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Abstract

In this paper, a new monotone hybrid method is introduced in the framework of Banach spaces for finding
a common element of the set of zeros of a maximum monotone operator and the fixed point set of a family
of generalized nonexpansive mappings. The prove is given in the framework of Banach spaces for the strong
convergence of a sequence of iteration to a common element of the set of zeros of a maximum monotone
operator and the fixed point set of a family of generalized nonexpansive mappings. New convergence
results are obtained for resolvents of maximal monotone operators and a family of generalized nonexpansive
mappings in a Banach space.
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1. Introduction

Let E be a real Banach space and K a nonempty closed convex subset of E. A mapping T : K — K is
said to be nonexpansive if
1Tz —Ty|| < ||l —y|, for all z,y € K.

Throughout this paper, the set of fixed points of T will be denoted by F(T') := {x : Tz = z}. A mapping
T : K — E is called generalized nonexpansive whenever F(T') # () and

o(p,Tz) < ¢(p,x) for all x € K and p € F(T).

The class of nonexpansive mappings constitutes an important part of nonlinear operators and which nu-
merous authors have considered. Studies on the iterative processes for such maps are gaining the attention
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of the researchers. The results on the algorithms for the class of nonexpansive mappings have been applied
in several areas, such as signal processing and image restoration (see, e.g., [1, 2]). To obtain strong conver-
gence results for the class of nonexpansive mappings, research efforts have been on the modification of some
existing iterative processes such as Picard’s sequence (see, e.g., [3]) and Mann’s iteration process (see, e.g.,
[4]). Given a real sequence {3,} C [0,1] and with an initial guess x; € K, which is chosen arbitrarily, the
Manns iteration process is defined as

Tnt1 = 5n1'n + (1 - /Bn)Txna n € N. (1'1)

It is known that even in a Hilbert space, Mann’s iteration has only weak convergence.
In 2003, by using hybrid method in mathematical programming, a modification of (1.1) was proposed as

(

T1 =€ K’
Up = /ann + (1 - /Bn)Txna
Kn={y e K:|ly—unl <|ly—zn|} (1.2)

Qn:{yeK:<xn_y,x—$n> 20}
T+l = PKnﬂan,

for a nonexpansive mapping 7" in a Hilbert space H and for all n € N, where Py, g, is the metric projection
of H onto K,, N @, (see, e.g., [5]). Under suitable control condition on the sequence {3,}, the strong
convergence of (1.2) to a fixed point of T was established.

A modification of (1.2) which is being called monotone hybrid method for a nonexpansive mapping 7" in
a Hilbert space H is given as

rn=z€ K,Ky=Qy=K,

Up = Bnxn + (1 = Bp)Txp,

Kn={y € Kn-1NQn-1:|ly —unll <[ly —zn|} (1.3)
Qn={ye K, 1NQn_1:{(xn—y,x—mz,) >0}

(Tnt+1 = PK,nQ,T.

A strong convergence theorem was established for (1.3) under appropriate control conditions (see, e.g., [6]).
Moreover, there are studies on using monotone hybrid method for a family of generalized nonexpansive
mappings in a Banach space F, which is given as

(xl :I'GK,KQ:QQ:K,

Up = /ann + (1 - /Bn)Snxrw

K, = {y €Ky 1NQn_1: Qp(y,un) < SD(y,CUn)} (14)
Qn = {y €K, 1NQn-1: <xn -y, Jr — J$n> > 0}

\ Tn+1 = RKannﬂU,

where J is the duality mapping on E, Rk, nq, is the sunny nonexpansive retraction from K onto K, NQy,
and {S,} is a countable family of generalized nonexpansive mappings which is defined from a generalized
nonexpansive mapping 1" : K — E by

Spx = anxr + (1 — ay) Tz,

for all z € K, and {ay,} C (0,1). Under the conditions that {«,} and {5, } respectively satisfy lim inf o, (1 —
n—o0
app) > 0 liminf(1 — f5,) > 0 and the family {7}, } satisfies NST -condition, the strong convergence of the
n—o0

sequence {x,} generated by (1.4) was established (see, e.g., [7, 8]). For more information on the class of
generalized nonexpansive mappings in Banach spaces, interested readers are referred to [9, 10, 11, 12].
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Consider a problem of finding a solution of the equation Au = 0, where A is a maximal monotone
operator. Such a problem is associated with convex minimization problems. Indeed, for a proper lower semi
continuous convex function f : E — (—o00,400], the subdifferential mapping df : E — 27", is defined at
x € E by

Of(w) = {a* € B*: fy— fo > (y—z,2")V ye B},

and it known to be maximal monotone (See, e.g., [14]). Solving the equation Au = 0 is equivalent to finding
flu) = ggg f(x) by setting 0f = A.

