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Abstract

We consider a boundary value problem associated to a Sturm-Liouville differential inclusion with ”maxima”
and we prove a Filippov type existence result for this problem.
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1. Introduction

Differential equations with maximum have proved to be strong tools in the modelling of many physical
problems: systems with automatic regulation, problems in control theory that correspond to the maximal
deviation of the regulated quantity etc.. As a consequence there was an intensive development of the theory
of differential equations with "maxima” [2, 3, 6, 7, 9-13] etc..

A classical example is the one of an electric generator ([2]). In this case the mechanism becomes active
when the maximum voltage variation is reached in an interval of time. The equation describing the action
of the regulator has the form

2'(t) = ax(t) +b max z(s)+ f(1),
s€[t—h,t]
where a,b are constants given by the system, z(.) is the voltage and f(.) is a perturbation given by the
change of voltage.

In the theory of ordinary differential equations it is wellknown that any linear real second-order differ-
ential equation may be written in the self adjoint form —(r(¢)z’)" + ¢(t)z = 0. This equation together with
boundary conditions of the form a;x(0) — az2/(0) = 0, byz(T) — baa/(T) = 0 is called the Sturm-Liouville
problem. This is the reason why differential inclusions of the form (r(t)z’) € F(t,z) are usually called
Sturm-Liouville type differential inclusions, even if the boundary value problems associated are not as at the
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original Sturm-Liouville problem. Recent results on Sturm-Liouville differential inclusions may be found in

8.

In this paper we study the following problem

(p(t)x'(t)) € F(t,z(t), srg[%?g] x(s), g[?’)é z(s)) a.e. (la, b)), z(a) = a,z(b) = B, (1.1)

where p(.) : [a,b] — R is a continuous mapping, o, 3 € R and F' : [a,b] x Rx R xR — P(R) is a set-valued
map.

Several existing results for problem (1.1) obtained using fixed point approaches may be found in our
previous paper [4]. The aim of the present note is to show that Filippov’s ideas ([5]) can be suitably
adapted in order to obtain the existence of solutions of problem (1.1). We recall that for a differential
inclusion defined by a lipschitzian set-valued map with nonconvex values Filippov’s theorem ([5]) consists
in proving the existence of a solution starting from a given ”quasi” solution. Moreover, the result provides
an estimate between the starting ”quasi” solution and the solution of the differential inclusion. At the same
time, it is known that concerning the existence of solutions for initial value problems or boundary value
problems associated to differential inclusions, Filippov’s type approach provides better results than the fixed
point approach using Covitz-Nadler set-valued contraction principle.

The paper is organized as follows: in Section 2 we recall some preliminary facts that we need in the
sequel and in Section 3 we prove our main result.

2. Preliminaries

In this section we sum up some basic facts that we are going to use later.

Let (X, d) be a metric space. The Pompeiu-Hausdorff distance of the closed subsets A, B C X is defined
by di (A, B) = max{d*(A, B),d*(B, A)}, d*(A, B) = sup{d(a, B); a € A}, where d(z, B) = inf{d(x,y);y €
B}. Let I := [a,b] and denote by L£(I) the o-algebra of all Lebesgue measurable subsets of I. Denote by
P(R) the family of all nonempty subsets of R and by B(R) the family of all Borel subsets of R. For any
subset A C R we denote by clA the closure of A and by ¢6(A) the closed convex hull of A.

As usual, we denote by C'(I,R) the Banach space of all continuous functions z(.) : I — R endowed with
the norm |z|c = sup,;|z(t)| and by L'(I,R) the Banach space of all integrable functions z(.) : I — R
endowed with the norm |z|; = ff |z(t)|d¢t. The Banach space of all absolutely continuous functions z(.) :
I — R will be denoted by AC(I,R).

We recall, first, a selection result (e.g., [1]) which is a version of the celebrated Kuratowski and Ryll-
Nardzewski selection theorem.

Lemma 2.1. Consider X a separable Banach space, B is the closed unit ball in X, H : I — P(X) is a
set-valued map with nonempty closed values and g : I — X, L : I — Ry are measurable functions. If

H(t)N(g(t)+ L({t)B) #0 a.e.(I),
then the set-valued map t — H(t) N (g(t) + L(t)B) has a measurable selection.

