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Abstract

The main objective of this paper is to study the Ambartsumian equation in the sense of =Z-Hilfer Generalized
proportional fractional derivative(HGPFD). The existence and stability properties of solution are studied.
The technique used for study is fixed point theorem and Gronwall inequality. Ulam-Hyers-Rassias stability
of the solution is also investigated.
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1. Introduction

The fractional calculus was originated in 1695 as a generalization of the integer order calculus. Fractional
calculus and its applications to the sciences and engineering are recent foci of interest to many researchers,
see [1, 12, 13] and references therein.

In [11, 22], the authors proposed a fractional integral operator with respect to another function 1,
obtaining a general operator, in the sense that it is enough to choose a function ¢ with certain properties
to obtain the most of the existing fractional integral operators. Attempting to unify several definitions of
fractional derivatives into a single one, the concept of fractional derivative of a function with respect to
another function was recently introduced. In [10], authors proposed a new fractional derivative called -
Caputo that generalizes a class of fractional derivatives in the Caputo sense. The same idea can be adapted
to define the t-Riemann-Liouville fractional derivative. In 2018, Sousa and Oliveira [24] unified both
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definitions using Hilfer’s idea of interpolating between Riemann-Liouville and Caputo fractional derivatives
by introducing a two-parameter family of fractional derivatives of order a > 0 and type p € [0,1] which
depends on an arbitrary function ¢ and called it the -Hilfer fractional derivative. For more details see the
papers [2, 6, 20, 23].
Motivated by [17, 22], we study a proportional fractional derivatives and provide a generalization of the
operator defined in [9] and named it was »-HGPFD of a function with respect to another function.
Stability is the most relevant property of dynamical systems. The study of Ulam stability was initiated
due to an interesting problem posed in the year 1940, by Ulam [25], regarding the stability for the equation
of group homomorphisms. An answer was given by Hyers [8], in 1941, in the framework of Banach spaces,
for the additive Cauchy equation. In the following years, many mathematicians [15, 26] were concerned with
this problem, also for the case of differential equations, integral equations, and partial differential equations.
The original integer order Ambartsumian equation was introduced in the theory of surface brightness in
the Milky Way. The authors in [3, 4, 5, 16, 19, 21] studied the Ambartsumian equation in different aspects.
In this work, we analyse the existence and stability results of the nonlocal fractional order Ambartsumian
equation with Z-HGPFD

Dgf’g’EA(t) =Q (t,A(t) JA (%)) , telab], n>1, b>a>0, (1.1)

)OS A Zm (), mi€R, 7€ (a,b), (1.2)

where, Q <t,A (t),A (%)) = %A (%) — A(t), Dgf’g’: is the Z-HGPFD, Zi;ﬂ’Q’E is the Hilfer proportional

fractional integral with 0 < p < 1,0 < ¢ < 1,9 =p+4q(1 —p) and Q : J x R x R — R is a continuous
function.
The above problem (1.1)-(1.2) is equivalent to the Volterra integral equation,

A e“’g (E(t)—E(a)) (H() E(a))
oPT(p)

A(t) = { xS [T T G070 (=) — <>V‘1E%sﬂl(8w4®>~4(%))d8 (1:3)
O=26) (=) — 2(s))P 1 2 (5)Q (s,A(s),A (—)) ds,

1=
)
n

1 t
+ ) Jat € °
where,
1
e

N = —1 =
0’710 (W) = 307 pie e G-

@ (2(r) - 2a)" "

2. Preliminaries

In this section, we gives some definitions and lemmas useful in our subsequent discussion. Let 0 < a <
b < 00, J = [a,b] be a finite interval and 9 be a parameter such that n —1 <9 < n.
C'la,b] be the space of the continuous functions Q on J with the norm defined by

= t
1Qll a5 = max Q)]
and AC"[a, b] be the space of n times absolutely continuous differentiable functions given by,
AC™a,b) = {Q: [a,b] = R; Q"' € ACla,b]} .