Inspired by the previous results in this inclination, the goal of this study is to introduce a new monotone
hybrid algorithm which is suitable for finding a common element of the zero point set of a maximal monotone
operator and the fixed point set of a family of generalized nonexpansive mapping in a Banach space. This
study establishs the conditions which guarantee the strong convergence of the generated sequence of iteration.

2. Preliminaries

Let E be a real Banach space and S := {x € E : ||z|| = 1}. E is said to be smooth if the limit

e+ gyl = el

t—0 t (2.1)

exists for each z,y € S. E is said to be uniformly smooth if it is smooth and the limit (2.1) is attained
uniformly for each x,y € S. The modulus of convexity of a Banach space E, g : (0,2] — [0, 1] is defined by

=+ y
2

55(6) = inf{l - Nl =yl = L Jle =yl > }

E is uniformly convex if and only if dz(e) > 0 for every € € (0,2]. A Banach space E is said to be strictly

convex if

el =l = Lo £y = 120 oy

It is well known that a space F is uniformly smooth if and only if E* is uniformly convex, where E* is
its dual. The sets of all positive integers and real numbers will be denoted by N and R, respectively. The
normalized duality mapping J from F to 2F" is defined by

Jo=A{a" € B": (2, 2%) = |[|l|=*|, [|«*[| = [[=[I} V2 € E.

J is known to be uniformly norm-to-norm continuous on bounded sets of E if E is uniformly smooth. Let
A C E x E* be a multi-valued operator. A is said to be monotone if for all (z,z*), (y,y*) € A,

(z—y, 2" —y") >0,

and it is said to be maximal monotone if it is monotone and its graph is not properly contained in the graph
of any other monotone mapping. For a maximal monotone operator A, the set A=1(0) := {x € E : Az = 0}
is closed and convex. According to a result of Rockafellar [13], A is said to be maximum monotone if it is
monotone and the range of (J +rA) is all of E* for some r > 0.

Definition 2.1. Let E be a smooth Banach space. The function ¢ : F x E — R is defined by

p(@,y) = llz* =2z, Jy) + llylI*,

for all 2,y € E. In a Hilbert space, it is expressed as ¢(x,y) = ||z — y||* > 0. The following identities hold
for all z,y,z € E:

@ Uzl = lly1)* < le,y) < (2l + llyl)*,



M. O. Aibinu, Commun. Nonlinear Anal. 2 (2023), 1-12 4

(ii) ¢(z,y) = o(z,2) + o(2,y) +2(x — 2, Jz — Jy),
(iil) @(x,y) = (z, Jo — Jy) + (x —y, Jy) < ||z||[|Jz = Jy|| + |z — y||[|y]-

Definition 2.2. Resolvent: Let E be a strictly convex, smooth, and reflexive Banach space and A C E'x E*
a maximal monotone mapping. Given r > 0 and = € E, then there exists a unique z, € D(A) such that
Jx € Jx, + rAzx,. Thus one can define a single-valued mapping J, : E — D(A) by

Jyx={z€ D(A) : Jx € Jz+rAz},

which is being called the resolvent of A. J.z consists of one point and for all » > 0, A=1(0) = F(J,.), where
F(J,) is the set of fixed points of J,.. Also, for all » > 0 and = € E, the Yosida approximation A, : C — E*
is defined by

Az = %(J —JJ.)x.
For all r > 0 and = € E, the following hold (See e.g, [17, 18])
(i) ¢(p, Jrx) + o(Jrw,x) < @(p,x) for all p € A71(0).
(ii) (Jrz, Apz) € A.

Definition 2.3. Metric projection: Let K be a nonempty closed convex subset of a Hilbert space H. A
mapping Px : H — K of H onto K satisfying

-p — mi _
lv = Preal] = min = = yll,

is called the metric projection. This set is known to be singleton. The metric projection has the important
property that; for x € H and xg € K,x¢9 = Pk if and only if

(x —xg,z0—y) >0V y € K.

