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Abstract

In this paper, we show that the claim of the paper [Ali et al., Further discussion on modified multivalued
α∗-ψ-contractive type mappings, Filomat 29 (2015)] which says that the notion of α∗-η-ψ-contractive multi-
valued mappings can not be rduced into α∗-ψ-contractive multi-valued mappings, is not true. Also, we
provide a common fixed point result for an α∗-admissible countable family of multi-valued mappings. Finally,
we show that the common fixed point result of Ali et al. for a countable family of multi-valued mappings
using α∗-admissible mappings with respect to η can be reduced to α∗-admissible mappings without using
the auxiliary function η.
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1. Introduction

Recently, Samet et al. [19] introduced the notion of α-ψ-contractive self-mappings via α-admissible
self mappings. In fact, in this paper, the authors proved existence and uniqueness of a fixed point for
mappings satisfying only a locally contraction. In [17] Salimi et al. introduced the notion of modified
α-ψ-contractive mappings using another auxiliary function η. In this paper, the authors established some
fixed point theorems for such (single-valued) mappings in the setting of complete metric spaces. Later,
Mohammadi and Rezapour [16] and independently, Berzig and Karapinar[10], noticed that modified (single-
valued) α-ψ-contractive type mappings can be considered as a particular case of α-ψ-contractive mappings.
In 2013, Mohammadi and Rezapour [15], introduced the notion of α-ψ-contractive multi-valued mappings via
α-admissible multi-valued mappings. In the same year, Asl et al. [9] provided the notion of α∗-ψ-contractive
multi-valued mappings via α∗-admissible multi-valued mappings. In [6], Ali et al. introduced the notion
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of modified α∗-ψ-contractive (α∗-η-ψ-contractive) multi-valued mappings and α∗-admissible multi-valued
mappings with respect to η and claimed that this notion is a proper generalization of the notion α∗-ψ-
contractive multi-valued mappings. In other words, they claimed that the notion of modified multivalued
α∗-ψ-contractive mapping can not be reduced into multivalued α∗-ψ-contractive mapping. In addition,
they investigated the existence of a common fixed point for a sequence of multivalued α∗-η-ψ-contractive
mappings. In this paper, we show that this notion can be considered as a particular case of the old result
α∗-ψ-contractive multi-valued mappings. So, the auxiliary function η is not needed.

2. Preliminaries

Let (X, d) be a metric space. Througout this paper denote by CL(X) the set of all nonempty closed
subsets of X. Denote by Ψ the family of all nondecreasing functions ψ : [0,+∞) → [0,+∞) such that∑+∞

n=1 ψ
n(t) < +∞ for all t > 0. It is well known that ψ(t) < t for all t > 0 and ψ(0) = 0. For any

A,B ∈ CL(X), let the mapping H : CL(X)× CL(X)→ [0,∞] defined by

H(A,B) =

{
max{supa∈A d(a,B), supb∈B d(b, A)}, if the maximum exists
∞, otherwise,

be the generalized Pompeiu-Hausdorff metric induced by d, where d(a,B) = inf{d(a, b) : b ∈ B} is the
distance from a to B ⊆ X.

Definition 2.1. [9] Let (X, d) be a metric space and α : X × X → [0,∞) be a function. A mapping
G : X → CL(X) is called α∗-admissible if

α(x, y) ≥ 1 =⇒ α∗(Gx,Gy) ≥ 1,

where
α∗(Gx,Gy) = inf{α(a, b)|a ∈ Gx, b ∈ Gy}.

Definition 2.2. [9] Let (X, d) be a metric space. A mapping G : X → CL(X) is called α∗-ψ-contractive if
there exist α : X ×X → [0,∞) and ψ ∈ Ψ such that

α∗(Gx,Gy)H(Gx,Gy) ≤ ψ(d(x, y)),

for all x, y ∈ X.

Hussain et al. [11] extended the notions of α∗-admissiblity with respect to η and modified α∗-ψ-
contractivity to multi-valued mappings as follows.

Definition 2.3. [11] Let (X, d) be a metric space and α, η : X ×X → [0,∞) be two functions. A mapping
G : X → CL(X) is called α∗-admissible with respect to η if

α(x, y) ≥ η(x, y) =⇒ α∗(Gx,Gy) ≥ η∗(Gx,Gy), (2.1)

where
α∗(Gx,Gy) = inf{α(a, b)|a ∈ Gx, b ∈ Gy}

and
η∗(Gx,Gy) = sup{η(a, b)|a ∈ Gx, b ∈ Gy}.