The weighted space Cy =la, b] of functions Q on (a, b] is defined by

Cozlab] = {Q: (a.b] = R (E(t) - (0))” Q) € Clasb]}
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with the norm defined by

[1]

(E(t) -

@ o = |5

~—
|
(1]
—
S
~—
SN—
_=

1Ry 2o =
The weighted space Cj z[a, b] of functions Q on [a, 8] is defined by
Cg,E[a7 b] = {Q : [a’a b] — Rv@(t) € Cn_l[a7 b]’ Qn(t) € Cﬂ,E[aa b]} 5

with the norm defined by,

1Qllery oy = 5 1@ gy + 1@ 0
k=0 ’

Clearly,
(1) Cg,E[a’a b] = Cﬁ,E[a? b], for n=0.
(ii) Forn—1<49; <9y <n, Cﬁl,g[a, b] C 0792,5[@, b]

Definition 2.1. [9, 11] Let g, 1 : [0,1] x R — [0,00) be two continuous functions such that forall ¢ € R
and g € [0, 1], we have,

lim @O(Q’t) =0, lim QDl(Q,t) =1, lim QDO(Qat) = 1’ lim Sol(g’t) =0,

o—0t 0—0t o—1— o—1—
and ¢o(0,t) # 0,0 € (0,1];01(0,t) # 0,0 € (0,1]. Also let Z(t) be a strictly positive increasing continuous
function. Then,
= Q'(t)
Do=Q(t) = ¢1(0,1)Q(¢) + SDO(Q,t):/—(t),
gives the proportional differential operator of order o with respect to the function Z(¢) of a function Q(¢).
If po(o,t) = o and ¢1(p,t) = 1 — p, then D= becomes

(2.1)

- Qt
DEEQ(t) = (1 - 0)Q(t) + 0= Et)) 2.2)
and the integral corresponding to the proportional derivative which is defined in Eq.(2.2) is given by,
e L[ et @02 g 1=
1h0q() = & [ E0 =g (s)ds (2.3)
0 Ja

where, Zo'2=Q(t) = Q(t).
The generalized proportional integral of order m corresponding to the proportional fractional derivative

D™e=Q(t) is defined by,

1 o—1

(T2220) () = s | € EOE (0~ 261 (92U, (24

where, D= = Do= Do= DOE  DOE,

Definition 2.2. [9, 11] If o € (0,1] and p € C with Re(p) > 0. Then the left-sided generalized proportional
fractional integral of order p of the function QQ with respect to the another function = is defined by,

[1]

(22%0) (0= s [T E =D @0 -2y e, e @9
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Definition 2.3. [9, 11] If ¢ € (0,1] and p € C with Re(p) > 0 and Z € C[a, b] where Z'(s) > 0. Then
the left-sided generalized proportional fractional derivative of order p of the function Q with respect to the
another function Z is defined by,

’

(P2%0) (6= e [ EO =D @) — o) 7 ()00

where I'(.) is the gamma function and n = [Re(p)] + 1.

Proposition 2.4. [9, 11] If p,q € C such that Re(p) > 0 and Re(q) > 0, then for any o > 0, we have

. = =L (E(s)=Z(a)) /—m —_ _ el —=(a)) /= — _
(i) (Tre=e T =N (o)~ 2(@)1) (1) = e e =P EW) - ),
. = =L(E(s)—-Z(a)) /m _ _ el —Z(a)) /= - e

(ii) <DZ,+Q, e e E6) ())(:(s) — Z(a))e 1) (t) = lgz’;(%)) ( (t) ())(:( t) — E(a))TP 1

Theorem 2.5. [9, 11] Suppose o € (0,1], Re(p) > 0 and Re(q) > 0. Then, if Q is continuous and defined
fort > a, we have

102 (2005Q) () = 2022 (T205Q) (1) = (T2 %) (o).
Theorem 2.6. [9, 11] Suppose ¢ € (0,1],0 <n < [Re(p)] + 1 withn € N. If Q € L;(a,b), then
D= (T0050) (1) = (T070%Q) (). (2.6)

In particular, for n=1, hence by using the Leibnitz rule, we have

Dye= (267Q) (1) = Eps [ ¢ E0 0 @0 — 20y (Ui (2.7

Corollary 2.7. [9, 11] If 0 < Re(q) < Re(p) and n —1 < Re(q) < n,n € N. Then we have
Dres (T005Q) (1) = (T2 90%Q) (). (2.8)
Theorem 2.8. [9, 11] Suppose Q € L1(a,b) and Re(p) > 0,0 € (0,1],n = [Re(p)] + 1. Then,
Dre= (T225Q) (1) = Q), t>a. (2.9)

Theorem 2.9. [11] If p > n,p € (0,1] and n is a positive integer, then we have
(ze=ppe=0) (1) = (DZf’:IZZf’:@) (v

o—1

¢’ BOEO () - E( VP ko=
_kz;) T ( yp— (Dk @) (). (2.10)
Theorem 2.10. [11] Assume that Re(p) > 0, n = —[—Re(p)|, Q € L1(a,b) and (Igf%@) (t) € AC™[a,b).

