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Abstract

In this paper, we introduce the concept of a quaternion valued G-metric spaces which generalizes real
valued G-metric spaces, complex valued G-metric spaces, real valued metric spaces and complex valued
metric spaces known in literature. Analogues of Banach contraction principle, Kannan’s and Chatterjea’s
fixed point theorem are proved. Our results generalize many known results in fixed point theory.
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1. Introduction

Quaternion is a number system that extends the complex numbers. It was first defined by Irish mathemati-
cian, William Rowan Hamilton in 1843 and applied to mechanics in three-dimensional space. A feature of
quaternions is that multiplication of two quaternions is noncommutative.

We write H for the skew field of quaternion and ¢ € H denotes that ¢ is of the form ¢ = a + bi + ¢j + dk
where i2 = j2 = k% = ijk = —1,ij = —ji = k,kj = —jk = —i,ki = —ik = j and the modulus of g,
lq| = Va2 + b2 + c2 + d? where a, b, ¢, and d are real numbers, and i, j, and k are the fundamental quater-
nion units.

There is possibility of treating quaternion as simply quadruples of real numbers [a, b, ¢, d], with operation
of addition and multiplication suitably defined. The components naturally group into the imaginary part
(b, ¢, d), for which we take this part as a vector and the purely real part, a, which called a scalar. Sometimes,
we write a quaternion as [V, a] with V' = (b, ¢, d).

[V,a] = [(b,¢,d),a] = [a,b,c,d] = a+ bi + ¢j + dkVa,b,c,d € R.

Hence, a quaternion may be viewed as a four-dimensional vector (a,b, ¢, d). For more information about
quaternion analysis, see [2] and its references. Motivated by the real life applications of quanternion and
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that of fixed point theorems, the concept of quanternion valued G-metric spaces are recommended in this
paper to extend G-metric spaces introduced by [7], quanternion valued metric spaces by [1] and some well
known spaces in literature. Now, some basic definitions of concepts which serve as background to this work
are stated.

2. Preliminaries

Mustafa and Sims (2006) introduced the definition below as generalization of the usual metric space.
Definition 1.1 [7]. Let X be a non-empty set and G : X x X x X — [0,00) be a function satisfying the
following properties:

(i) G(z,y,2) = if and only if x =y = 2
(i) G(z,z,y) >0, Ve,ye X, withzx#y
(i) G(z,z,y) < G(z,y,2), Vx,y,z€ X, with z#y
(iv) G(z,y,2) = G(z,2,y) = G(y,z, z) = ... (symmetry).
(v) G(x,y,2) < G(z,a,a) + Gla,y,z) Va,x,y,z € X (rectangle inequality)

The function G is called a G-metric and (X, G), G-metric space.
A G-metric space (X, G) is said to be symmetric if G(x,y,y) = G(z,x,y) for all z,y € X.

Akbar et al. (2011) introduced the definition of the complex valued metric space as follows.
Definition 1.2 [2]. Let X be a non-empty set and d¢ : X x X — C be a function satisfying the following
properties:

(i) de(z,y) =0 if and only if z = y;
(ii) de(z,y) >0, Vo,ye X;
(ili) do(w,y) = dc(y,x) (symmetry);
(iv) do(z,y) < dc(z,z) +dc(z,y) Vz,y,z € X (triangle inequality).

The function d¢ is called a complex valued metric on X and (X, d¢), a complex valued metric space.

Ahmed et al. (2014) extended the notion of metric spaces to quanternion valued metric spaces as shown
below.

Definition 1.3 [1]. Let X be a non-empty set and diy : X x X — H be a function satisfying the following
properties:

0 if and only if x = y;

0, Vz,yelX;

= dg(y, ) (symmetry);

<dg(z,z)+dg(z,y) Vz,y,z € X (triangle inequality).

The function dy is called a quaternion valued metric on X and (X, dg), a quaternion valued metric space.

