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Abstract

In this paper, we establish a new identity integral and then we derive some Ostrowski’s inequalities for func-
tions whose modulus of the first derivatives are log-preinvex via k-Reimann-Liouville fractional integral.
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1. Introduction

In 1938, A. M. Ostrowski proved the following integral inequality

Theorem 1.1. [29] Let f : I ⊆ R → R be a differentiable mapping on I◦(interior of I), and let a, b ∈ I◦with
a < b. If |f ′| ≤M for all x ∈ (a, b), then∣∣∣∣∣∣f(x)− 1

b−a

b∫
a

f (t) dt

∣∣∣∣∣∣ ≤M (b− a)

[
1
4 +

(
x−a+b

2
b−a

)2
]
, ∀x ∈ [a, b] . (1.1)

Inequality (1.1) has attracted a lot of interest from researchers due to its variety of applications in
numerical analysis, probability theory and other fields. Many variants, improvements, extensions and gen-
eralizations of inequality (1.1) have been discovered, for more details, we refer readers to [5, 6, 7, 8, 9, 10,
11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 28, 31, 32, 33, 34] and to the references therein.
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In Alomari et al. [1] the authors gave the following Ostrowski inequalities for s-convex functions∣∣∣∣∣∣f(x)− 1
b−a

b∫
a

f (t) dt

∣∣∣∣∣∣ ≤ M
b−a

[
(x−a)2+(b−x)2

1+s

]
,

and ∣∣∣∣∣∣f(x)− 1
b−a

b∫
a

f (t) dt

∣∣∣∣∣∣ ≤ M

(1+p)
1
p

(
2

1+s

) 1
q
[

(x−a)2+(b−x)2

b−a

]
.

In [2] Alomari and Darus established the following Ostrowski inequalities for quasi-convex functions∣∣∣∣∣∣f(x)− 1
b−a

b∫
a

f(u)du

∣∣∣∣∣∣ ≤
(

(b−x)p+1

(b−a)(p+1)

) 1
p (

max
{∣∣f ′(x)

∣∣q , ∣∣f ′(b)∣∣q}) 1
q

+
(

(x−a)p+1

(b−a)(p+1)

) 1
p (

max
{∣∣f ′(x)

∣∣q , ∣∣f ′(a)
∣∣q}) 1

q ,

and ∣∣∣∣∣∣f(x)− 1
b−a

b∫
a

f(u)du

∣∣∣∣∣∣ ≤ (b−x)2

2(b−a)

(
max

{∣∣f ′(x)
∣∣q , ∣∣f ′(b)∣∣q}) 1

q

+ (x−a)2

2(b−a)

(
max

{∣∣f ′(x)
∣∣q , ∣∣f ′(a)

∣∣q}) 1
q .

İşcan [4] investigate the following Ostrowski for preinvex functions∣∣∣∣∣∣∣f(x)− 1
η(b,a)

a+η(b,a)∫
a

f(u)du

∣∣∣∣∣∣∣ ≤ η(b,a)
6

×
{(

3
(
x−a
η(b,a)

)2
− 2

(
x−a
η(b,a)

)3
+ 2

(
a+η(b,a)−x

η(b,a)

)3
) ∣∣f ′(a)

∣∣
+

(
1− 3

(
x−a
η(b,a)

)2
+ 4

(
x−a
η(b,a)

)3
) ∣∣f ′(b)∣∣} ,

and ∣∣∣∣∣∣∣f(x)− 1
η(b,a)

a+η(b,a)∫
a

f(u)du

∣∣∣∣∣∣∣ ≤ η (b, a)
(

1
2

)1− 1
q

×

{(
x−a
η(b,a)

)2
(

1− 1
q

)(
(x−a)2(3η(b,a)−2x+2a)

6η3(b,a)

∣∣f ′(a)
∣∣q +

1

3

(
x−a
η(b,a)

)3 ∣∣f ′(b)∣∣q) 1
q

+
(
a+η(b,a)−x

η(b,a)

)2
(

1− 1
q

)(
1

3

(
a+η(b,a)−x

η(b,a)

)3 ∣∣f ′(a)
∣∣q

+

(
1

6
+ (x−a)2(2x−3η(b,a)−2a)

6η3(b,a)

) ∣∣f ′(b)∣∣q) 1
q

}
.

Meftah [16] gave the following Ostrowski type inequality for functions whose nth order derivative are log-
convex ∣∣∣∣∣∣

b∫
a

f(t)dt−
k=n∑
k=0

[
(b− x)k+1 + (−1)k (x− a)k+1

(k + 1)!

]
f (k) (x)

∣∣∣∣∣∣
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≤



(x−a)n+1

(n+1)!

∣∣f (n)(a)
∣∣+ (b−x)n+1

(n+1)!

∣∣f (n)(x)
∣∣ if λ = τ = 1

(x−a)n+1

(n+1)!

∣∣f (n)(a)
∣∣+ (b−x)n+1

n!

∣∣f (n)(x)
∣∣ ∞∑
i=1

(ln τ)i−1

(n+1)i
if λ = 1 6= τ

(b−x)n+1

(n+1)!

∣∣f (n)(x)
∣∣+ (x−a)n+1

n!

∣∣f (n)(a)
∣∣λ ∞∑

i=1

(− lnλ)i−1

(n+1)i
if λ 6= 1 = τ

(x−a)n+1

n!

∣∣f (n)(a)
∣∣λ ∞∑

i=1

(− lnλ)i−1

(n+1)i
+ (b−x)n+1

n!

∣∣f (n)(x)
∣∣ ∞∑
i=1

(ln τ)i−1

(n+1)i

if λ 6= 1 and τ 6= 1,

where λ =
|f (n)(x)|
|f (n)(a)| and τ =

|f (n)(b)|
|f (n)(x)| . Motivated by the above results, in this paper by using a new identity

we establish some new Ostrowski type inequalities for functions whose modulus of the first derivatives are
log-preinvex via k-Reimann-Liouville fractional integrals.

2. Preliminaries

In this section, we recall some definitions and lemmas

Definition 2.1. [30] A function f : I → R is said to be convex on I where I is an interval of R, if

f (tx+ (1− t) y) ≤ tf (x) + (1− t) f(y)

holds for all x, y ∈ I and all t ∈ [0, 1].

Definition 2.2. [30] A function f : I ⊂ (0,+∞)→ R is said to be log-convex on I, if

f(tx+ (1− t)y) ≤ (f(x))t (f(y))1−t

holds for all x, y ∈ I and all t ∈ [0, 1].

Definition 2.3. [36] A set K ⊂ Rn is said to be invex with respect to the map η : K ×K → Rn, if

x+ tη (y, x) ∈ K

holds for all x, y ∈ K and t ∈ [0, 1].

Definition 2.4. [36] A function f : K ⊂ (0,+∞)→ R is said to be preinvex with respect to η, if

f (x+ tη (y, x)) ≤ (1− t) f (x) + tf(y)

holds for all x, y ∈ K and t ∈ [0, 1].

Definition 2.5. [27] A function f : K → R is said to be log-preinvex with respect to η, if

f (x+ tη (y, x)) ≤ (f (x))1−t (f(y))t

holds for all x, y ∈ K and t ∈ [0, 1].