Then,

n  2l(E(1t)-E()) = = —j
P,0,E 9D, Q,u _ € (E(t) — E(a))P™
(Fze7rie%0) 0 =000 - X = mg,— o)

J=1

(IZIP’Q’EQ) (a). (2.11)
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Definition 2.11. [9, 11] If p € (0, 1] and p € C with Re(p) > 0, then the generalized left Caputo proportional
fractional derivative of function Q with respect to a another function = is defined by,

(“Dre2@) (1) = 2= (Do) (o),
1 SN EW-E6) (2 _ m(ayyrp1= () (DS
= o (n=p) /a+ e e (E(t) = E(s))" P12 (s) (DF@=Q(s)ds) , (2.12)
where, n = [Re(p)] + 1.
Corollary 2.12. [11] Let p € C with Re(p) > 0 and ¢ € (0,1],n = [Re(p)] + 1. If Q € C"[a,b] then,

3
|

o5 E0-2) (=

e e 2(t) — E(a)* (fo’a(@> (a)] . (2.13)

(“Dre=Q) () = Dot Q) -

ok k!

Proposition 2.13. /9, 11] If p,q € C with Re(p) > 0, Re(q) > 0 then for any o > 0 and n = [Re(p)] + 1,
we obtained as follows

(CDne=e T EO 20 (2(s) - Z(a))i1) (1) = D T EO=) (=) — 5(a))r

I'(g—p)
For k=0,1,2,........ ,n-1, we have
(ODRe=e T E = () - Z(@)*) () =0

In particular, (CD(’l’f’Ee%l(E(s)*E(“))) (t)=0.

3. Main Result

Definition 3.1. [17] Let J = [a,b], where —oo < a < b < oo be an interval and Q,E € C™[a, b] be two
functions such that Z is positive strictly increasing and E (t) # 0,Vt € [a,b]. The E-HGPFD of order p and
type ¢ of Q with respect to the another function = are defined by

<D§f’g’5@) (t) = (Ig(in—p),gﬁ (Dn,g,E) I(gli—q)(n—p),g,i(@) (1), (3.1)

where n —1 <p <n,0<¢<1withn & Nand g <€ (0,1]. Also D&=Q(t) = (1 — 0)Q(t) + Qg,g; and 7 is the

generalized proportional fractional integral defined in Eq.(2.5).
In particular, if n =1, then 0 < p < 1 and 0 < ¢ <1, so Eq.(3.1) becomes,

(DSf’Q’E@) (t) = (Zgil—p)@E (Dhe=) I(gli—q)(l—p),gﬁ@> ().

Remark 3.2. [17] From the Definition 3.1, we can view the operator DZ f’Q’E is the interpolate between the
Riemann-Liouville and Caputo generalized proportional fractional derivatives respectively, since

DreSTLPORQ, if q=0,

Dpqung — = _
a*t Q {Igin—p)ygyupn,g,:(@’ if gq=1.

Property 3.3. [17] The Z-HGPFD DZf’Q’EQ is equivalent to
(Dgf,g,E@) (t) = (Zggnfp)@: (Dme=) Zt(lifq)(nfp)@:(@) (t) = <Iggrnfp),9,=pgf£@) t),

where, ¥ = p + q(n — p).
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Theorem 3.4. [17]Letn—1<p<nwithn€N,0<q<1 0€ (0,1] and ¥ = p+ q(n —p). For a € R

1]
such that o > n then the image of the function Q(t) = 7 E (t)_E(Q))(E( t) — Z(a))* ! under the operator
Dgf’g’: is defined by

o—1

= r e=li=_2(a)) ,— _ —p—
DL#%0() = 2 T () (e

Lemma 3.5. [1’7/Letn—1<p<nwzthn€N0<q 1,0 € (0,1] and ¥ = p+ q(n — p). For 6 > 0,

consider the function Q(t) = e o E0-E@) g EL(0(E(t) —E(a)))?, where E4(.) is the Mittag-Leffler function
with one parameter. Then,