Definition of interior point, limit point and balls as stated by Ahmed et al. (2014).
Definition 1.4 [1]. Point x € X is said to be an interior point of set A C X whenever there exists
0 < r € H such that

B(z,r)={y e X :dy(z,y) <r} C A

Definition 1.5 [1]. Point z € X is said to be a limit point of A C X whenever for every 0 < r € H

B(z,r) N (A—{z})#0
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Definition 1.6 [1]. Set A is called an open set whenever each element of A is an interior point of A. Subset
B C X is called a closed set whenever each limit point of B belongs to B. The family

F={B(z,r):z€ X,0=<r}

is a subbase for Hausdroff topology 7 on X.

Definition 1.7 [1]. Let {z,} be a sequence in X and =z € X. If for every ¢ € H with 0 < ¢ there is
nog € N such that for all n > ng, dg(z,,z) < g, then {z,} is said to be convergent if {x, } converges to the
limit point z; that is, z, — z as n — oo. If for every ¢ € H with 0 < ¢ there is ng € N such that for all
n > no,dg(Tn, Tnim) < ¢, then {x,} is called Cauchy sequence in (X,dy). If every Cauchy sequence is
convergent in (X, dg), then (X, dp) is called a complete quaternion valued metric space.

3. Main Result

Ahmed et al. (2014) introduced the following ordering.
Let H be the set of quaternion and ¢;, g2 € H. Define a partial order < on H as follows:
q1 = ¢ if and only if Re(q1) < Re(qo) and I'my(q1) < Img(q2), q1,92 € H, s = i, j, k where Im; = b, Im; =
c,Imp =d.
It follows that q; =< g9, if one of the following conditions is satisfied:

(i)
(i

/—\
=t

(V111

i)
ii)
iv)
)
vi)
vii)
)
(ix)
)
1)
i)
)
)
v)

(xii
(xiii

(xiv

(x

(xiv)

Re(q1) = R(q2), Ims,(q1) = Ims, (q2) where s1 = j, k, Im;i(q1) < Im;(q2);
Re(q1) = R(q2), Ims,(q1) = Ims,(g2) where sy =i, k, Im;(q1) < Im;(q2);
Re(q1) = R(q2), Imss((h) Img;(qa) where s3 = 1,7, Img(q1) < Imy(q2);
Re(q1) = R(g2), Ims, (q1) = Ims, (q2), Imi(q1) = Imi(qe);

Re(q1) = R(g2), Ims, (1) = Ims, (q2), Imj(q1) = Im;(ge);

Re(q1) = R(q2), Ims,(q1) = Ims, (q2), Imi(q1) = Imi(q2);

Re(q1) = R(g2), Ims(q1) < Ims(Q2)7

Re(q1) < R(q2), Ims(q1) = Ims(q2);

Re(q1) < R(q2), Ims,(q1) = Ims, (g2), Imi(q1) < Im;(ge);

Re(q1) < R(q2), Ims,(q1) = I'ms,(q2), Imj(q1) < Im;j(qe);

Re(q1) < R(q2), Imsy(q1) = Img,(g2), Imu(qr) < Imy(g2);

Re(q1) < R(q2), Ims, (q1) < Im,(q2), Imi(q1) = Imi(ge);

Re(q1) < R(q2), Imis,(q1) < Iy (g2), Imi(qr) = Imi(ga);

Re(q1) < R(q2), Ims;(q1) < Img,(ge), Imi(q1) = Imi(ge);

Re(q1) < R(q2), Ims(q1) < Ims(ga);

Re(q1) = R(q2), Ims(q1) = Ims(qz).