Definition 2.6. [25] The Riemann-Liouville integrals Jαa+f and Jαb−f of order α > 0 with a ≥ 0 are defined
by

Jαa+f(x) =
1

Γ (α)

x∫
a

(x− t)α−1 f(t)dt, x > a

Jαb−f(x) =
1

Γ (α)

b∫
x

(t− x)α−1 f(t)dt, b > x

respectively, for f ∈ L1[a, b] where Γ(α) =
∞∫
0

e−ttα−1dt, is the Gamma function, and J0
a+f(x) = J0

b−f(x) =

f(x).
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Diaz et al. [3] introduced the generalized k-gamma function as

Definition 2.7. [3] If k > 0, then k-gamma function Γk is defined as

Γk (α) = lim
n→∞

n!kn (nk)
α
k
−1

(α)n,k
,

where (α)n,k, is the Pochhammer k-symbol defined by

(α)n,k = x(x+ k)(x+ 2k)...(x+ (n− 1) k)

, with n ≥ 1.

Definition 2.8. [3] If Re (α) > 0, then the integral form of k-gamma is given by

Γk (α) =

∞∫
0

tα−1e−
tk

k dt,

with the property that
Γk (α+ k) = αΓk (α) .

Definition 2.9. [26] Let f ∈ L [a, b]. Then k-fractional integrals Iα,k
a+
f and Iα,k

b− f of order α, k > 0 with
a ≥ 0 are defined as

Iα,ka+ f (x) =
1

kΓk (α)

x∫
a

(x− t)
α
k
−1 f (t) dt, x > a

and

Iα,kb− f (x) =
1

kΓk (α)

b∫
x

(t− x)
α
k
−1 f (t) dt, b > x.

Lemma 2.10. [35] For α > 0 and k > 0, z > 0 :

J (α, k) =

1∫
0

(1− t)α−1 ktdt =
∞∑
i=1

(ln k)i−1

(α)i
<∞, (2.1)

H (α, k, z) =

z∫
0

tα−1ktdt = zαkz
∞∑
i=1

(−z ln k)i−1

(α)i
<∞, (2.2)

where (α)i =
i−1
Π
j=0

(α+ j).

3. Main results

Lemma 3.1. Let f : [a, a + η(b, a)] → R be a differentiable function with a < a + η(b, a). If f ′ ∈ L
([a, a+ η(b, a)]), then the following equality for fractional integrals((

x−a
η(b,a)

)α
k

+
(
a+η(b,a)−x

η(b,a)

)α
k

)
f(x)− Γk(α+k)

(η(b,a))
α
k

(
Iα,kx− f (a) + Iα,kx+ f (a+ η (b, a))

)

=η (b, a)


x−a
η(b,a)∫

0

t
α
k f ′(a+ tη (b, a))dt−

1∫
x−a
η(b,a)

(1− t)
α
k f ′(a+ tη (b, a))dt

 (3.1)

holds for all x ∈ [a, a+ η(b, a)].
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Proof. Integrating by parts right hand side of (3.1), we get

η (b, a)


x−a
η(b,a)∫

0

t
α
k f ′(a+ tη (b, a))dt−

1∫
x−a
η(b,a)

(1− t)
α
k f ′(a+ tη (b, a))dt



=
(
x−a
η(b,a)

)α
k
f(x)− α

k

x−a
η(b,a)∫

0

t
α
k
−1f(a+ tη (b, a))dt

+
(

1− x−a
η(b,a)

)α
k
f(x)− α

k

1∫
x−a
η(b,a)

(1− t)
α
k
−1 f(a+ tη (b, a))dt

=

((
x−a
η(b,a)

)α
k

+
(

1− x−a
η(b,a)

)α
k

)
f(x)

− α
k


x−a
η(b,a)∫

0

t
α
k
−1f(a+ tη (b, a))dt+

1∫
x−a
η(b,a)

(1− t)
α
k
−1 f(a+ tη (b, a))dt

 .

(3.2)

Using the change of variable u = a+ tη (b, a), (3.2) becomes

η (b, a)


x−a
η(b,a)∫

0

t
α
k f ′(a+ tη (b, a))dt−

1∫
x−a
η(b,a)

(1− t)
α
k f ′(a+ tη (b, a))dt


=

((
x−a
η(b,a)

)α
k

+
(

1− x−a
η(b,a)

)α
k

)
f(x)

− α

k(η(b,a))
α
k

 x∫
a

(u− a)
α
k
−1 f(u)du+

a+η(b,a)∫
x

(a+ η (b, a)− u)
α
k
−1 f(u)du


=

((
x−a
η(b,a)

)α
k

+
(

1− x−a
η(b,a)

)α
k

)
f(x)

− Γk(α+k)

(η(b,a))
α
k

(
Iα,kx− f (a) + Iα,kx+ f (a+ η (b, a))

)
,

which is the desired result.

Theorem 3.2. Let f : [a, a+ η (b, a)]→ [0,∞) be a differentiable function such that f ′ ∈ L ([a, a+ η (b, a)])
with η(b, a) > 0. If |f ′| is log-preinvex function with respect to η such that f ′(a) 6= 0, f ′(x) 6= 0 and f ′(b) 6= 0,
then the following inequality for fractional integrals

∣∣∣∣(( x−a
η(b,a)

)α
k

+
(
a+η(b,a)−x

η(b,a)

)α
k

)
f(x)− Γk(α+k)

(η(b,a))
α
k

(
Iα,kx− f (a) + Iα,kx+ f (a+ η (b, a))

)∣∣∣∣
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≤



kη(b,a)
α+k |f

′(a)|
((

x−a
η(b,a)

)α
k

+1
+
(
a+η(b,a)−x

η(b,a)

)α
k

+1
)

if |f ′(a)| = |f ′(x)| = |f ′(b)| ,

η (b, a)

(
k

α+k |f
′(a)|

(
x−a
η(b,a)

)α
k

+1
+ |f ′(b)|

(
1− x−a

η(b,a)

)α
k

+1 ( |f ′(a)|
|f ′(b)|

)1− x−a
η(b,a)

×
∞∑
i=1

(
−
(

1− x−a
η(b,a)

)
ln

(
|f ′(a)|
|f ′(b)|

))i−1

(αk+1)
i

 if |f ′(a)| = |f ′(x)| 6= |f ′(b)| ,

η (b, a)

(
k

α+k |f
′(b)|

(
1− x−a

η(b,a)

)α
k

+1
+ |f ′(a)|

(
|f ′(b)|
|f ′(a)|

) x−a
η(b,a)

(
x−a
η(b,a)

)α
k

+1

×
∞∑
i=1

(
− x−a
η(b,a)

ln
|f ′(b)|
|f ′(a)|

)i−1

(αk+1)
i

 if |f ′(a)| 6= |f ′(x)| = |f ′(b)| ,

η (b, a)

|f ′(a)|
(
x−a
η(b,a)

)α
k

+1 ( |f ′(x)|
|f ′(a)|

) x−a
η(b,a)

∞∑
i=1

(
− x−a
η(b,a)

ln
|f ′(x)|
|f ′(a)|

)i−1

(αk+1)
i

+ |f ′(x)|
(

1− x−a
η(b,a)

)α
k

+1 ( |f ′(b)|
|f ′(x)|

) x−a
η(b,a)

∞∑
i=1

(
−
(

1− x−a
η(b,a)

)
ln
|f ′(x)|
|f ′(b)|

)i−1

(αk+1)
i


if |f ′(a)| 6= |f ′(x)| 6= |f ′(b)|

holds for all x ∈ [a, a+ η(b, a)].