DIe=Q(t) = 00°Q(1).
Property 3.6. [17] Assume that p, ¢, ¥ satisfying the relations as
V=p+qn—p)n-1<pd<n0<qg<1,
and
9 >p, Y >qn—19<n—qn-—p).
Let us consider the weighted spaces of continuous functions on (a,b] follows as,
cPa, la,b) = {Q € C_ypzla,b], D145Q € Cyza, b]} ,
and
Cry <l bl = {Q € Gy zlo,b], DIEZQ € Coyla, b}
By the Property 3.3, we say that
Cg_ﬁ,g[a, b € €4y <la, b
Lemma 3.7. [17] Letn—1<9 <n,n—1<p<nwithn €N, pe (0,1]. IfQ € Cyla,b] then

T0=Q(0) = Jim T245QM) =0, n—1<0<p. (3.2)

Lemma 3.8. [17] Letn—1<p <n withn € NJ0<¢g<1,0€(0,1] and ¥ =p+q(n—p). If@eC” glas 0]
then

Iff’“Dﬂ Q7~Q Ig+9,~pp 45 Q’“Q,
and
DIEEINeSQ = DIV e=Q.
Lemma 3.9. [17] Let Q € Ly(a,b). If DI P)e=Q exists in L1(a,b), then
Dgf,g,Ezgf,EQ _ I;Jgn*p)@EDZ(f*p),Q,EQ‘

Lemma 3.10. [17] Letn—1 <p <n withn € N,0< g < 1,0 € (0,1] and ¥ = p+q(n—p). IfQ € C?_,[a,b]
and I, 1=PheEq ¢ Ch_yzla,b] then DhE Q’“Ié’f’“(@ exists in (a,b] and

DPECEIEESQ(t) = Q(t),  t € (a,b].
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Theorem 3.11. [17] Letn—1 <p <n withn e N,0<¢<1,0€ (0,1]. IfQ € C"[a,b], then

nheSQ(t) -

_ n—l L(E0)-2() (=4 _ =)k
(sz,g,: > (t) = Dz;q(nfp),gw € (E(t) — =(a)) ( DY g,_Q> (t )]

oF k!

??‘
O

where ¥ = p + q(n — p).

Lemma 3.12. [17] Let n —1 < p < n withn € N,0 < ¢ < 1,0 € (0,1] with 9 = p+ q(n — p) such that
n—1<9<n. IfQ e Cyla,b], and I:;ﬁ’g’:(@ € Cj <la,b], then

n  l(E1)-E(a) = — 9—k

= = e e =(t) — Z(a —9.0.2

(ze=mrie=Q) () = Q) - [Z e (2% <a>] - 83
k=1

Lemma 3.13. Let 0 <p < 1,0 < g < 1,9 = p+ q(1 — p) and assume that Q <.,.A(.),.A <;)) € Ci_yla,b]

for any A € Cy_gla,b] where Q : (a,b] x R x R — R be a function. If A € C?_y[a,b] then A satisfies our

proposed problem (1.1)-(1.2) if and only if A satisfies Eq.(1.3).

Proof. Let us consider A € CV_,a,b] is a solution of our proposed problem (1.1)-(1.2). Now we have to
prove that A is a solution of Eq. (1.3). From the Lemma 3.12 with n = 1, we get

7( O—-E(@) (=p) _ = a))?-1
<Z§+Q’“qu 9’“.,4) () = A(t) - 919(1}((2) E(a)) ( 719, QvuA) (a),

which gives,

e“’;(_f(E(t)—E(a)) =(4) — =(a))0 -1 o
A(t) = gﬁ(lr((tq;) (a)) <Ialt+ 9,0,% A) (@)
1 t ee;gl(E(t)—E(s)) =(1) — ()12 (s . . s )
+ o"T(p) /a+ (E() —E(s)" E( )@( JA( ),.A(n)) ds. (3.4)

