)|} = 0 < max {|p. (Sz,Tv)|,|pc (fz,gv)|}, from (3.4).

From (3.1.3), we have

pe (2, gv)| = |pe (fz,9v)| < (52, Tv) |pe (fz, gv)|
< ailpe (2, 2)| + a2 |pe (2, 2)| + a3 |pe (2, gv)| + aa |pe (2, gv)| + a5 |pe (2, 2)|
pe (2, 2)] [pe (2, gv)| va pe (2, gv)| [pe (2, 2)]
|1+ pe (2, 2) + pe (2, gv)| 114+ pe (2, 2) + pe (2, gv)|
< (a3 + a4) |pc (2, gv)|,

+a6

which in turn yields that z = gv. Thus gv = z = Tv. Since g is dominated and T is dominating maps, we
have z = gv < v and v < Tv = z. Thus v = z. Hence

gz=2z="Txz. (3.22)

From (3.21) and (3.22), it follows that z is a common fixed point of f, g, S, and T. Similarly, we can prove
this theorem when (3.4.1) (b) holds. O

The following example illustrates our Theorem 3.4.
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Example 3.5. Let X = [0,3] and p. : X x X — C* be defined by p.(z,y) = max{z,y} + i max{z,y} for
all z,y € X. Let < be the ordinary <. Let f,¢,.5, and T be defined by

[z ifzel01), [0, ifzel0,1),
fm_{§7 ifl'e[, ]7 gx_{é, 1f1’€[173],

[ 2yz, ifzef0,1), 2z, ifzel0,1),
Sx_{:a, if z €1, 3], Tm_{:z:, ifzell,3].

Let a: X x X — R™ be defined by

(,y) = 1, ifye X,z =3,
N5Y) = 2, otherwise.

Then f(X) C T(X) and ¢g(X) C S(X) and T(X) is a closed subset of X. From the following table it is
clear that f, g are dominated and S,T are dominating mappings.

xe€l0,1) | fx=
e[,3] | fr=

<z |gr=0<z|z<2y/z=8z|z<2y/x=Tx
<z g$:%<az r<3=5S8z r=x=Tx

ol 8

Now we will verify the condition (3.1.3) as follows.

(i) Let z,y € [0,1]. Then p.(Sz,Ty) = pc(2v/x,2,/y) = max{2\/x,2,/y} + imax{2\/z,2,/y}, a(Sz,Ty) =
O‘(2\/£v 2\/?j) =2,

T T

0) = 2% +i%) = l(x—i—zx) (2f+12f)

Sz, Ty)pe( 2, 9y) = 2pel =, 5 TG 3
[maX{Qf 2/y} +imax{2y/z,2\/y}] = *pc(Sx Ty).

6

(ii) Let = € [0,1) and y € [1,3]. Then p.(Sz,Ty) = pc(2v/z,y) = max{2/z,y} + i max{2y/x,y},
a(Sz,Ty) = O‘(Q\/E? y) =1,

r 1 r T 1 1
a(Sm,Ty)pc(fx,gy):pc(g,S)—ng 6~¢ [2Vz +i2vx] 3 fpc(Sx Ty) 3 gpc(S%Ty).
(iii) Let = € [1,3] and y € [0,1). Then p.(Sz,Ty) = pc(3,2y/y) = 3 + 3i, a(Sz, Ty) = «(3,2\/y) = 2,
(2. TY)pe( 2, 9y) = 2pe(,0) = + + i = (34 3) 3 2pe(Sz,Ty)
a\oT, LY)Pc xvgy_pc87 ~ 1 14—12 lwgpc z,1yY).
(iv) Let z,y € [1,3]. Then p.(Sz,Ty) = pc(3,y) = 3+ 3i, a(Sz, Ty) = a(3,y) = 1,
11 1

1 1 1
a(Sz, Ty)pc(fz,gy) = S tic=-038+30) 3 gpc(Sm, Ty).

re(gig) =5 Tig =g

Thus (3.1.3) is satisfied with a; = %,ag = ... = a7 = 0. One can easily verify the remaining conditions.
Clearly 0 is a common fixed point of f, g, S, and T.
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