Proof. From Lemma 2.10, and properties of modulus, we have∣∣∣∣(( x−a
η(b,a)

)α
k

+
(
a+η(b,a)−x

η(b,a)

)α
k

)
f(x)− Γk(α+k)

(η(b,a))
α
k

(
Iα,kx− f (a) + Iα,kx+ f (a+ η (b, a))

)∣∣∣∣
≤η (b, a)


x−a
η(b,a)∫

0

t
α
k

∣∣f ′(a+ tη (b, a))
∣∣ dt+

1∫
x−a
η(b,a)

(1− t)
α
k
∣∣f ′(a+ tη (b, a))

∣∣ dt
 . (3.3)

Since |f ′| is log-preinvex, we deduce∣∣∣∣(( x−a
η(b,a)

)α
k

+
(
a+η(b,a)−x

η(b,a)

)α
k

)
f(x)− Γk(α+k)

(η(b,a))
α
k

(
Iα,kx− f (a) + Iα,kx+ f (a+ η (b, a))

)∣∣∣∣
≤η (b, a)


x−a
η(b,a)∫

0

t
α
k

∣∣f ′(a)
∣∣1−t ∣∣f ′(x)

∣∣t dt+

1∫
x−a
η(b,a)

(1− t)
α
k
∣∣f ′(x)

∣∣1−t ∣∣f ′(b)∣∣t dt


=η (b, a)

∣∣f ′(a)
∣∣
x−a
η(b,a)∫

0

t
α
k

(
|f ′(x)|
|f ′(a)|

)t
dt+

∣∣f ′(x)
∣∣ 1∫
x−a
η(b,a)

(1− t)
α
k

(
|f ′(b)|
|f ′(x)|

)t
dt

 . (3.4)

If |f ′(a)| = |f ′(x)| = |f ′(b)|, then (3.4) gives∣∣∣∣(( x−a
η(b,a)

)α
k

+
(
a+η(b,a)−x

η(b,a)

)α
k

)
f(x)− Γk(α+k)

(η(b,a))
α
k

(
Iα,kx− f (a) + Iα,kx+ f (a+ η (b, a))

)∣∣∣∣
≤η (b, a)

∣∣f ′(a)
∣∣
x−a
η(b,a)∫

0

t
α
k dt+

∣∣f ′(x)
∣∣ 1∫
x−a
η(b,a)

(1− t)
α
k dt
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=kη(b,a)
α+k

(∣∣f ′(a)
∣∣ ( x−a

η(b,a)

)α
k

+1
+
∣∣f ′(x)

∣∣ (a+η(b,a)−x
η(b,a)

)α
k

+1
)

=kη(b,a)
α+k

∣∣f ′(a)
∣∣ (( x−a

η(b,a)

)α
k

+1
+
(
a+η(b,a)−x

η(b,a)

)α
k

+1
)
. (3.5)

If |f ′(a)| = |f ′(x)| 6= |f ′(b)|, then (3.4) gives∣∣∣∣(( x−a
η(b,a)

)α
k

+
(
a+η(b,a)−x

η(b,a)

)α
k

)
f(x)− Γk(α+k)

(η(b,a))
α
k

(
Iα,kx− f (a) + Iα,kx+ f (a+ η (b, a))

)∣∣∣∣
≤η (b, a)

∣∣f ′(a)
∣∣
x−a
η(b,a)∫

0

t
α
k

(
|f ′(x)|
|f ′(a)|

)t
dt+

∣∣f ′(x)
∣∣ 1∫
x−a
η(b,a)

(1− t)
α
k

(
|f ′(b)|
|f ′(x)|

)t
dt



=η (b, a)

 k
α+k

∣∣f ′(a)
∣∣ ( x−a

η(b,a)

)α
k

+1
+
∣∣f ′(b)∣∣

1− x−a
η(b,a)∫
0

t
α
k

(
|f ′(x)|
|f ′(b)|

)t
dt


=η (b, a)

(
k

α+k

∣∣f ′(a)
∣∣ ( x−a

η(b,a)

)α
k

+1

+
∣∣f ′(b)∣∣ (1− x−a

η(b,a)

)α
k

+1 ( |f ′(a)|
|f ′(b)|

)1− x−a
η(b,a)

∞∑
i=1

(
−
(

1− x−a
η(b,a)

)
ln

(
|f ′(x)|
|f ′(b)|

))i−1

(αk+1)
i


=η (b, a)

(
k

α+k

∣∣f ′(a)
∣∣ ( x−a

η(b,a)

)α
k

+1

+
∣∣f ′(b)∣∣ (1− x−a

η(b,a)

)α
k

+1 ( |f ′(a)|
|f ′(b)|

)1− x−a
η(b,a)

∞∑
i=1

(
−
(

1− x−a
η(b,a)

)
ln

(
|f ′(a)|
|f ′(b)|

))i−1

(αk+1)
i

 . (3.6)

If |f ′(a)| 6= |f ′(x)| = |f ′(b)|, then (3.4) gives∣∣∣∣(( x−a
η(b,a)

)α
k

+
(
a+η(b,a)−x

η(b,a)

)α
k

)
f(x)− Γk(α+k)

(η(b,a))
α
k

(
Iα,kx− f (a) + Iα,kx+ f (a+ η (b, a))

)∣∣∣∣
≤η (b, a)

∣∣f ′(a)
∣∣
x−a
η(b,a)∫

0

t
α
k

(
|f ′(x)|
|f ′(a)|

)t
dt+

∣∣f ′(x)
∣∣ 1∫
x−a
η(b,a)

(1− t)
α
k

(
|f ′(b)|
|f ′(x)|

)t
dt



=η (b, a)

∣∣f ′(a)
∣∣
x−a
η(b,a)∫

0

t
α
k

(
|f ′(x)|
|f ′(a)|

)t
dt+ k

α+k

∣∣f ′(x)
∣∣ (1− x−a

η(b,a)

)α
k

+1


=η (b, a)

∣∣f ′(a)
∣∣ ( |f ′(x)|
|f ′(a)|

) x−a
η(b,a)

(
x−a
η(b,a)

)α
k

+1
∞∑
i=1

(
− x−a
η(b,a)

ln
|f ′(x)|
|f ′(a)|

)i−1

(αk+1)
i

+ k
α+k

∣∣f ′(x)
∣∣ (1− x−a

η(b,a)

)α
k

+1
)

=η (b, a)

∣∣f ′(a)
∣∣ ( |f ′(b)|
|f ′(a)|

) x−a
η(b,a)

(
x−a
η(b,a)

)α
k

+1
∞∑
i=1

(
− x−a
η(b,a)

ln
|f ′(b)|
|f ′(a)|

)i−1

(αk+1)
i

+ k
α+k

∣∣f ′(b)∣∣ (1− x−a
η(b,a)

)α
k

+1
)
. (3.7)
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In the case where |f ′(a)| 6= |f ′(b)| 6= |f ′(x)|, then applying Lemma 3.1 for (3.4) we get∣∣∣∣(( x−a
η(b,a)

)α
k

+
(
a+η(b,a)−x

η(b,a)

)α
k

)
f(x)− Γk(α+k)

(η(b,a))
α
k

(
Iα,kx− f (a) + Iα,kx+ f (a+ η (b, a))

)∣∣∣∣
≤η (b, a)