Let us take t = 7; and multiplying p; on both sides of Eq. 3.4, we get

5 EE)-E@) =y _m ()P _
MZA(TZ) — lu’le ( (TZ) (a’)) <Ia1;’l9,gv~A> (a)

0V~10 (V)
# o € EE =) 2 2 9@ (sl 4 () ) ds
which implies that
“ 1 ik =1 =( . = —_
A N — o Emi)—E@) =y _ = 9—1 (71=7,08
> A7) = G Db (E(r) ~ Z(@)' (2% 4) (@)
b > [ EWED =) 2y 2 (e (s,A<s>,A(—))d8, (3.5)

Qpr(p) i—1 at

where 7; > a.
Hence by Eq.(1.2), we get

10,05 4y = € L) N [T EEEEEO) (20 2L = (00 (s Als) A5 ) ) de
7002 A ) = S DAY [ = - 267 200 (s A4 (2) ) s 30)

i=1 @



E. M. Elsayed et al., Commun. Nonlinear Anal. 2 (2023), 1-17 8

After substituting (3.6) in (3.4), we get the required result.

Hence A(t) satisfies (1.3).

Conversely, suppose that A € CV_,a, b] satisfies (1.3), we have to show that A(¢) also satisfies (1.1)-(1.2).
Now applying the operator Dgf’a on both sides of Eq. (1.3) we get,

= = VAN o=l ==
DUEEA(t :Dﬁ"”“< e e EO=@) (=) — 5(a))’?
& AG =D ) (E(t) - E(a))

~ Z/“ [ TEOED () =

= 1 t o=l = _= ’ S
+D”9’Q’“< / e v EOEE) (21 — 2(5))P T E (5)Q <5,A 5 ,A<—>> ds> . (37
& \ T /.. (E(t) —E(s)) () (s) (3.7)
By using the Proposition 2.4 and Lemma 3.8, we get

DI#EAG) = D (5, 4.4 () ) 0

Since A € CV_yla,b] and by the definition of weighted space CY_s[a, b] we get DZ;Q’E.A € Cy_ypla,b] and by
the Eq.(3.7)we get

(1]
o
(@)

N
\‘CIJ
=
>

™~

N

S| ®»

N———

N———

QL

V)

N———

,Dqglfp),g,E@ _ IDI,Q,EIIfq(lfp),g,E@ €O g E[a’ b]
And for Q (S,A(S),A <%>> (t) € C1_yla,b] and by the Theorem 2.8, it gives that

I1;q(1*p)7975(@ € Ci_yzla,b],

a

and from the definition of CT'_, [a, b], that
7,010 PeEQ e ¢l 2o, b).

Now applying the operator Ig(f_p )¢E 41 both sides of Eq.(3.7) and by the Theorem 2.10 and the Lemma
3.7,we get

TU DD ) = U % (5, AhA (2) ) )

=Q <s,A<s>,A <§>> - e(;fl“;”f;;(f_”;j{ A 2y -2y @)
afana(3)

A PeEpeS Ay = Q <s, A(s), A (%)) . tel

[1]

Hence,

—9,0,2

Now, we have to prove that Eq.(1.2) holds. To prove this, we have to applying the operator I on the

both sides of Eq.(1.3), we get

IR A = iﬁ”’“ <7A T EOED (5(1) - E(a)”
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And then using Proposition 2.4 and Theorem 2.5, we get

7100 "' (W) —Z(a =1 (=(r;)~Z(s))
Al = o’T(p) he ZM/

(E(r;) — 2(s))P 12 (s)Q <3,A(s),,4 <5>> ds + T 1002 (s,.A(s),.A (%)) ®). (3.9

Since 1 — 9 < q(1 — p), so taking the limit as t — o™ and using Lemma 3.7 in the Eq.(3.9), we get
72705 Afat) =

%1;1(;)9) A i#i / " FHEEED) (=) — ()P E ()0 (s,.A(s),.A (%)) ds. (3.10)

i=1 at

Next, substituting ¢ = 7; and multiply p; on both sides of Eq. (1.3), we get

A o=l (=(1;)~Z(a)) ;= —_ —
i A() = T (p) "¢ =) (5(r;) - E(a))” !
g [ EED () - 2y 00 (s A4 () ) ds
i=1 a

Thus,

éﬂi-"l(ﬂ') _ 1F Zm/ ¢'5 E=) (5(r) — 2(5))P 1 (5)Q G,A@),A(%)) ds. (3.11)

m
705 Ah) = pA(m), (3.12)
i=1
this complete the proof. O

4. Existence of solution

Now in our next theorem, we prove the existence of solution of Eq.(1.1)-(1.2) in the weighted space
C19, = by the concepts of Krasnoselskii’s fixed point theorem.