Let I(.) : R — P(R) a set-valued map with compact convex values defined by I(t) = [a(t), b(t)], where
a(.),b(.) : R — R are continuous functions with a(t) < b(t) Vt € R. For z(.) : R — R continuous we define
(maxy)(t) = maxger) z(s). Therefore, max; : C(R,R) — C(R,R) is an operator whose properties are
summarized in the next lemma proved in [11].

Lemma 2.2. Ifz(.),y(.) € C(R,R), then one has
i) |max,ec ) 2(s) — maxeer) Y(s)| < maxger |2(s) —y(s)| Vt € R.
i) maxiek | maxger(y) T(s) — maxger) Y(s)| < maxgey, 1) [2(s) — y(s)| vt € R.
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Remark 2.3. We recall that if f(.) € L'([a, b], R) then the solution z(.) € C?([a, b], R) of problem (p(t)z'(t))’
= f(t), t € |a,b] with boundary conditions z(a) = a, z(b) = (3 is given by

b
- / G(t,s)f(s)ds, t€ [a,b],

a S(t,a)S(b,0)—S(t,0)S(b,a o
Lds, 1,0 € [a,0], Q(t) = $94(5~a), G(t, 0) = ZOZODZRAFCNAE) oy v ()

where S(t,0) := f; P
is the characteristic fgunctlon of the set U.
In what follows we assume that p(.) : [a,b] — (0,00) is a continuous function such that |S(t,o)| < mg

Vt,o € [a,b]. Denote my := sups¢(q ) Q)| and My := sup, se(q 4 |G(E, )|

Denote also Q1(t) = S(m o (B1— 1), a1, B1 € R. Obviously, |Q(t) — Q1(t)| < ey (18 — A1l + |a —aa])
vt € [a, b].

3. The main results
In order to obtain our existence result for problem (1.1) we introduce the following hypothesis on F'.

Hypothesis 3.1. i) F : I x R x R x R — P(R) has nonempty closed values and for every z,y,z € R,
F(.,z,y,z) is measurable.
ii) There exists I1,ls,l3 € L*(I,Ry) such that for almost all ¢ € I,

dy (F(t,x1,91, 21), F(t, 22,92, 22)) < li(t)|z1 — w2| + l2(t)|y1 — y2| +13(t)]21 — 22

v T1,%2,Y1,Y2, 21,22 € R.

Theorem 3.2. Assume that Hypothesis 3.1 is satisfied and My (|l1|1 + |l2|1 + |I3]1) < 1. Let y(.) € C(I,R)
with y(a) = a1, y(b) = B1 be such that there exists q(.) € L'(I,Ry) verifying d((p(t)y'(t))’, F(t,y(t),
mMaXseia,t] y(S), maXse/t,b) y(S))) < q(t) a.c. (I)

Then there exists x(.) a solution of problem (1.1) satisfying

| 1 5,
~Yle = 1 — My(|lx]1 + |l2f1 4 1I3]1) |S(b,a

Proof. We set zo(.) = y(.), fo(-) = (p(.)y'(.))".
t

The set-valued map ¢t — F'(¢, 2o(t), maxse[q, T0(5), maxe[ 5 To(s)) is measurable with closed values and

| ’(IB Bl + o = onl) + |glu]- (3.1)

F(t, zo(t), max zo(s), max zo(s)) N {(p p(H)zo(t)" + q)[-1,1]} # 0 a.e. (I).

It follows from Lemma 2.1 that there exists a measurable function fi(.) such that fi(t) € F (¢, zo(t),
MaXe[q T0(5), Maxsep p o(s)) ae. (I) and, for almost all ¢t € I, [fi(t) — (p(t)y'(1))'| < q(t). Define

z1(t) = Q(t) — f; G(t,s)f1(s)ds, t € I and for all t € T one has

mo

|z1(t) — ()|_|S( )|(IB—B1|+Ia—a1\)+M1IQI1-

Thus |21 — ylo < w55 (18 = Bil + la — aa]) + Miqlr.