∣∣f ′(a)
∣∣
x−a
η(b,a)∫

0

t
α
k

(
|f ′(x)|
|f ′(a)|

)t
dt+

∣∣f ′(x)
∣∣ 1∫
x−a
η(b,a)

(1− t)
α
k

(
|f ′(b)|
|f ′(x)|

)t
dt



=η (b, a)

∣∣f ′(a)
∣∣
x−a
η(b,a)∫

0

t
α
k

(
|f ′(x)|
|f ′(a)|

)t
dt+

∣∣f ′(b)∣∣
1− x−a

η(b,a)∫
0

t
α
k

(
|f ′(x)|
|f ′(b)|

)t
dt


=η (b, a)

∣∣f ′(a)
∣∣ ( x−a

η(b,a)

)α
k

+1 ( |f ′(x)|
|f ′(a)|

) x−a
η(b,a)

∞∑
i=1

(
− x−a
η(b,a)

ln
|f ′(x)|
|f ′(a)|

)i−1

(αk+1)
i

+
∣∣f ′(x)

∣∣ (1− x−a
η(b,a)

)α
k

+1 ( |f ′(b)|
|f ′(x)|

) x−a
η(b,a)

∞∑
i=1

(
−
(

1− x−a
η(b,a)

)
ln
|f ′(x)|
|f ′(b)|

)i−1

(αk+1)
i

 . (3.8)

From (3.5)-(3.8), we obtain the desired result.

Corollary 3.3. In Theorem 3.2, if we choose η (b, a) = b− a, we have∣∣∣∣((x−ab−a

)α
k

+
(
b−x
b−a

)α
k

)
f(x)− Γk(α+k)

(b−a)
α
k

(
Iα,kx− f (a) + Iα,kx+ f (b)

)∣∣∣∣

≤



k(b−a)
α+k |f

′(a)|
((

x−a
b−a

)α
k

+1
+
(
b−x
b−a

)α
k

+1
)

if |f ′(a)| = |f ′(x)| = |f ′(b)| ,

(b− a)

(
k

α+k |f
′(a)|

(
x−a
b−a

)α
k

+1
+ |f ′(b)|

(
b−x
b−a

)α
k

+1 ( |f ′(a)|
|f ′(b)|

) b−x
b−a

×
∞∑
i=1

(
− b−xb−a ln

(
|f ′(a)|
|f ′(b)|

))i−1

(αk+1)
i

 if |f ′(a)| = |f ′(x)| 6= |f ′(b)| ,

(b− a)

(
k

α+k |f
′(b)|

(
b−x
b−a

)α
k

+1
+ |f ′(a)|

(
|f ′(b)|
|f ′(a)|

)x−a
b−a
(
x−a
b−a

)α
k

+1

×
∞∑
i=1

(
−x−a
b−a ln

|f ′(b)|
|f ′(a)|

)i−1

(αk+1)
i

 if |f ′(a)| 6= |f ′(x)| = |f ′(b)| ,

(b− a)

|f ′(a)|
(
x−a
b−a

)α
k

+1 ( |f ′(x)|
|f ′(a)|

)x−a
b−a

∞∑
i=1

(
−x−a
b−a ln

|f ′(x)|
|f ′(a)|

)i−1

(αk+1)
i

+ |f ′(x)|
(
b−x
b−a

)α
k

+1 ( |f ′(b)|
|f ′(x)|

)x−a
b−a

∞∑
i=1

(
− b−xb−a ln

|f ′(x)|
|f ′(b)|

)i−1

(αk+1)
i


if |f ′(a)| 6= |f ′(x)| 6= |f ′(b)| .

Corollary 3.4. In Theorem 3.2, if we taking k = 1, we obtain∣∣∣(( x−a
η(b,a)

)α
+
(
a+η(b,a)−x

η(b,a)

)α)
f(x)− Γ(α+1)

(η(b,a))α
(
Jαx−f (a) + Jαx+f (a+ η (b, a))

)∣∣∣
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≤



η(b,a)
α+1 |f

′(a)|
((

x−a
η(b,a)

)α+1
+
(
a+η(b,a)−x

η(b,a)

)α+1
)

if |f ′(a)| = |f ′(x)| = |f ′(b)| ,

η (b, a)

(
1

α+1 |f
′(a)|

(
x−a
η(b,a)

)α+1
+ |f ′(b)|

(
1− x−a

η(b,a)

)α+1 ( |f ′(a)|
|f ′(b)|

)1− x−a
η(b,a)

×
∞∑
i=1

(
−
(

1− x−a
η(b,a)

)
ln

(
|f ′(a)|
|f ′(b)|

))i−1

(α+1)i

 if |f ′(a)| = |f ′(x)| 6= |f ′(b)| ,

η (b, a)

(
1

α+1 |f
′(b)|

(
1− x−a

η(b,a)

)α+1
+ |f ′(a)|

(
|f ′(b)|
|f ′(a)|

) x−a
η(b,a)

(
x−a
η(b,a)

)α+1

×
∞∑
i=1

(
− x−a
η(b,a)

ln
|f ′(b)|
|f ′(a)|

)i−1

(α+1)i

 if |f ′(a)| 6= |f ′(x)| = |f ′(b)| ,

η (b, a)

|f ′(a)|
(
x−a
η(b,a)

)α+1 ( |f ′(x)|
|f ′(a)|

) x−a
η(b,a)

∞∑
i=1

(
− x−a
η(b,a)

ln
|f ′(x)|
|f ′(a)|

)i−1

(α+1)i

+ |f ′(x)|
(

1− x−a
η(b,a)

)α+1 ( |f ′(b)|
|f ′(x)|

) x−a
η(b,a)

∞∑
i=1

(
−
(

1− x−a
η(b,a)

)
ln
|f ′(x)|
|f ′(b)|

)i−1

(α+1)i


if |f ′(a)| 6= |f ′(x)| 6= |f ′(b)| .

Moreover choosing η (b, a) = b− a it yields∣∣∣((x−ab−a

)α
+
(
b−x
b−a

)α)
f(x)− Γ(α+1)

(b−a)α
(
Jαx−f (a) + Jαx+f (b)

)∣∣∣

≤



(b−a)
α+1 |f

′(a)|
((

x−a
b−a

)α+1
+
(
b−x
b−a

)α+1
)

if |f ′(a)| = |f ′(x)| = |f ′(b)| ,

(b− a)

(
1

α+1 |f
′(a)|

(
x−a
b−a

)α+1
+ |f ′(b)|

(
b−x
b−a

)α+1 ( |f ′(a)|
|f ′(b)|

) b−x
b−a

×
∞∑
i=1

(
− b−xb−a ln

(
|f ′(a)|
|f ′(b)|

))i−1

(α+1)i

 if |f ′(a)| = |f ′(x)| 6= |f ′(b)| ,

(b− a)

(
1

α+1 |f
′(b)|

(
b−x
b−a

)α+1
+ |f ′(a)|

(
|f ′(b)|
|f ′(a)|

)x−a
b−a

(
x−a
b−a

)α+1

×
∞∑
i=1

(
−x−ab−a ln

|f ′(b)|
|f ′(a)|

)i−1

(α+1)i

 if |f ′(a)| 6= |f ′(x)| = |f ′(b)| ,

(b− a)

|f ′(a)|
(
x−a
b−a

)α+1 ( |f ′(x)|
|f ′(a)|

)x−a
b−a ∞∑

i=1

(
−x−ab−a ln

|f ′(x)|
|f ′(a)|

)i−1

(α+1)i

+ |f ′(x)|
(
b−x
b−a

)α+1 ( |f ′(b)|
|f ′(x)|

)x−a
b−a ∞∑

i=1

(
− b−xb−a ln

|f ′(x)|
|f ′(b)|

)i−1

(α+1)i


if |f ′(a)| 6= |f ′(x)| 6= |f ′(b)| .