Particularly, we will write q1 3 g2 if q1 # ¢2 and one from (i), to (zvi) is satisfied and we will write q1 < g2
if only (zv) is satisfied. It should be noted that

a1 2 ¢ = |q| < gl

Motivated by Ahmed et al.’s work in [1], we introduce the following definitions.
Definition 2.1. Let X be a non-empty set, H, a set of quaternions and G¥ : X x X x X — H be a function
satisfying the following properties:

(i)
(ii)
(iii)

) G

(iv

G9(z,y,2) =0 ifand only ifz =y = 2

0 <Gz, z,y), Vr,ycX,witha#y

GQ(x z,y) < G9(x,y,2), Vr,y,z€ X, with z#y
Qa,y,2) = GOy, z,z) = GOz, z,y) = ... (symmetry).
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(v) There exists a real number s > 1 such that G%(z,vy, 2) < s[G9(x,a,a) + G9(a,y,2)] Va,z,y,z € X
(rectangle inequality)

Then the function G¥ is called a quaternion G-metric and (X, G?) is the quaternion G@-metric space.
A G9 - metric space is complete if every Cauchy sequence in it is G9 - convergent in it.

Remark 1. We obtain quaternion valued metric space in [1] if y = z and we set d(z,y) = G(z,y,y).

Definition 2.2. {z,} is said to converges to the limit point z; that is, x, — = as n — oo if for ev-
ery ¢ € H with 0 < ¢ there is ng € N such that for all n > ng, G9(z,,z,2) < ¢. If for every ¢ € H with
0 < ¢ there is ng € N such that for all n > ng, G (2, Zyrm, Tnimit) < ¢, then {z,} is called Cauchy
sequence in (X, G?). If every Cauchy sequence is convergent in (X, G?), then (X, G?) is called a complete
quaternion valued G-metric space.

Some auxiliary Lemmas with proofs using the concept of quaternion valued G-metric spaces are stated
below. These Lemmas will be used to prove some fixed point theorems of contractive mappings in this
newly introduced space.

Lemma 2.3. Let (X,G?9) be a GP-metric space and {z,} a sequence in X. {z,} converges to x € X if
and only if |G?(x,, z,z)| = 0 as n — co.

Proof: Suppose that {z,} converges to x. For any real number ¢ > 0, let ¢ = § + §i + §j + Sk.
Then, 0 < ¢ € H and there is a natural number N such that GQ(:cn,x,x) < q for all n € N. There-
fore, |G9(zn, z,2)| < |q| = \/4(5)? = € for all n € N. Hence, |G9(zy, 2, 2)| — 0 as n — <.

Conversely, suppose that |G9(x,,z,2)| — 0 as n — co. Then, given ¢ € H with 0 < g, there exists a real
number § > 0, such that, for h € H, |h| < § = h < ¢. For this ¢, there is a natural number N such that
|G (2, x,2)| < & for all n. > N which implies that G%(z,,, z,z) < ¢ for all n. > N, hence {x,} converges to
rz e X.

Lemma 2.4. Let (X,G?) be a G?-metric space and {z,} a sequence in X. {z,} is Cauchy sequence
if and only if |G9 (2, Tm,z;)| — 0 as n,m, — oo.

Proof: Suppose that {,} is a Cauchy sequence. For any real number € > 0, let ¢ = §+ i+ §j+ §k. Then,
0 < ¢ € H and there is a natural number N such that G (2, 2, 1 m, Tnimi1) < g for all n € N. Therefore,
1G9z, Trgm, Trpmr)| < lg] = /4(5)? = € for all n € N. Hence, |G? (2, Tpim, Tntmt1)| — 0 as n — occ.
Conversely, suppose that |G9 (2, Zntm, Tnimst)] — 0 as n — co. Then, given ¢ € H with 0 < ¢, there
exists a real number § > 0, such that, for h € H, |h| < § = h < ¢. For this §, there is a natural number N
such that [G?(zy, Tnim, Tnimar)| < 0 for all n > N which implies that G? (., Trim, Znimss) < ¢ for all
n > N, hence {z,} is a Cauchy sequence.

The following example shows that Gg-metric space is not necessarily a G-metric space.
Example 1 Let X = SUT where S = N, T = {ﬁ,n € N} and G9 : X x X x X — H be defined as
follows:

G®(a,b,¢) = G2b,c,a) = G9(a,c,b) = ...
for a,b.c € X and
0, if a=b=c
G®9a,b,c) = 14 2w, if a,b,ceSanda=0b, b=cora=c;

14+ 7o, Otherwise.
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where v € {ai + bj + ck : i® = j2 = k> = ijk = —1,a,b,c € R}. Then G? is a G¥ - metric on X but not G
- metric on X.