Theorem 4.1. (Krasnoselskii’s fized point theorem)[7] Let B be a non empty bounded closed convex subset
of a Banach space X. Let N,M : B — X be two continuos operators satisfying:
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e Nx+ My € B whenever z,y € B,
e N is compact and continuous,
e M is contraction mapping,
then, there exist u € B such that u = Nu + Mu.

Let us consider the following hypotheses:
(Hy): Let Q: (a,b] x R x R — R be a function such that Q € Clqg;é) [a, b] for any A € Cffﬁ,a[a, b|.
(H3) : There exists a constant k£ > 0 such that
Q(t,u,v) —Q(t,w,?)| <k{lu—v|+|a—-7|}, Yu,v,u,1€R and te.J.
(H3) : Let us assume that

ko <1,

where,

[1]

_5(79’10) S (=(1) = =(a p+9—1 —Z(a))P
¢ = T () <|A|;m (E(ri) — E(a)) + (E(b) — E(a)) > (4.1)

and
1
B9, p) = / 71— opdt, Re(9), Re(p) >0,
0

is the beta function.

(Hy) :Also let

kN < 1,
where,
BW.p) |\ N~ =y = _
A= ) N 2k (E) — @) (42)

Theorem 4.2. Let 0 <p < 1,0 < ¢ <1 and ¥ = p+q(1—p). Suppose that the assumptions (Hy), (Hz), (Hy)
hold. Then the problem (1.1)-(1.2) has at least one solution in the space C}_yla,b].

Proof. Given that || X[, | iy = SuPses [(E(t) — Z(a))' Y X(¢)| and choose k > M 1X1ley y 2jay> Where

_ B(W,p) m (20 — 2P 4 (2(b) — 2(q))P
= 2T () <|/\|;N1 (E(ri) — E(a)) + (E(b) — Z(a)) > , (4.3)

also consider By = {./4 € Cla,b] : |A]l¢, ,1an < k‘} . Thus Vt € [a, b] consider the operators G and H defined
on Bj by
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(GA) () = Sgiese’® EOF) () 2"

Stepl. For all A, A € By, yields
(AW + GA() (2(t) - Z(a)) |

o’T'(p) i—1 oPT'(p) +
‘@ <s,z<s>,z (%)) (2(r:) — E(a))’ Y ds
B0, p) Y = =(a))PTV = =(a))?
< x| [ e <| 13 (B )+ (E0) - S )]
< || X[ M
<o <00,

this implies that HA + HA € B,. B
Step2. We show that M is a contraction. Let A, A € C1_yla,b] and t € J then

‘(QA(t) — GA(t)) (B@t) — E(a))lfﬁ‘

pne's EO-E@) 3 gl a-p) o= (‘@ (S’A(s)’A (%)) v (8’7‘(8)’71 <%>>>
i=1

_ _ 1w _
((gA(t) — GA(1)) (2(t) — Z(a)) ‘ kA=A, s
Hence by (Hy) and Eq.(4.4), we can say M is a contraction.

Step3. Now we have to verify that the operator N is continuous and compact.
Since the function Q is continuous, so the operator N is also continuous.

Hence, for any A € Cy_y[a, b], we get

BV, p)
o'T'(p)

[HA] < [ X] (E(b) = E(a))” < oo

This shows that H is uniformly bounded on Bj. Therefore it remains to prove that the operator H is

compact. Denoting sup; s)csxp, |Q (s,A(s),A <%>>‘ =9 < oo and for any a < 1 < 1o < b,
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- (5(72)9;55»1—19 [ = e - 2= 00 (s A4 (2) ) ds
BB 7 e =g 5912 (002 (5, 4004 () ) s

< it [ [E) ~ 2@ Er) ~ ey (En) - Za)' ™ E () - )]
% = (s)|Q (s,.A(s),.A (% ds

t . (B = @) G 2P = ) [0 (s A4 () ) s

(E(r2) — E(a)' ™" (HA(m)) + (E(n) — E(a))' ™" (HA(11))

—0 as T — 1.

As a consequence of Arzela-Ascoli theorem H is compact on Bj. Thus, as a result of our proposed problem
(1.1)-(1.2) has at least one solution. O

5. Uniqueness of solution

In this section, we prove the uniqueness of solution of (1.1)-(1.2) in the weighted space CY_, .