Definition 2.4. [11] Let (X, d) be a metric space. A mapping G : X → CL(X) is called modified α∗-ψ-
contractive (α∗-η-ψ-contractive) if there exist α, η : X ×X → [0,∞) and ψ ∈ Ψ such that

α∗(Gx,Gy) ≥ η∗(Gx,Gy) =⇒ H(Gx,Gy) ≤ ψ(d(x, y)),

for all x, y ∈ X.
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3. Main results

In [6] Ali et al. considering a multi-valued mapping G : X → CL(X) observed that the value of
H(Gx,Gy) may be infinite for some choice of x, y ∈ X. Consequently, they claimed that an α∗-η-ψ-
contractive multi-valued mapping may not imply an α∗-ψ-contractive multi-valued mapping, in general.
Indeed, they claimed that if one define

β(x, y) =

{
1, if α(x, y) ≥ η(x, y)
0, otherwise,

then (2.1) reduces into
β∗(Gx,Gy)H(Gx,Gy) ≤ ψ(d(x, y)),

for all x, y ∈ X. For β∗(Gx,Gy) = 1, we have H(Gx,Gy) ≤ ψ(d(x, y)). For β∗(Gx,Gy) = 0, we have
0.H(Gx,Gy) ≤ ψ(d(x, y)). Now, here is the point. Ali et al. claimed that if H(Gx,Gy) = ∞, then 0.∞
is an indeterminate form. But it should be noted that the form 0.∞ is an indeterminate form if 0 = 0+

be a limitative amount. In the case where 0 be exactly 0 and not a limitative amount, we have 0.∞ = 0.
This is the point that Ali et al. did not note. Thus, we think that the case 0.H(Gx,Gy) = 0 ≤ ψ(d(x, y))
is true even if H(Gx,Gy) =∞. Therefore, the notion of α∗-η-ψ-contractive multi-valued mappings can be
considered as a particular case of α∗-ψ-contractive multi-valued mappings.

In [6] Ali et al. gave the following definition.

Definition 3.1. Let {Gi : X → CL(X)}∞i=1 be a sequence of multi-valued mappings on a metric space
(X, d). Let α, η : X ×X → [0,∞) be two functions. Then, {Gi}∞i=1 is called α∗-admissible with respect to
η if

α(x, y) ≥ η(x, y) =⇒ α(u, v) ≥ η(u, v), ∀u ∈ Gix, v ∈ Gjy, (3.1)

for each i, j ∈ N.

Theorem 3.2. [6] Let (X, d) be a complete metric space and let the sequence {Gi : X → CL(X)}∞i=1 be
α∗-admissible with respect to η such that

x, y ∈ X,α(x, y) ≥ η(x, y) =⇒ H(Gix,Gjy) ≤ ψ(d(x, y)), (3.2)

for each i, j ∈ N and ψ be strictly increasing function in Ψ. Assume that the following conditions hold:

(i) there exist x0 ∈ X and yi ∈ Gix0 for each i ∈ N such that α(x0, yi) ≥ η(x0, yi);

(ii) if {xi} is a sequence in X with xi → x as i→∞ and α(xi−1, xi) ≥ η(xi−1, xi) for each i ∈ N, then we
have α(xi−1, x) ≥ η(xi−1, x) for each i ∈ N.

Then, the mappings {Gi} for i ∈ N, have a common fixed point.

Now, we give the following definition and theorem.

Definition 3.3. Let {Gi : X → CL(X)}∞i=1 be a sequence of multi-valued mappings on a metric space
(X, d). Let α : X ×X → [0,∞) be a function. Then, {Gi}∞i=1 is called α∗-admissible if

α(x, y) ≥ 1 =⇒ α(u, v) ≥ 1,∀u ∈ Gix, v ∈ Gjy, (3.3)

for each i, j ∈ N.

Theorem 3.4. Let (X, d) be a complete metric space and let the sequence {Gi : X → CL(X)}∞i=1 be
α∗-admissible such that

x, y ∈ X,α(x, y) ≥ 1 =⇒ H(Gix,Gjy) ≤ ψ(d(x, y)), (3.4)

for each i, j ∈ N and ψ be strictly increasing function in Ψ. Assume that the following conditions hold:
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(i) there exist x0 ∈ X and yi ∈ Gix0 for each i ∈ N such that α(x0, yi) ≥ 1;

(ii) if {xi} is a sequence in X with xi → x as i → ∞ and α(xi−1, xi) ≥ 1 for each i ∈ N, then we have
α(xi−1, x) ≥ 1 for each i ∈ N.

Then, the mappings {Gi} for i ∈ N, have a common fixed point.