Example 2 Let X = {1, n € N} with
G®(a,b,¢) = G9b,c,a) = G9(a,c,b) = ...
for a,b.c € X. G9 : X3 — H defined as follows:

G9q1,q2,q3) = 1+ |2 — 21| + |y3 — v2| + |21 — 23

where

g1 =1+ x10+y1j + 21k,

g2 = 1+ 290 + y2j + 20k

q3 = 1+ x3i +y3j + 23k

withx); +2o+ax3>1, y1+ye+ys>1land 21 +20+23 =1

G¥ is a quanternion valued G-metric on X but not G - metric on X.

Now, the main theorems are stated with proofs:
Theorem 2.5. Let X be a complete G@-metric space and T': X — X a map for which there exist a real
number k satisfying 0 < k < 1, such that for each pair z,y, 2z € X:
GO(Tz, Ty, Tz) = kGO(z,y,z2) .
Then T has a unique fixed point.
Proof: Let 9 € X be an arbitrary point and define the sequence {x,,} by x, = T"x¢Vn € N, then we have

GQ<xn7xn+1;xn+1) = kGQ(.%'n_l,(En,l'n). (31)
We deduce that
kGQ(:En—la Tn, -Tn)
k2GQ(xn—27 Tn—1, xn—l)

kBGQ (xn—Ba Tn—2, xn—2)
k"GQ(ajo, x1,T1).

GQ(xny Ln+1, $n+1)

GQ(ZEn, Tn+1, xn—&—l)
GQ(«TTM Tn+1, xn—&—l)

LA T T A

By repeated use of rectangle inequality with m > n, we have

GQ(:ETw Loy xM) = GQ ($n, Tn+1, xn—i—l) + GQ(xn-i-la Tn+2, $n+2)
+GQ(xn+27 Tn+3, xn+3> + ...+ GQ(xm—ly LTy wm)-

From (3.2) and (3.3), we have

GQ(ZEn,$m,CCm) = GQ($n7$N+1axn+1) + GQ($n+1,xn+27$n+2)
+GQ(xn+27 Tn+3, xn+3> + ...+ GQ(xm—ly Ly xm)
< KR B2 B G9 (w, w1, 1)
= kn[l—i-k—i-kQ—i-...—I—km_n_l]GQ(iL'o,xl,xl)
k"
= [E]GQ(J;Oaa;laxl)-

Taking the limit of G (2, 2, 2,m) as n,m — oo, we have

kn
. Q T
n,}rlzri}oo ’G (SUn, Tm $m)‘ o n,'rlélgoo[l —k

1G9 (o, 1, 1) = 0. (3.2)
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For n,m,l € N
GO xp, T, 1) = G9 (&, Tons T ) + G2 Ly T, T7)- (3.3)
Taking the limit of G (2, 2, ;) as n,m,l — oo,
we have
G9zn, 2, x) = lm  |GO(Zn, T, Tm) + GP (L, T, 27)| = 0. (3.4)
n,m,l—oo
So, x,, is a G¥-Cauchy Sequence.
By completeness of (X, G?), there exist u € X such that {z,} is G¥-convergent to u.
Suppose Tu # u
G (2, Tu, Tu) < kG (21, u, ). (3.5)
Taking the limit as n — oo, we get
G9(u, Tu, Tu) < kG?(u,u, u). (3.6)
Hence,
G®(u, Tu,Tu) < 0. (3.7)
This is a contradiction. So, Tu = u.
To show the uniqueness, suppose v # u is such that T'v = v, then
G®(Tu, Tv, Tv) < kG®(u,v,v). (3.8)
Since Tu = u and Tv = v, we have
G®(u,v,v) < 0. (3.9)

which implies that v = u

Remark 2. If Vg =a+bi+cj+dk € H b = c = d = 0 in Theorem 2.5, Banach contraction princi-
ple in a real valued G-metric space is obtained. Setting d(z,y) = G(«,y,y), the theorem reduces to Banach

contraction principle in [3].