Theorem 3.5. Let f : [a, a+ η (b, a)]→ [0,∞) be a differentiable function such that f ′ ∈ L ([a, a+ η (b, a)])
with η(b, a) > 0. If |f ′|q is log-preinvex function where q > 1 with 1

p + 1
q = 1, then the following inequality

for fractional integrals∣∣∣∣(( x−a
η(b,a)

)α
k

+
(
a+η(b,a)−x

η(b,a)

)α
k

)
f(x)− Γk(α+k)

(η(b,a))
α
k

(
Iα,kx− f (a) + Iα,kx+ f (a+ η (b, a))

)∣∣∣∣
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≤



η (b, a)
(

k
αp+k

) 1
p

(
|f ′(a)|

(
x−a
η(b,a)

)α
k

+1
+ |f ′(x)|

(
1− x−a

η(b,a)

)α
k

+1
)

if |f ′(a)| = |f ′(x)| = |f ′(b)| ,

η (b, a)
(

k
αp+k

) 1
p

(
|f ′(a)|

(
x−a
η(b,a)

)α
k

+1
+ |f ′(a)|−

x−a
η(b,a)

(
1− x−a

η(b,a)

)α
k

+ 1
p

×

(
|f ′(b)|q |f ′(a)|

q x−a
η(b,a)−|f ′(a)|q |f ′(b)|

q x−a
η(b,a)

ln|f ′(b)|q−ln|f ′(a)|q

) 1
q

 if |f ′(a)| = |f ′(x)| 6= |f ′(b)| ,

η (b, a)
(

k
αp+k

) 1
p

|f ′(a)|1−
x−a
η(b,a)

(
x−a
η(b,a)

)α
k

+ 1
p

(
|f ′(b)|

q x−a
η(b,a)−|f ′(a)|

q x−a
η(b,a)

ln|f ′(b)|q−ln|f ′(a)|q

) 1
q

+ |f ′(b)|
(

1− x−a
η(b,a)

)α
k

+1
)

if |f ′(a)| 6= |f ′(x)| = |f ′(b)| ,

η (b, a)
(

k
αp+k

) 1
p

|f ′(a)|1−
x−a
η(b,a)

(
x−a
η(b,a)

)α
k

+ 1
p

(
|f ′(x)|

q x−a
η(b,a)−|f ′(a)|

q x−a
η(b,a)

ln|f ′(x)|q−ln|f ′(a)|q

) 1
q

+ |f ′(x)|−
x−a
η(b,a)

(
1− x−a

η(b,a)

)α
k

+ 1
p

(
|f ′(b)|q |f ′(x)|

q x−a
η(b,a)−|f ′(x)|q |f ′(b)|

q x−a
η(b,a)

ln|f ′(b)|q−ln|f ′(x)|q

) 1
q


if |f ′(a)| 6= |f ′(x)| 6= |f ′(b)|

holds for all x ∈ [a, a+ η(b, a)].

Proof. From Lemma 2.10, properties of modulus, and Hölder’s inequality, we have∣∣∣∣(( x−a
η(b,a)

)α
k

+
(
a+η(b,a)−x

η(b,a)

)α
k

)
f(x)− Γk(α+k)

(η(b,a))
α
k

(
Iα,kx− f (a) + Iα,kx+ f (a+ η (b, a))

)∣∣∣∣
≤η (b, a)




x−a
η(b,a)∫

0

t
αp
k dt


1

p


x−a
η(b,a)∫

0

∣∣f ′(a+ tη (b, a))
∣∣q dt


1
q

+


1∫
x−a
η(b,a)

(1− t)
αp
k dt


1

p


1∫
x−a
η(b,a)

∣∣f ′(a+ tη (b, a))
∣∣q dt


1
q



=η (b, a)
(

k
αp+k

) 1
p

( x−a
η(b,a)

)α
k

+ 1
p


x−a
η(b,a)∫

0

∣∣f ′(a+ tη (b, a))
∣∣q dt


1
q

+
(

1− x−a
η(b,a)

)α
k

+ 1
p


1∫
x−a
η(b,a)

∣∣f ′(a+ tη (b, a))
∣∣q dt


1
q

 . (3.9)

Since |f ′|q is log-preinvex, from (3.9) we have∣∣∣∣(( x−a
η(b,a)

)α
k

+
(
a+η(b,a)−x

η(b,a)

)α
k

)
f(x)− Γk(α+k)

(η(b,a))
α
k

(
Iα,kx− f (a) + Iα,kx+ f (a+ η (b, a))

)∣∣∣∣
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≤η (b, a)
(

k
αp+k

) 1
p

∣∣f ′(a)
∣∣ ( x−a

η(b,a)

)α
k

+ 1
p


x−a
η(b,a)∫

0

(
|f ′(x)|q
|f ′(a)|q

)t
dt


1
q

+
∣∣f ′(x)

∣∣ (1− x−a
η(b,a)

)α
k

+ 1
p


1∫
x−a
η(b,a)

(
|f ′(b)|q
|f ′(x)|q

)t
dt


1
q

 . (3.10)

If |f ′(a)| = |f ′(b)| = |f ′(x)|, then (3.10) gives∣∣∣∣(( x−a
η(b,a)

)α
k

+
(
a+η(b,a)−x

η(b,a)

)α
k

)
f(x)− Γk(α+k)

(η(b,a))
α
k

(
Iα,kx− f (a) + Iα,kx+ f (a+ η (b, a))

)∣∣∣∣
≤η (b, a)

(
k

αp+k

) 1
p

(∣∣f ′(a)
∣∣ ( x−a

η(b,a)

)α
k

+1
+
∣∣f ′(x)

∣∣ (1− x−a
η(b,a)

)α
k

+1
)
. (3.11)

If |f ′(a)| = |f ′(x)| 6= |f ′(b)|, then (3.10) gives∣∣∣∣(( x−a
η(b,a)

)α
k

+
(
a+η(b,a)−x

η(b,a)

)α
k

)
f(x)− Γk(α+k)

(η(b,a))
α
k

(
Iα,kx− f (a) + Iα,kx+ f (a+ η (b, a))

)∣∣∣∣
≤η (b, a)

(
k

αp+k

) 1
p

(∣∣f ′(a)
∣∣ ( x−a

η(b,a)

)α
k

+1

+
∣∣f ′(a)

∣∣− x−a
η(b,a)

(
1− x−a

η(b,a)

)α
k

+ 1
p

(
|f ′(b)|q |f ′(a)|

q x−a
η(b,a)−|f ′(a)|q |f ′(b)|

q x−a
η(b,a)

ln|f ′(b)|q−ln|f ′(a)|q

) 1
q

 .