Definition 2.4. Retraction: Let K be nonempty subset of a Banach space F. A mapping R: F — K is
called sunny if

R(Rx + a(x — Rx)) = Rz,

forall x € F and all « > 0. If Rz = z for all x € K, it is also called a retraction. A retraction which is
also sunny and nonexpansive is called a sunny nonexpansive retraction. If F is a smooth Banach space,
the sunny nonexpansive retraction of E onto K is denoted by Rp. K is said to be a sunny generalized
nonexpansive retract of E provided that there exists a sunny generalized nonexpansive retraction R from E
onto K.

The following results on sunny generalized nonexpansive retraction will be needed and for their proof,
interested readers are referred to see [18, 19].

Lemma 2.5. Let K be a nonempty closed subset of a smooth and strictly conver Banach space E. Let Ry
be a retraction of ¥ onto K. Then Ry is sunny and generalized nonexpansive if and only if

(x — Rz, JRgx — Jy) >0
for each x € E and y € K.

Lemma 2.6. Let K be a nonempty closed subset of a smooth and strictly convex Banach space E such that
there exists a sunny generalized nonexpansive retraction R from E onto K and let (x,z) € E x K. Then the

following hold:
(i) z = Rx if and only if (x — z,Jy — Jz) <0 for all y € K;
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(ii) o(x, Rry) + o(Riy,y) < ¢(z,y).

Lemma 2.7. Let E be a smooth, strictly convex and reflexive Banach space and let K be a nonempty closed
subset of EE. Then the following are equivalent:

(i) K is a sunny generalized nonexpansive retract of F;
(i) K is a generalized nonexpansive retract of

(i1i) JK is closed and convex.
The following results are well known results and will be applied to establish the main results.

Lemma 2.8. Let E be a uniformly conver and smooth Banach space and let {u,} and {v,} be two sequences
in E such that either {u,} or {v,} is bounded. If lim ¢(u,,v,) =0, then lim ||u, —v,| =0 (See [15]).
n—o0 n—oo

Lemma 2.9. Let E be a uniformly convexr and smooth Banach space and let d > 0. Then there exists a
strictly increasing, continuous and convex function g : [0,2d] — [0,00) such that g(0) =0 and

gz =yll) < ¢(z,y)
for all x,y € By(0), where By(0) = {z € E: ||z|| < d} (See e.g, [15]).

Lemma 2.10. Let E be a uniformly convex Banach space and let d > 0. Then there exists a strictly
increasing, continuous and convex function g : [0,00) — [0,00) such that g(0) =0 and

laz + (1 = a)yll* < allz[* + (1 = a)|lyl* - a(l — a)g (lz — y]|)
for all x,y € By(0) and o € [0, 1], where By(0) = {w € E : ||w|| < d} (See e.g, [16]).

3. Main Results

Lemma 3.1. Let E be a strictly convex, smooth, and reflexive Banach space and let A C E X E* be a
mazximal monotone mapping with A=1(0) # (). For each r > 0, let J, : E — E be the resolvent of A for r.
Then J, is a generalized nonexpansive mapping.

Proof. Let x € E,y € F(J,) and r > 0. Since A is maximal monotone, recall that A~1(0) = F(J,.). Apply
Definition 2.2(i) to have

oy, Jrz) + ¢(Jrz, ) < p(y,x) for all y € AH(0).
By Definition 2.1(i), ¢(J,x,2) > 0. Consequently

oy, Jrx) <y, o).
O

Theorem 3.2. Let E be a uniformly convex and uniformly smooth Banach space, K be a nonempty closed
conver subset of E and Ry : EE — K be a sunny and generalized nonexpansive retraction from E onto K.
For allr > 0, let J, : E — E denote the resolvent which is associated with a maximal monotone mapping
ACEXE* Let T : K — E be a closed generalized nonexpansive mapping such that F(T) N A=1(0) # 0
and for each n € N, define the sequence {x,} by