Theorem 2.6. Let X be a complete G9 - metric space and T : X — X a map for which there exist

a real number k satisfying 0 < k < %, such that for each pair x,y,z € X:
GO(Tx, Ty, Tz) = Kk[G9(x, Tz, Tx)+ GOy, Ty, Ty) + G9(2,Tz,Tz)] .
Then T has a unique fixed point.

Proof: Let 29 € X be an arbitrary point and define the sequence {z,} by x,, = T"z¢Vn € N, then we have

GQ(xn> Tn+1, xn—&—l) = k[GQ (xn—la Tn, xn) + 2GQ(xn> Tn+1, $n+1)]
k
= mGQ(xn—lv Ty wn)
Let ¢ = ﬁ
We deduce that

GQ(wnaxn+17$n+l) QGQ(xnflaxnyl‘n)
QQGQ ($n727 Tn—1, xnfl)
ngQ (:L‘n,'g,, Tn—2, xn72)

qnGQ(ﬂjo, 1, .’L'l).

G (xm Tn+1, xn+1)

GY (xn’ Ln+1, -Tn+l)

LA T T A

By repeated use of rectangle inequality with m > n, we have

GQ(xnv LTy .’Em) = GQ ($N7 Tn+1, xn—i—l) + GQ(mTH-l: Tn+2, m'fH—?)
+G9(2p10, Tnys, Tpys) + ...+ G (&1, Tm, Tim)-
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From (3.14) and (3.15), we have
GQ (xn, T, xm) = GQ (xna Tn+1, $n+1) + GQ (ZEnJrla Tn+2, xn+2)
+GQ($TL+27 Tn+3, xn+3) + ...+ GQ(xmfly Tm, SUm)
< g+ T 4+ TG (w0, @, w0)
= "4 g+@+ . +¢" NG (@, 71, 11)
n
= [lq_ q]GQ(xoaﬂfl,Dh)-
Taking the limit of G (2, 2, Z,m) as n,m — oo, we have
Q " 0@
i G| = lim [)Ga,a1.a0)] =0, (3.10)
For n,m,l € N
GQ(fEna Tm, xl) = GQ(:Cn, Tm, xm) + GQ(.’L‘m, Tm, -Tl)~ (3.11)
Taking the limit of G (2, 2, ;) as n,m,l — oo,
we have
G9(Zpy T, x) = lim |Gz, Ton, Tin) + G9 (T, Ty, 1) = 0. (3.12)
n,m,l—00
So, x,, is a GY-Cauchy Sequence.
By completeness of (X, G?), there exist u € X such that {z,} is G¥-convergent to u.
Suppose Tu # u
Gz, Tu, Tu) < k[G?(2n_1, Tn, Tp) + 2G9 (u, Tu, Tu)]. (3.13)
Taking the limit as n — oo, we get
G?(u, Tu, Tu) < 2kG? (u, Tu, Tu). (3.14)
Hence,
G9(u, Tu, Tu) < 0. (3.15)
This is a contradiction. So, Tu = u.
To show the uniqueness, suppose v # w is such that Tv = v, then
G9(Tu, Tv, Tv) < k[G®(u, Tu, Tu) + 2G° (v, Tv, Tv)). (3.16)
Since Tu = u and Tv = v, we have
G9(u,v,v) < 0. (3.17)

which implies that v = u

Remark 3. If Vv =a+bi+c¢cj+dk € H b =c =d = 0 in Theorem 2.6, Kannan’s fixed point the-
orem in a real valued G-metric space is obtained. Setting d(z,y) = G(z,y,y), the theorem reduces to

Kannan’s fixed point theorem in [6].

Theorem 2.7. Let X be a complete G9 - metric space and T : X — X a map for which there exist

a real number k satisfying 0 < k < %, such that for each pair z,y, z € X:
GO(Tx,Ty,Tz) = Kk[G9(z,Ty,Ty)+ Gy, Tz, Tx) + G (2, Tz, Tx)] .
Then T has a unique fixed point.