(3.12)

If |f ′(a)| 6= |f ′(x)| = |f ′(b)|, then (3.10) gives∣∣∣∣(( x−a
η(b,a)

)α
k

+
(
a+η(b,a)−x

η(b,a)

)α
k

)
f(x)− Γk(α+k)

(η(b,a))
α
k

(
Iα,kx− f (a) + Iα,kx+ f (a+ η (b, a))

)∣∣∣∣
≤η (b, a)

(
k

αp+k

) 1
p

∣∣f ′(a)
∣∣1− x−a

η(b,a)

(
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η(b,a)

)α
k

+ 1
p
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η(b,a)−|f ′(a)|
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η(b,a)

ln|f ′(b)|q−ln|f ′(a)|q

) 1
q

+
∣∣f ′(b)∣∣ (1− x−a

η(b,a)

)α
k

+1
)
. (3.13)

If |f ′(a)| 6= |f ′(x)| 6= |f ′(b)|, then (3.10) gives∣∣∣∣(( x−a
η(b,a)

)α
k

+
(
a+η(b,a)−x

η(b,a)

)α
k

)
f(x)− Γk(α+k)

(η(b,a))
α
k

(
Iα,kx− f (a) + Iα,kx+ f (a+ η (b, a))

)∣∣∣∣
≤η (b, a)

(
k

αp+k

) 1
p

∣∣f ′(a)
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η(b,a)

(
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)α
k

+ 1
p

(
|f ′(x)|

q x−a
η(b,a)−|f ′(a)|

q x−a
η(b,a)

ln|f ′(x)|q−ln|f ′(a)|q

) 1
q

+
∣∣f ′(x)

∣∣− x−a
η(b,a)

(
1− x−a

η(b,a)

)α
k

+ 1
p

(
|f ′(b)|q |f ′(x)|

q x−a
η(b,a)−|f ′(x)|q |f ′(b)|

q x−a
η(b,a)

ln|f ′(b)|q−ln|f ′(x)|q

) 1
q

 .

(3.14)

The desired result follows from (3.11)-(3.14).
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Corollary 3.6. In Theorem 3.5, if we choose η (b, a) = b− a, we have∣∣∣∣((x−ab−a

)α
k

+
(
b−x
b−a

)α
k

)
f(x)− Γk(α+k)

(b−a)
α
k

(
Iα,kx− f (a) + Iα,kx+ f (b)

)∣∣∣∣

≤



(b− a)
(

k
αp+k

) 1
p

(
|f ′(a)|

(
x−a
b−a

)α
k

+1
+ |f ′(x)|

(
b−x
b−a

)α
k

+1
)

if |f ′(a)| = |f ′(x)| = |f ′(b)| ,

(b− a)
(

k
αp+k

) 1
p

(
|f ′(a)|

(
x−a
b−a

)α
k

+1
+ |f ′(a)|−

x−a
b−a
(
b−x
b−a

)α
k

+ 1
p

×
(
|f ′(b)|q |f ′(a)|q

x−a
b−a −|f ′(a)|q |f ′(b)|q

x−a
b−a

ln|f ′(b)|q−ln|f ′(a)|q

) 1
q

)
if |f ′(a)| = |f ′(x)| 6= |f ′(b)| ,

(b− a)
(

k
αp+k

) 1
p

(
|f ′(a)|

b−x
b−a

(
x−a
b−a

)α
k

+ 1
p

(
|f ′(b)|q

x−a
b−a −|f ′(a)|q

x−a
b−a

ln|f ′(b)|q−ln|f ′(a)|q

) 1
q

+ |f ′(b)|
(
b−x
b−a

)α
k

+1
)

if |f ′(a)| 6= |f ′(x)| = |f ′(b)| ,

(b− a)
(

k
αp+k

) 1
p

(
|f ′(a)|

b−x
b−a

(
x−a
b−a

)α
k

+ 1
p

(
|f ′(x)|q

x−a
b−a −|f ′(a)|q

x−a
b−a

ln|f ′(x)|q−ln|f ′(a)|q

) 1
q

+ |f ′(x)|−
x−a
b−a
(
b−x
b−a

)α
k

+ 1
p

(
|f ′(b)|q |f ′(x)|q

x−a
b−a −|f ′(x)|q |f ′(b)|q

x−a
b−a

ln|f ′(b)|q−ln|f ′(x)|q

) 1
q

)
if |f ′(a)| 6= |f ′(x)| 6= |f ′(b)| .

Corollary 3.7. In Theorem 3.5, if we taking k = 1, we obtain∣∣∣(( x−a
η(b,a)

)α
+
(
a+η(b,a)−x

η(b,a)

)α)
f(x)− Γ(α+1)

(η(b,a))α
(
Jαx−f (a) + Jαx+f (a+ η (b, a))

)∣∣∣

≤



η (b, a)
(

1
αp+1

) 1
p

(
|f ′(a)|

(
x−a
η(b,a)

)α+1
+ |f ′(x)|

(
1− x−a

η(b,a)

)α+1
)

if |f ′(a)| = |f ′(x)| = |f ′(b)| ,

η (b, a)
(

1
αp+1

) 1
p

(
|f ′(a)|

(
x−a
η(b,a)

)α+1
+ |f ′(a)|−

x−a
η(b,a)

(
1− x−a

η(b,a)

)α+ 1
p

×

(
|f ′(b)|q |f ′(a)|

q x−a
η(b,a)−|f ′(a)|q |f ′(b)|

q x−a
η(b,a)

ln|f ′(b)|q−ln|f ′(a)|q

) 1
q

 if |f ′(a)| = |f ′(x)| 6= |f ′(b)| ,

η (b, a)
(

1
αp+1

) 1
p

|f ′(a)|1−
x−a
η(b,a)

(
x−a
η(b,a)

)α+ 1
p

(
|f ′(b)|

q x−a
η(b,a)−|f ′(a)|

q x−a
η(b,a)

ln|f ′(b)|q−ln|f ′(a)|q

) 1
q

+ |f ′(b)|
(

1− x−a
η(b,a)

)α+1
)

if |f ′(a)| 6= |f ′(x)| = |f ′(b)| ,

η (b, a)
(

1
αp+1

) 1
p

|f ′(a)|1−
x−a
η(b,a)

(
x−a
η(b,a)

)α+ 1
p

(
|f ′(x)|

q x−a
η(b,a)−|f ′(a)|

q x−a
η(b,a)

ln|f ′(x)|q−ln|f ′(a)|q

) 1
q

+ |f ′(x)|−
x−a
η(b,a)

(
1− x−a

η(b,a)

)α+ 1
p

(
|f ′(b)|q |f ′(x)|

q x−a
η(b,a)−|f ′(x)|q |f ′(b)|

q x−a
η(b,a)

ln|f ′(b)|q−ln|f ′(x)|q

) 1
q


if |f ′(a)| 6= |f ′(x)| 6= |f ′(b)| .