Proof. By hypothesis, there exist x0 ∈ X and x1 ∈ G1x0 such that α(x0, x1) ≥ 1. If x1 ∈ Gix1 for each
i ∈ N, then x1 is a common fixed point of Gi. Let x1 /∈ G2x1. Then, from (3.4), we have

0 < d(x1, G2x1) < qd(x1, G2x1) ≤ qH(G1x0, G2x1) ≤ qψ(d(x0, x1)).

Thus, there exists x2 ∈ G2x1 such that

0 < d(x1, x2) < qψ(d(x0, x1)).

Since, ψ is strictly increasing, we get ψ(d(x1, x2)) < ψ(qψ(d(x0, x1))).

Put q1 = ψ(qψ(d(x0,x1)))
ψ(d(x1,x2))

. Then q1 > 1. Since the sequence {Gi} is α∗-admissible, then α(x1, x2) ≥ 1. If

x2 ∈ Gix2 for each i ∈ N, then x2 is a common fixed point of {Gi}. Let x2 /∈ G3x2. Then, we have

0 < d(x2, G3x2) < q1d(x2, G3x2) ≤ q1H(G2x1, G3x2) ≤ q1ψ(d(x1, x2)) = ψ(qψ(d(x0, x1))).

Now, there exists x3 ∈ G3x2 such that

0 < d(x2, x3) < ψ(qψ(d(x0, x1))).

Since, ψ is strictly increasing, we get ψ(d(x2, x3)) < ψ2(qψ(d(x0, x1))). Put q2 = ψ2(qψ(d(x0,x1)))
ψ(d(x2,x3))

. Then

q2 > 1. Also, since the sequence {Gi} is α∗-admissible, then α(x2, x3) ≥ 1. If x3 ∈ Gix3 for each i ∈ N, then
x3 is a common fixed point of {Gi}. Let x3 /∈ G4x3. For q2 > 1, we have

0 < d(x3, G4x3) < q2d(x3, G4x3) ≤ q2H(G3x2, G4x3) ≤ q2ψ(d(x2, x3)) = ψ2(qψ(d(x0, x1))).

Now, there exists x4 ∈ G4x3 such that

0 < d(x3, x4) < ψ2(qψ(d(x0, x1))).

Continuing in the same way, we get a sequence {xi} in X such that xi ∈ Gixi−1, α(xi−1, xi) ≥ 1 and
d(xi, xi+1) < ψi−1(qψ(d(x0, x1))) for each i ∈ N. Let j > i. we have

d(xi, xj) ≤ Σj−1
n=id(xn, xn+1) < Σj−1

n=iψ
n−1(qψ(d(x0, x1))).

Since ψ ∈ Ψ, then we have limi,j→∞ d(xi, xj) = 0. Hence {xi} is a Cauchy sequence in (X, d). By complete-
ness of (X, d), there exists x ∈ X such that xi → x as i → ∞. By hypothesis (ii), we have α(xi−1, x) ≥ 1
for each i ∈ N. Now, for each n = 1, 2, 3, ... we have

d(xi, Gnx
∗) ≤ H(Gixi−1, Gnx

∗) ≤ ψ(d(xi−1, x
∗)).

Letting i → ∞ in above inequality, we have d(x∗, Gnx
∗) = 0 for each n ∈ N. Since Gnx

∗ is closed, we
conclude that x∗ ∈ Gnx∗ for each n ∈ N, that is, x∗ is a common fixed point of {Gi}.

Now, we show that Theorem 3.2 is a particular case of 3.4. To see this, define

β(x, y) =

{
1, if α(x, y) ≥ η(x, y)
0, otherwise.

Let {Gi}∞i=1 is α∗-admissible with respect to η. Now, if β(x, y) ≥ 1, then α(x, y) ≥ η(x, y) and so α(u, v) ≥
η(u, v), ∀u ∈ Gix, v ∈ Gjy. Thus, β(u, v) ≥ 1,∀u ∈ Gix, v ∈ Gjy, that is, {Gi}∞i=1 is β∗-admissible. Now, let
(3.2) holds. Then, if β(x, y) ≥ 1, we get α(x, y) ≥ η(x, y). By (3.2), we obtain H(Gix,Gjy) ≤ ψ(d(x, y)).
Thus (3.4) holds. Obviously, the conditions (i) and (ii) in Theorem 3.2 reduces into the conditions (i) and
(ii) of Theorem 3.4 with function β instead of α. This, arguments show that the conditions of Theorem 3.2
leads to the conditions of Theorem 3.4, that is, Theorem 3.2 is a particular case of 3.4.
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4. Consequences

In this paper, we showed that the auxiliary function η in the notion α∗-η-ψ-contractive multi-valued
mappings is not need in general, as well as, olready we have shown it in [16] for self-mappings.
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