(21 =2€ K, Ko=Qo =K,

up = J V(B Jan + (1 — Bo)JT Ry (Jr, 7)),

Ky ={y € Kn1NQn-1:0(y,un) <@y, 2n)}
Qn={ye Kn1NQn_1:{xp—y,Jo—Jr,) >0}
Tn+1 = RK,nQ, T,
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where J is the duality mapping on E and {T,,} is a countable family of generalized nonexpansive mappings
such that the mapping T,, from K into E is given by

Tpe = J N apJr + (1 —ay) JTx), (3.1)

for all x € K. The real sequence {ca,} C (0,1), {Bn} C [0,1] and {r,} C [a,c0) for some a > 0, are such that
lirginf an(l—ay) >0 and lirginf(l — Bn) > 0. Then the sequence {x,} converges strongly to Rpryna-1(0)T,

where Rp(ryna-1(0) 18 the sunny nonexpansive retraction from K onto F(T) N AY0).

oo
Proof. Step 1: T, is a generalized nonexpansive mapping for each n € N and ﬂ F(T,) = F(T). Indeed,

n=1

[ee]
for p € ﬂF(Tn) and z € K,
n=1

¥ (p,Tnx) = ¢ (p, Jt (Oszx + (1 - an) JTx))
||pH2 —2(p,anJr+ (1 —ay) JTx) + ||apJx + (1 — ap) JTacH2

< pl? = 20 (p, Jz) — 2(1 — o) (p, JTx) + al|z|]* + (1 — ) [ T|?
= Qny (p,I) + (1 - an)SD (p,Tx)
< anp (p,I) + (1 - an)SD (p,$)

¢ (p, ).

o0
Thus, T}, is generalized nonexpansive. Furthermore, suppose p € ﬂ F(T,), then p € F(T,,) for each n € N.

n=1
Therefore, by (3.1),
p=1Tp,
[e.e]
which shows that p € F(T") and consequently ﬂ F(T,) C F(T). Also, suppose p € F(T'), then by (3.1),
n=1
Tnp=p

[e.e] o
which shows that p € F(T,,) for each n € N and thus, p € ﬂ F(T},), which justifies that F'(T") C ﬂ F(T,).

n=1 n=1
oo

Hence ()| F(T,,) = F(T).

n=1
Step 2: To show that K, and @,, are closed and convex for all n € N. By definition, K, is closed and @,
is closed and convex for each n € N. How to establish that K, is convex is the burden. Notice that

oy, un) < (Y, Tn)

implies that for all y € K,
znl® = llunll? =2 (y, Jan — Jun) > 0,

which is affine in y, and thus K, is convex. So for all n € N, K,, N @, is a closed and convex subset of E.
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Step 3: To show that F(T)N A~1(0) C K, N Q,. Setting v, = Rx (J,.,z,) and for p € F(T) N A~1(0),

ePun) = ¢ (p, J (BnJazn + (1 — 5n)JTnRKJrn~’Un))
= |IplI> = 2, Badzn + (1 — Bp) I Tnvn) + | Bnd s + (1 — Bn) I Tyvn|?

< Pl = 280 (P, J2n) = 200 = Bn) (P T Twvn) + Ballnll® + (1 = Bu) [ Tnvn|*

= Bne (D zn) + (1 = Bu)e (p, Tavn)

< Bue(pyxn) + (1= Br)e(p,v,) (By generalized nonexpansive property of T5,) (3.2)
= Bnp(p,an) + (1= Bn)e (p, Rk (Jr, 7))

< Bue (pswn) + (1 = Bu)e (9, Jr, ) (By the property of Ri)

< Bue (pyxn) + (1 — Bn)e (p,z,) (By generalized nonexpansive property of J;, )

= ¢ (P, n)

This shows that p € K,, for all n € N, wherefore F(T)N A~1(0) C K,,. Induction method will be applied
to show that F(T) N A~1(0) C @, for all n € N. Recall that J is one-to-one in a strictly convex Banach
space. Wherefore, J (K, NQ,) = JK, N JQ, is closed convex for each n € N. Also, it is known that
K, NQ, is a sunny generalized nonexpansive retract of E (By Lemma 2.7). Observe that by definition, for
n=1FT)NA0) C K= KynQp. For some j € N, assume that F(T) N A~*(0) C Kj_1 N Q;_1. Since
zj = Rk, ,nQ;_,Y, Lemma 2.5 gives that

(x —xj,Jz; — Jy) >0,
for all y € Kj_1 N Qj_1. Therefore, it can be deduced that
(x —xj, Jx;— Jy) >0, Yy F(T)N A 0) (3.3)

since F(T)NA™(0) C Kj—1NQ;_1. The inequality (3.3) and the definition of @, gives that F(T)NA~1(0) C
Qr and thus F(T) N A=Y0) € @, for all n € N. Hence, F(T) N A~Y(0) € K, N Q, for all n € N, which
confirms that {z,} is well defined.