Proof: Let 29 € X be an arbitrary point and define the sequence {x,,} by x, = T"x¢Vn € N, then we have

GQ (xn, Tn+1, xn+1) = kGQ (-’Enfla Tn+1, l'nJrl)
k[GQ (Ccnflv Tn, xn) + GQ (xna Tn+1, anrl)]

k
GQ(xnfla Tn, .’L'n)

PN

1-k

IA
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Letq:ﬁ

We deduce that

GQ(xn,anrl»xn«H) qGQ(l‘nflaxnaxn)
q2GQ(SCn_2, xn—]n -Tn—l)
¢ G?(n—3, Tn2, Tn—2)

¢"G® (0, 1, 21).

GQ(xny Ln+1, $n—&—l)
GQ(xrw Tn+1, mn—&—l)

PP PRPN

By repeated use of rectangle inequality, we have

GQ ($n, Tmyy wm) = GQ (xna Tn+1, xn+1) + GQ (anrla Tn+2, mn+2)
TLGQ(SUnJrQa Tn+3, xn+3) + ...+ GQ(xmfly Tm, SUm)-

From (3.26) and (3.27), we have

A

G (Tns Tnt1, Tnt1) + GQ(xn+1: Tpt2, Tni2)
+G9(Zpi, Tnis, Tngs) + o + GLim_1, T, Tm)
" +¢" + "+ o+ ¢ NNG (wo, 21,21)
"M+ g+ + .. +q" "G (w0, 1, 21)

[1
q" Q
[1_q]G (5130,331,1'1).

GQ(xm Tm, xm)

LA TA

IA

Taking the limit of QGy(xn, T, Tm) as n,m — oo, we have

n

lim  |G9(2n, T, )| = lim [——]|G9 (20, 21, 21)| = 0.

n,m—00 n,m—oo 1 — q
For n,m,l € N
GQ(.%'n,[IZm,.%'l) = GQ(fEn7$m7 xm) + GQ<$m; .%'m,afl)-

Taking the limit of G (2, 2, ;) as n,m,l — oo,
we have
G9(zn, 2, x) = lm |G Zn, T, Tm) + GP (T, T, 27)| = 0.
n,m,l—oo
So, x,, is a G¥-Cauchy Sequence.
By completeness of (X, G?), there exist u € X such that {z,} is G?-convergent to u.
Suppose Tu # u

Gz, Tu, Tu) < k[GP(2p_1, Tu, Tu) + G (u, 2, ) + GO (u, T, )]

Taking the limit as n — oo, we get
G®(u, Tu, Tu) < kG (u, Tu, Tu).

Hence,
G9(u, Tu, Tu) < 0.

This is a contradiction. So, Tu = u.
To show the uniqueness, suppose v # w is such that T'v = v, then

G?(Tu, Tv, Tv) < k[G®(u, Tv, Tv) + 2G° (v, Tu, Tu)).

Since Tu = u and Tv = v, we have
G®(u,v,v) < 0.

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)
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which implies that v = u

Remark 4. If Vg = a+bi+cj+dk € H b = ¢ = d = 0 in Theorem 2.7, Chatterjea’s fixed point
theorem in a real valued G-metric space is obtained. Setting d(x,y) = G(z,y,y), the theorem reduces to
Chatterjea’s fixed point theorem in [4].

Corollary 2.8. Let X be a complete G9 - metric space and T : X — X a map for which there exist
the real numbers a, b, ¢ satisfying 0 < a < 1, b < % and ¢ < % such that for each pair z,y,z € X at least
one of the following is true.

(G9Zy) G9(Tx, Ty, Tz) aG®(z,y, 2)

(GRZy) G9(Tx,Ty,T>) bGP (z, Tz, Tx) + G9(y, Ty, Ty) + G2 (2,T2,T%)]

(GRZ3) G9Tx, Ty, Tz) = c[G%x, Ty, Ty)+ Gy, Tz, Tx) + G9 (2, Tz, Tx)].
Then T has a unique fixed point.

=
=
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