Theorem 5.1. Let 0 <p<1,0< ¢ <1 and 9 =p+ q(1 — p). Suppose that the assumptions (Hs) — (Hj)
hold, then the problem (1.1)-(1.2) has a unique solution in the space CV_, ~[a,b].

Proof. Consider the fractional operator T : C1_y =[a,b] — C1_y =[a,b] defined by:

=L(2(t)-E(a) /=
gplé(p)e - (E()—E(a) (2(t)

(TA) (1) = % S5y o [ o7 Er)—=0) ))ds (5.1)
T [t T EOEO) (54) — 5(5))P 2 (5)Q @,A@),A(g)) ds.

jul
A
|
(1]
L=
=
L
(1]
&
(e}
—
»
P
&r
b
—
S0

Clearly the operator T is well defined. Now for any A;, Ay € C1_yla,b], t € J and ‘B%E(t)‘ < 1, gives
((TA1) (1) = (T A2) (1)) (E(t) — E(a))lfﬁ‘

BB s sofo(uaina () -ofoaia ()
< i @ [ () =267 (Es) - Z@) ! :’<s>d8> 1= Aolle, oz

+ BEO p‘F(E;)“”l_ﬁ ( / B0 - 2P (2l - Sa) E/<s>) 1 = Aslle, <oy

= gpkrA(mﬁw,p)im (B(m) = 2" AL = Al 2jay

oyl
—
(1]
—~
=
SN—
|
(1]
—
S
SN—
~— =
sl
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Hence,

||TA1 - TA2 ||Cl_19’5[a,b]

__k
~ o°T(p)

ITAL = TAzlle,_y 2lap) < FOIAL = A2l Ll - (5.2)

Thus, from (Hs) and Eq.(5.2), 7 is a contraction map. Hence, our proposed problem (1.1)-(1.2) has a
unique solution. O

6. Stability theory

In this section, we study the Ulam-Hyers-Rassias(U-H-R) stability results for our proposed problem
(1.1)-(1.2).

Now, we consider the Ulam-Hyers(U-H) stability for the problem

DPEOEA(L) = Q <t,A(t),A <%)> ted

Let € > 0 and v : (a,b] — [0,00) be a continuous function.
We consider the following inequality,

DPEOEA®L) — @ <t,A(t),A <%>> ‘ <elt), ted (6.1)

Definition 6.1. [26] Our proposed problem (1.1)-(1.2) is U-H-R stable with respect to v, if there exists a
real number ag > 0 and for each solution A € CY_, _[a,b] of the inequality (6.1) there exists a solution

Ae Cg_ﬁg[a, b] of the problem (1.1)-(1.2) with
|A(t) — A(t)| < eagu(t), te.

Remark 6.2. [26] A function A € Cg_ﬁg[a, b] is a solution of inequality (6.1) if and only if there exist a
function o € 02—1975[@’ b] such that,

o |o(t)| <ev(t), tel.
o DPICEA() = Q (t,A(t),A (%)) Yolt), ted.

Lemma 6.3. [26] Let 0 <p<1,0<q<1, A€ CY ,-[a,b] is a solution of the inequality (6.1) then A is
a solution of the following integral inequality

‘71( PO / SHEO-E0) (=) - 2 E (5)0 (S’A“)’A (%)) ‘

a Qpr(p) at

—~

< AT EOE@) (=) — 2(a))? ehu(t),

where,




E. M. Elsayed et al., Commun. Nonlinear Anal. 2 (2023), 1-17 14

Lemma 6.4. [26] Let v : [0,T] — [0,00) be a real function and w(.) is a non negative and locally integrable
function on [0,T] and there are constants « >0, 0 < p <1 such that

! v(s)
v(t) <w(t) + a/ PEyEm— — ds.
0 e o TUWTERI(E() — E(s)" E(s)
Then there exists a constant k such that
t
v(t) <w(t) + k:a/ e ws) ds.
0

e COTED 20~ =) E ()
(Hs) : There exist a increasing function ¢(t) € Cgfﬁ,a[a, b] there exist Ay > 0 then,

T7"0% g < Ago(t).

Theorem 6.5. Let us assume that (Hy) — (Hs) are hold. Then our proposed problem (1.1)-(1.2) is U-H-R
stable.