Step 4: The climax is to show that x, = Rp)na-1(0)T as n — oo. By the definition of Qn, z, = Rq, .
Using Lemma 2.6(ii) gives

gp(ﬂ:,xn) = SD(CC’Ran) < gp(m,u) - @(Ran’u) < QD(,I,U),

for all F(T) N A~1(0) C Q, so, {¢(x,2z,)} is bounded. Moreover, it can be deduced from the definition of
¢ that {z,},{u,} and {v,} are bounded. Thus, the limit of {¢(x,z,)} exists. Given a positive integer k,
from x,, = Rq, x for each n € N, one can have that

2 (mn’ xn-i—k) =y (Ran’ xn-f—k) < (x’ xn-i-k) - (x’ Ran) < (x’ xn-f—k) - (x’ xn) )
which leads to
lim @(xp, zpe) = 0. (3.4)
n—oo

Using Lemma 2.9, a strictly increasing, convex and continuous function g : [0, 2r] — [0, 00) exists such that
for m,n € N with m > n,

g (|zm — zall) < @ (Tm, Tn) < @ (Tm, 0) — @ (Tn, To) -

It is obvious by the the property of g that {z,} is Cauchy. Thus there exists z € K so that =, — z.
Considering z,+1 = Rx,nQ, € K, and by the definition of K,, one can have that

¥ (anrl? xn) - (anrla un) > 0, VneN (35)
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By (3.4) and (3.5), it can be deduced that lim ¢(zp4+1,2,) = lim ¢ (zp41,u,) = 0. Due to uniform

n—oo n—o0
convexity and smoothness of F, using Lemma 2.8 gives

nh—>Holo |Znt1 — zp| = nh_)rgo |Zns1 — unll =0,
therefore
nh_)n;() |xn —unl| = 0. (3.6)

Since the duality mapping J is norm-to-norm uniform continuous on bounded sets, it can be obtained that
lim [|Jzps1 — Jan|| = lm ||Jxpg1 — Juy|| = [|[Jzn — Juy,|| = 0. (3.7)
n—oo n—oo
It can be observed from (3.2) that

¢ (p,vn) > ﬁ (@ (pyun) — Bne (P 20)) -

Since vy, := Rk (Jy,xy), wherefore,

@ (0nsn) = ¢ (RK (Jonn) s 2n) < 9 (0,0) — ¢ (p,0a) ( by Lemma 2.6 (ii),
< ¢ (P n) - ﬁ (¢ (p,un) = B (p, 1))
= g (e — e ()
= = (ol = lalP = 20, = )
< =gy Ul = a2+ 20 o T = ) )
< =53 el = el el + )+ 2111z = T )
< =gy U =l Qe + il + 2011 2, = T

By (3.6) and (3.7), lim ¢ (v, ) = 0. Apply Lemma 2.8 to have

i [Jo, —2a] = 0. (3.8)

Furthermore, it can be obtained that

[J2pt1 — Jun|l = [J2pt1 — Badxn — (1 = Bn) JThvn||
(1= Bn) (Jrni1 — JThvn) — B (Jzn — JTni1) ||
> (1= B)llJznt1 — JThvn|l — BullJxn — Jznia|l-
Then 1
|J2nt1 — JThuvn| < m ([Jznt1 = Jun|| + BullJ2n — Jzniall) -

Since liminf(1 — f,,) > 0 and by considering (3.6), it leads to

n—oo

lim ||Jzp41 — JThv,| = 0.

n—o0

By the property of J~! which is norm-to-norm uniformly continuous on bounded sets, it follows that

nlLHgO |xnt1 — Thon| = 0.