Moreover if we take η (b, a) = b− a, we get∣∣∣((x−ab−a

)α
+
(
b−x
b−a

)α)
f(x)− Γ(α+1)

(b−a)α
(
Jαx−f (a) + Jαx+f (b)

)∣∣∣
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≤



(b− a)
(

1
αp+1

) 1
p

(
|f ′(a)|

(
x−a
b−a

)α+1
+ |f ′(x)|

(
b−x
b−a

)α+1
)

if |f ′(a)| = |f ′(x)| = |f ′(b)| ,

(b− a)
(

1
αp+1

) 1
p

(
|f ′(a)|

(
x−a
b−a

)α+1
+ |f ′(a)|−

x−a
b−a

(
b−x
b−a

)α+ 1
p

×
(
|f ′(b)|q |f ′(a)|q

x−a
b−a −|f ′(a)|q |f ′(b)|q

x−a
b−a

ln|f ′(b)|q−ln|f ′(a)|q

) 1
q

)
if |f ′(a)| = |f ′(x)| 6= |f ′(b)| ,

(b− a)
(

1
αp+1

) 1
p

|f ′(a)|
b−x
b−a

(
x−a
b−a

)α+ 1
p

(
|f ′(b)|

q
x−a
b−a −|f ′(a)|

q
x−a
b−a

ln|f ′(b)|q−ln|f ′(a)|q

) 1
q

+ |f ′(b)|
(
b−x
b−a

)α+1
)

if |f ′(a)| 6= |f ′(x)| = |f ′(b)| ,

(b− a)
(

1
αp+1

) 1
p

|f ′(a)|
b−x
b−a

(
x−a
b−a

)α+ 1
p

(
|f ′(x)|

q
x−a
b−a −|f ′(a)|

q
x−a
b−a

ln|f ′(x)|q−ln|f ′(a)|q

) 1
q

+ |f ′(x)|−
x−a
b−a

(
b−x
b−a

)α+ 1
p

(
|f ′(b)|q |f ′(x)|

q
x−a
b−a −|f ′(x)|q |f ′(b)|

q
x−a
b−a

ln|f ′(b)|q−ln|f ′(x)|q

) 1
q


if |f ′(a)| 6= |f ′(x)| 6= |f ′(b)| .

Theorem 3.8. Let f : [a, a+ η (b, a)]→ [0,∞) be a differentiable function such that f ′ ∈ L ([a, a+ η (b, a)])
with η(b, a) > 0. If |f ′|q is log-preinvex function where q ≥ 1, then the following inequality for fractional
integrals ∣∣∣∣(( x−a

η(b,a)

)α
k

+
(
a+η(b,a)−x

η(b,a)

)α
k

)
f(x)− Γk(α+k)

(η(b,a))
α
k

(
Iα,kx− f (a) + Iα,kx+ f (a+ η (b, a))

)∣∣∣∣

≤



η (b, a)
(

k
α+k

)
|f ′(a)|

((
x−a
η(b,a)

)α
k

+1
+
(

1− x−a
η(b,a)

)α
k

+1
)

if |f ′(a)| = |f ′(x)| = |f ′(b)| ,

η (b, a)
(

k
α+k

)1− 1
q

(
|f ′(a)|

(
x−a
η(b,a)

)α
k

+1 (
k

α+k

) 1
q

+ |f ′(a)|
1−

x−a
η(b,a)

|f ′(b)|
−
x−a
η(b,a)

(
1− x−a

η(b,a)

)α
k

+1

 ∞∑
i=1

(
−
(

1− x−a
η(b,a)

)
ln
|f ′(a)|q
|f ′(b)|q

)i−1

(αk+1)
i


1
q


if |f ′(a)| = |f ′(x)| 6= |f ′(b)| ,

η (b, a)
(

k
α+k

)1− 1
q

 |f ′(x)|
x−a
η(b,a)

|f ′(a)|
x−a
η(b,a)

−1

(
x−a
η(b,a)

)α
k

+1

 ∞∑
i=1

(
− x−a
η(b,a)

ln
|f ′(x)|q
|f ′(a)|q

)i−1

(αk+1)
i


1
q

+ |f ′(b)|
(

1− x−a
η(b,a)

)α
k

+1 (
k

α+k

) 1
q

)
if |f ′(a)| 6= |f ′(x)| = |f ′(b)| ,

η (b, a)
(

k
α+k

)1− 1
q

 |f ′(x)|
x−a
η(b,a)

|f ′(a)|
x−a
η(b,a)

−1

(
x−a
η(b,a)

)α
k

+1

 ∞∑
i=1

(
− x−a
η(b,a)

ln
|f ′(x)|q
|f ′(a)|q

)i−1

(αk+1)
i


1
q

+ |f ′(x)|
1−

x−a
η(b,a)

|f ′(b)|
−
x−a
η(b,a)

(
1− x−a

η(b,a)

)α
k

+1

 ∞∑
i=1

(
−
(

1− x−a
η(b,a)

)
ln
|f ′(x)|q
|f ′(b)|q

)i−1

(αk+1)
i


1
q


if |f ′(a)| 6= |f ′(x)| 6= |f ′(b)|
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holds for all x ∈ [a, a+ η(b, a)].

Proof. From Lemma 2.10, properties of modulus, and power mean inequality, we have∣∣∣∣(( x−a
η(b,a)

)α
k

+
(
a+η(b,a)−x

η(b,a)

)α
k

)
f(x)− Γk(α+k)

(η(b,a))
α
k

(
Iα,kx− f (a) + Iα,kx+ f (a+ η (b, a))

)∣∣∣∣
≤η (b, a)




x−a
η(b,a)∫

0

t
α
k dt


1−

1

q


x−a
η(b,a)∫

0

t
α
k

∣∣f ′(a+ tη (b, a))
∣∣q dt


1
q

+


1∫
x−a
η(b,a)

(1− t)
α
k dt


1−

1

q


1∫
x−a
η(b,a)

(1− t)
α
k
∣∣f ′(a+ tη (b, a))

∣∣q dt


1
q



=η (b, a)
(

k
α+k

)1− 1
q

( x−a
η(b,a)

)(αk+1)
(

1−
1

q

)
x−a
η(b,a)∫

0

t
α
k

∣∣f ′(a+ tη (b, a))
∣∣q dt


1
q

+
(

1− x−a
η(b,a)

)(αk+1)
(

1−
1

q

)
1∫
x−a
η(b,a)

(1− t)
α
k
∣∣f ′(a+ tη (b, a))

∣∣q dt


1
q

 . (3.15)

Since |f ′|q is log-preinvex, from (3.15) we have∣∣∣∣(( x−a
η(b,a)

)α
k

+
(
a+η(b,a)−x

η(b,a)

)α
k

)
f(x)− Γk(α+k)

(η(b,a))
α
k

(
Iα,kx− f (a) + Iα,kx+ f (a+ η (b, a))

)∣∣∣∣
≤η (b, a)

(
k

α+k

)1− 1
q

∣∣f ′(a)
∣∣ ( x−a

η(b,a)

)(αk+1)
(

1−
1

q

)
x−a
η(b,a)∫

0

t
α
k

(
|f ′(x)|q
|f ′(a)|q

)t
dt


1
q

+
∣∣f ′(x)

∣∣ (1− x−a
η(b,a)

)(αk+1)
(

1−
1

q

)
1∫
x−a
η(b,a)

(1− t)
α
k

(
|f ′(b)|q
|f ′(x)|q

)t
dt


1
q

 . (3.16)

If |f ′(a)| = |f ′(b)| = |f ′(x)|, then (3.16) gives∣∣∣∣(( x−a
η(b,a)

)α
k

+
(
a+η(b,a)−x

η(b,a)

)α
k

)
f(x)− Γk(α+k)

(η(b,a))
α
k

(
Iα,kx− f (a) + Iα,kx+ f (a+ η (b, a))

)∣∣∣∣
≤η (b, a)

(
k

α+k

) ∣∣f ′(a)
∣∣ (( x−a

η(b,a)

)α
k

+1
+
(

1− x−a
η(b,a)

)α
k

+1
)
. (3.17)

If |f ′(a)| = |f ′(x)| 6= |f ′(b)|, then (3.16) gives∣∣∣∣(( x−a
η(b,a)