Proof. Let € >0, and let A € Cgfﬁ =la, b] be a function which satisfies the inequality

prrefa -0 (s An.4 (L)) ca, tes

and let A € Cg_ﬁ’a[a, b] is the unique solution of the problem,

DIEO At) = @ (t, Alt), A (%))
Ii:ﬁ’g’EA(t) = ZuiA(Ti), teJmel0,T,9 =p+q(l—p).
=1

where 0 <p<land0<¢q<1.
By the Lemma 3.13, we get

A = Vit 1 [ SFEOE @ -2 200 (5464 (2) )

where,

Hence, by the integration of the inequality (6.1) and by the Lemma 6.3, we get

A -vie i [T EE @ sy = e (s A4 (2))]

On the other hand, we have

0 - A0 <[ iy [0 @0 -z e (s 404 (7))

gy [T 0 == 2o (o (+F0 A (5)) e (a4 (5))
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A(t) — A(t)] < |A] T EO-=@) (

[1]

(t) = E(a)" " ek (1)

1 t =l =) —=2(s)) ,— — 1 =t
+kgPF(p) /+e e EO-E6) (2(t) — Z(s))P = (s)

By the Lemma 6.4 and (Hj), we get,

A — AW < [In]eT EO=D 5(2) - 2(@)" 7 (1 + Kaky) k] el ()
) — A(t)] < Ageo(d),
which completes the proof of the theorem. O

7. Examples

Example 7.1. Let consider the following fractional order Ambartsumian equation with GHPFD

PIETITAD =HAW) - A0, re) o
U ) o

Now comparing Eq.(7.1) with our proposed problem (1.1)-(1.2), we get

pP=73, q:%, Q:%, 19:%, n=8, a=0, b=1, =5 pr=+v3asm=2, 7'1:%,
To = % S [0, 1].

Also,Q: [0,1] x R x R — R. is a function defined by

Q (t,A(t),A (%)) _ éA (é) CAW®), teo1].

Clearly, Q is continuous function and for u,v,u,v € R,

=

Q(tu,0) = Q1,7,5)| < 5 {fu— o] + 7~ 7]}

Hence the hypotheses (H1), (Hz) hold with k = 3.
Now choose Z(t) = t? + 1, then it implies that Z(¢) is positive increasing and continuous in [0, 1].
Next substituting the values that we mentioned above in |A|.

and

- S (3) 5 (3) )

This implies that k¢ < 1, which is (Hs).

Further more A ~ 0.46 and k < 1, which means that the assumption (Hy) is also satisfied. Hence by
Theorem 4.2 and Theorem 5.1, defined problem has at least one solution and hence is unique on J.Here all
the conditions of Theorem 6.5 are satisfied, hence our proposed problem (7.1) is U-H-R stable.
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Example 7.2. Let consider the following problem given by
112- p
377137
Dlo . CAWM) = 3A(5) —AW®), telo], 72
)3 1 6
Ty T A0) —5A(§) ( ) +V5(3)
Now comparing Eq.(7.2) with our proposed problem (1.1)-(1.2), we get
p:%aq:%aQ:%aﬂ:mW:& :0 b_l /1/1:57 MQZ\/§7 /1/3:\/5&8

m=3, m=2%mn=2 mn==2¢c/01]

Also,Q : [0,1] x R x R — R. is a function defined by

0 (t,A(t),A (%)) _ éA (é) _A®), te=[0.1]

Clearly, Q is continuous function and for u,v,u,v € R,
_ 1 _
Q(tu,v) Q4 7.7)| < 3 {Ju— o] + 7 —7]).

Hence the hypotheses (H;), (H2) hold with k = 1.
Now choose Z(t) = t? + 1, then it implies that Z(¢) is positive increasing and continuous in [0, 1].
Next substituting the values that we mentioned above in |A|.

A = ~ 0.03,

and

()5 (3) ()

This implies that k¢ < 1, which is (Hj).

Further more A ~ 0.183 and k < 1, which means that the assumption (Hy) is also satisfied. Hence by
Theorem 4.2 and Theorem 5.1, defined problem has at least one solution and hence is unique on J. Here all

the conditions of Theorem 6.5 are satisfied, hence our proposed problem (7.2) is U-H-R stable
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