M. O. Aibinu, Commun. Nonlinear Anal. 2 (2023), 1-12 9

It should be noted that
lzn — Tovnll < |70 — gl + [|Tnr1 — Thonll,

which results in
lim ||z, — Thv,|| = 0. (3.9)
n—o0

Notice that
lvn — Thonll < [lvp — 2ol + (|20 — Tovall-

Wherefore by (3.8) and (3.9),
lim ||v, — Thv,| = 0. (3.10)
n—oo
Since E is uniformly smooth and by (3.10), one can have that

| Jvp, — JThv,| = 0.

lim
n—oo

It is known that {T'v,} is bounded since {v,,} is bounded. Let d = max {sup,, ||v,||, sup,, ||Tvy| } . Therefore,
there exists d > 0 such that B;(0) = {w € E: |Jw| <d} and {v,},{Tv,} C B4(0). Using Lemma 2.10, for

pe () F(T),
n=1

op,Thv,) = o (p, J HapJv, + (1 — ay) JTvn))
= Hp||2 = 2(p, anJvp + (1 — ay) JTvy) + [[anJvp + (1 — ay) JTUn||2

< Hp||2 = 20, (p, Jon) — 2(1 — o) (p, JT'0n) + O‘nHUnH2

+(1 - O‘n)HTUnHQ —an(l —an)g ([[vn — Twnl|)
= anp (p,vn) + (1 — an)p (p, Tvn) — an(l — an)g (lvn — Tonl|)
< anp (pyvn) + (1 = an)@ (P, vn) — an(l — an)g ([lvn — Tn)

¢ (P, vn) — an(l = an)g ([lvn — Tonl]) -
For this reason,

an(l = an)g ([lvn = Toal) < @ (P, vn) = @ (P, Tovn) - (3.11)
Let {||vn, — Tvn,||} be any subsequence of {|lv, — Ty} . It is known that {v,,} is bounded. Therefore,

there exists a subsequence {vn; } of {vnj} such that
I ( ,>:1‘ L) = 0.
Jim @ (P, v, ) = Tim sup g (p,vn,)

Applying Definition 2.1 ((ii) and (iii)) gives

® (p, v”k) = (p, Tn;cvn;c) +p (Tn;cvn;c, v"%)
+2 <p — Ty v, T Ty vy — T > 2
< 6 (B Ty v ) + 1T 0y 1T Tog v, = T |
+ 1Ty vng, = ong Mllomg |+ 2P = Tt vy T T 0y, — Ty |l
Therefore
c= likrgg;fgo (p,vn,) = likrgioréfap <p, Tnkvn;) .
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Alternatively, ¢ (p, Thvn) < ¢ (p,vy) leads to

lim sup ¢ <p, Tn; vn;ﬁ) = limsup ¢ (p, vn,) = ¢,

k—o0 k—o0

for that reason
m ¢ (p,vn,) = lim ¢ (p,Tn;Cvn;c) =c.

Given that lim inf o, (1 —ay,) > 0, it can be obtained from (3.11) that lim ¢ (an/ — T,y H) = 0. According
n—00 k— o0 k k

to the properties of the function g, it can be deduced that klim an;c — Ty || = 0 and consequently
—00
lim [jv, —Tv,| = 0. (3.13)
n—oo

By (3.8) and (3.13),
|xn — Top|| < ||zn — vnl| + [[on — Ton|| = 0 as n — oc.

Forasmuch as x,, — z and by (3.8), therefore v,, — z. Given that T is closed and v,, — z, then z is a fixed
point of T
The next thing is to establish that 2 € A=1(0). Since E is uniformly smooth and by (3.8),

lim ||Jz, — Ju,| = 0.
n—oo
For r,, > a, one can have that

1
lim T—Han — Ju,|| = 0.

n—oo n

For that reason

1
lim ||Ay, x| = im —|Jz, — Jv,| = 0.
n—o00 n—00 Ty,
For (¢,q*) € A, one can have by the monotonicity of A that
(q— 2zn,q" — Ay, xn) >0 for all n € N.