)α
k

+
(
a+η(b,a)−x

η(b,a)

)α
k

)
f(x)− Γk(α+k)

(η(b,a))
α
k

(
Iα,kx− f (a) + Iα,kx+ f (a+ η (b, a))

)∣∣∣∣
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≤η (b, a)
(

k
α+k

)1− 1
q

(∣∣f ′(a)
∣∣ ( x−a

η(b,a)

)α
k

+1 (
k

α+k

) 1
q

+ |f ′(a)|
1−

x−a
η(b,a)

|f ′(b)|
−
x−a
η(b,a)

(
1− x−a

η(b,a)
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k

+1

 ∞∑
i=1

(
−
(

1− x−a
η(b,a)

)
ln
|f ′(a)|q
|f ′(b)|q

)i−1

(αk+1)
i


1
q
 . (3.18)

If |f ′(a)| 6= |f ′(x)| = |f ′(b)|, then (3.16) gives

∣∣∣∣(( x−a
η(b,a)

)α
k

+
(
a+η(b,a)−x

η(b,a)

)α
k

)
f(x)− Γk(α+k)

(η(b,a))
α
k

(
Iα,kx− f (a) + Iα,kx+ f (a+ η (b, a))

)∣∣∣∣
≤η (b, a)

(
k

α+k

)1− 1
q

 |f ′(b)|
x−a
η(b,a)

|f ′(a)|
x−a
η(b,a)

−1

(
x−a
η(b,a)

)α
k

+1

 ∞∑
i=1

(
− x−a
η(b,a)

ln
|f ′(b)|q
|f ′(a)|q

)i−1

(αk+1)
i


1
q

+
∣∣f ′(b)∣∣ (1− x−a

η(b,a)

)α
k

+1 (
k

α+k

) 1
q

)
. (3.19)

If |f ′(a)| 6= |f ′(b)| 6= |f ′(x)|, then (3.16) gives

∣∣∣∣(( x−a
η(b,a)

)α
k

+
(
a+η(b,a)−x

η(b,a)

)α
k

)
f(x)− Γk(α+k)

(η(b,a))
α
k

(
Iα,kx− f (a) + Iα,kx+ f (a+ η (b, a))

)∣∣∣∣
≤η (b, a)

(
k

α+k

)1− 1
q

 |f ′(x)|
x−a
η(b,a)

|f ′(a)|
x−a
η(b,a)

−1

(
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η(b,a)

)α
k

+1
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i=1

(
− x−a
η(b,a)

ln
|f ′(x)|q
|f ′(a)|q
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(αk+1)
i


1
q

+ |f ′(x)|
1−

x−a
η(b,a)

|f ′(b)|
−
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(
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k
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 ∞∑
i=1

(
−
(
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)
ln
|f ′(x)|q
|f ′(b)|q
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(αk+1)
i


1
q
 . (3.20)

The desired result follows from (3.17)-(3.20).

Corollary 3.9. In Theorem 3.8, if we choose η (b, a) = b− a, we have

∣∣∣∣((x−ab−a

)α
k

+
(
b−x
b−a

)α
k

)
f(x)− Γk(α+k)

(b−a)
α
k

(
Iα,kx− f (a) + Iα,kx+ f (b)

)∣∣∣∣
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≤



(b− a)
(

k
α+k

)
|f ′(a)|
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x−a
b−a

)α
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b−x
b−a
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)
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k
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k
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b−x
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i


1
q


if |f ′(a)| = |f ′(x)| 6= |f ′(b)| ,

(b− a)
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q
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)
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i
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q


if |f ′(a)| 6= |f ′(x)| 6= |f ′(b)| .

Corollary 3.10. In Theorem 3.8, if we taking k = 1, we obtain

∣∣∣(( x−a
η(b,a)

)α
+
(
a+η(b,a)−x

η(b,a)

)α)
f(x)− Γ(α+1)

(η(b,a))α
(
Jαx−f (a) + Jαx+f (a+ η (b, a))

)∣∣∣
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q


if |f ′(a)| = |f ′(x)| 6= |f ′(b)| ,
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ln
|f ′(x)|q
|f ′(a)|q

)i−1

(α+1)i


1
q

+ |f ′(b)|
(

1− x−a
η(b,a)

)α+1 (
1

α+1

) 1
q

)
if |f ′(a)| 6= |f ′(x)| = |f ′(b)| ,

η (b, a)
(

1
α+1

)1− 1
q

 |f ′(x)|
x−a
η(b,a)

|f ′(a)|
x−a
η(b,a)

−1

(
x−a
η(b,a)

)α+1

 ∞∑
i=1

(
− x−a
η(b,a)

ln
|f ′(x)|q
|f ′(a)|q

)i−1

(α+1)i


1
q

+ |f ′(x)|
1−

x−a
η(b,a)

|f ′(b)|
−
x−a
η(b,a)

(
1− x−a

η(b,a)

)α+1

 ∞∑
i=1

(
−
(

1− x−a
η(b,a)

)
ln
|f ′(x)|q
|f ′(b)|q

)i−1

(α+1)i


1
q


if |f ′(a)| 6= |f ′(x)| 6= |f ′(b)| .

Moreover if we take η (b, a) = b− a, we get

∣∣∣((x−ab−a

)α
+
(
b−x
b−a

)α)
f(x)− Γ(α+1)

(b−a)α
(
Jαx−f (a) + Jαx+f (b)

)∣∣∣
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≤



(b− a)
(

1
α+1

)
|f ′(a)|

((
x−a
b−a

)α+1
+
(
b−x
b−a

)α+1
)

if |f ′(a)| = |f ′(x)| = |f ′(b)| ,

(b− a)
(

1
α+1

)1− 1
q

(
|f ′(a)|

(
x−a
b−a

)α+1 (
1

α+1

) 1
q

+ |f ′(a)|
b−x
b−a

|f ′(b)|
−
x−a
b−a

(
b−x
b−a

)α+1

 ∞∑
i=1

(
− b−xb−a ln

|f ′(a)|q
|f ′(b)|q

)i−1

(α+1)i


1
q


if |f ′(a)| = |f ′(x)| 6= |f ′(b)| ,

(b− a)
(

1
α+1

)1− 1
q

 |f ′(x)|
x−a
b−a

|f ′(a)|
−
b−x
b−a

(
x−a
b−a

)α+1

 ∞∑
i=1

(
−x−ab−a ln

|f ′(x)|q
|f ′(a)|q

)i−1

(α+1)i


1
q

+ |f ′(b)|
(
b−x
b−a

)α+1 (
1

α+1

) 1
q

)
if |f ′(a)| 6= |f ′(x)| = |f ′(b)| ,

(b− a)
(

1
α+1

)1− 1
q

 |f ′(x)|
x−a
b−a

|f ′(a)|
−
b−x
b−a

(
x−a
b−a

)α+1

 ∞∑
i=1

(
−x−ab−a ln

|f ′(x)|q
|f ′(a)|q

)i−1

(α+1)i


1
q

+ |f ′(x)|
b−x
b−a

|f ′(b)|
−
x−a
b−a

(
b−x
b−a

)α+1

 ∞∑
i=1

(
− b−xb−a ln

|f ′(x)|q
|f ′(b)|q

)i−1

(α+1)i


1
q


if |f ′(a)| 6= |f ′(x)| 6= |f ′(b)| .
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