Letting n — oo results in
(¢—2q) =0
Since A is maximal monotone, then z € A71(0). Next is to prove that z = Rp(r)na-1(0)x. Using Lemma 2.6
leads to
¢ (2, Rperyna-10)%) + ¢ (Re(mna-10)@,¢) < @ (z,2) .
Since 2,11 = Rk,ng,z and z € F(T) N A71(0) C K, N Qn, using Lemma 2.6 leads to

¢ (Rpna-10)% Tnt1) + ¢ (Zni1,7) < @ (Rpmyna-1(0)%, T) -

The definition of ¢ leads to the deduction that ¢ (z,x) < ¢ (RF(T)QAA(O)QU, x) and ¢ (z,2) > ¢ (RF(T)QAA(O)QU, x) ,
for that reason, ¢ (z,2) = ¢ (RF(T)QAA(O)JU, x) . Thus, since Rp(7)na-1(0)® is unique, one can conclude that
z = RF(T)OA_l(O)x' Ol

The following result can be deduced from Theorem 3.2, which is the main result of this paper.

Corollary 3.3. Let E be a uniformly conver and uniformly smooth Banach space, K be a nonempty closed
convex subset of E and Ry : ' — K be a sunny and generalized nonexpansive retraction from E onto K.
For all r > 0, let J, : E — E denote the resolvent which is associated with a maximal monotone mapping
ACEXE* Let T : K — E be a closed generalized nonexpansive mapping such that F(T) N A=1(0) # 0
and for each n € N, define the sequence {x,} by
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(1'1:.%'6}'(, K0:Q0:K7

Up = J! (ﬁnJ$n + (1 - /Bn)JTRK (Jrnxn)) )
Kn={y € Kp-10Qn-1:90y un) < o(y,zn)}

Qn = {y € Kn—l an—l : <wn —y,JJU - an> > O}

Tn+1 = RK,nQ, T,

where J is the duality mapping on E. The real sequence {f,} C [0,1] and {r,} C [a,00) for some
a >0, are such that liminf(1 — B,) > 0. Then the sequence {x,} converges strongly to Rpr)na-1(0), where
n—oo

Rpr)na-1(0) 18 the sunny nonezpansive retraction from K onto F(T) N A~Y0).

Proof. By letting ay, = 0 for all n € N in Theorem 3.2, it is obvious that {T,,} = {T'}. Then the desired
result follows. O

In the framework of Hilbert spaces, the main result of this paper is given as below.

Corollary 3.4. Let H be a Hilbert space, K be a nonempty closed convex subset of H and Py : H — K be
a metric projection from H onto K. For all v > 0, let J, : H — H denote the resolvent which is associated
with a maximal monotone mapping A C H x H*. Let T : K — H be a closed generalized nonexpansive
mapping such that F(T) N A=Y(0) # () and for each n € N, define the sequence {x,} by

rn=z€ K, Kg=0Qy=K,

Up = Bpn + (1= Bo)ThRi (Jr, xn) ,

Ky ={y € Kn-1NQn-1:ly —unl < lly — 2|}
Qn={ye Kn-1NQpn_1:{xy—y,x—x,) >0}
Tn+1 = Pr,nQ.7,

where {T,,} is a countable family of generalized nonexpansive mappings such that the mapping T,, from K

into H is given by (3.1). The real sequence {ca,} C (0,1), {Bn} C [0,1] and {r,} C [a,o0) for some a > 0,

are such that iminf oy, (1 — o) > 0 and liminf(1 — 3,)) > 0. Then the sequence {xy} converges strongly to
n—oo n—o0

Rp(ryna-1(0)%, where Rpyna-1(0) 8 the metric projection from K onto F/(T) N A~Y0).

Proof. Recall that in a Hilbert space, p(z,y) = |l — y||* for all z,y € H and J is the identity mapping.
Therefore, the desired result readily follows from Theorem 3.2. U

4. Conclusion

The class of nonexpansive mappings constitutes an important part of nonlinear operators and the class of
maximal monotone operator is indispensable as it is closely associated with convex minimization problems.
Results on the algorithms for the class of nonexpansive mappings have several applications such as in signal
processing and image restoration. This study establishes the strong convergence of a proposed monotone
hybrid algorithm for finding a common element of the set of zeros of a maximum monotone operator and the
fixed point set of a family of generalized nonexpansive mappings. The stated conditions for the parameters
in the main theorem are readily satisfied by {an} = {3 — 5=} and {B,} = {5 + &=} .

Abbreviation
Isc: lower semicontinuous. conditions stated in the main theorem are {\,} = {% + 5%} and {3,} =

{1-a:}
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