The set-valued map t — F(t, z0(t), max,eq) To(s), maxsep p) To(s)) is measurable. Moreover, the map
£ L(0)]1(£) — 20(8)] + 1o (6)] max o 21(5) — MaXyeqag 20()| + I (D) maxyeqp 21 (5) — maxepep) 20(s)] s
measurable. By the lipschitzianity of F(t, .,.,.) we have that for almost all t € T

d(f1(t), F(t,z1(t), max z1(s), max x1(s))) < dg(F(t,zo(t), max zo(s), max xo(s)), F(t,x1(t), max x1(s),
s€la,t] s€(t,b] s€(a,t] s€[t,b] s€a,t]
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max r1(5))) < l1(t)]21(t) — 2o(t)| + l2(t )Isrg@f]wo(S) —Srg[w;]wl( s)| +1s(t )\;g[fyg] To(s) ~ ax z1(s)|-

Therefore,
F(t, x1(t), maxsepq,q 21(s), maxsepp) £1(s)) N {f1() + (L (8)]21(t) — 2zo(t)[+
lo(t)| maxeo g 21(s) — maxepo,y zo(s)] + I3(t)| maxgee ) zo(s) — maxsep,p) w1(s))[-1, 1]} # 0.
From Lemma 2.1 we deduce the existence of a measurable function fy(.) such that fo(t) € F(t,x1(t),

MaXe(q, 21(8), Maxgep ) 21(s)) a.e. (I) and for almost all ¢ € T

|f1(t) - fQ(t)| < d(fl(t)7F(ta xl(t)vmaxse[a t] ZL‘1( ) maXscit,b] $1( ))) < dH(F(t?:EO(t)’maXsE[a,t] 1’0(8),
maxXe(r,p) Z0(8)), F'(t, 21(t), maxsepq,q ¥1(8), maxseprp 21(8)) < l1(t)|z1(t) — zo(t)] + l2(t)| maxsefa,q To(s)
—maxXye(q, ¥1(8)| + [3(t)| maxye sy zo(s) — maxee(r ) 21(8)|-

Define zo(t) = f G(t,s)f2(s)ds, t € I and one has

jw1(t) — 2a(t)] < [ [f1(s) — fa(s)lds < My [][11(s) + Ia(s) + Is(s)]|z1 — zolcds
< My(|lfy + k21 + 1] )[|s pay (18 = Bl + o = aa]) + |q|a]-

Assume that for some n > 1 we have constructed (z;(.))?, with z,, satisfying

mo

5(b, a)

|20 — tn-tle < [Mi(llf + izl + [5]0)]" 7 (18 = Bl + e — an) + |gla]-

The set-valued map ¢t — F(t, 2, (t), maxXse[q ) Tn(8), MaXsep p Tn(s)) is measurable. At the same time,

the map t — I1(t)|zn(t) — zn-1(t)] + l2(1) - | maXse(a g Tn(s) — MaXeepa g Tn-1(8)] + l3(¢)| maxyer py zn(s) —
maX,e(p) Tn—1(8)| is measurable. As before, by the lipschitzianity of F(¢,.,.,.) we have that for almost all
tel

F(t, (1), maXse[a ) Tn(s), maXseprp) Tn(s)) 0 {fn(t) + (1 (0)|2n(t) — zn1(t)|+
Lo (t)| maxepo g ¥n(s) — maxseo ) Tn-1(8)] + I3(t)| maxe e y) Tn(s) — maxgepp) Tn-1(s)))[—1, 1]} # 0.

Using again Lemma 2.1 we deduce the existence of a measurable function f,11(.) such that f,1(t) €
F(t,2,(t), maxyelq ) Tn(s), maxsepp) Tn(s)) a.e. (I) and for almost all ¢ € [

|far1(t) = fru(@)] < d(frt1(t), F (¢, 2ng1 (), maXgea,q Tnt1(8), maxeprp) Tnt1(8))) < du(F(t, zn(t),
MaXe[q,q] Tn(8), MaXe[rp) Tn(S)), F(t; Tnt1(t), maxse(q, Tnt1(8), maxXse(r p Tn+1(8)) < l(t)|zns1(t) — zn(t)]
+l2(t)’ MmMaXse(a,t] .’L’n+1( ) MmaXse(a,t] xn( )’ + l3( )| maXseit,b] xn-i-l(s) — IaXse(t,p) xn(s)’

Define

Tpy1(t / G(t,s)fnr1(s)ds, tel (3.2)
and one has

|n(t) — 2n(t)] < [ |fn+1 $) = fu(s)lds < My [[111(5) + la(s) + I3()] |2 — 2n1|ods <
M (|l + \12|1 + 11310 sty \(\5 Bil + o — aal) + lal].

Therefore (xy,(.))n>0 is a Cauchy sequence in the Banach space C(I,R), so it converges to z(.) € C'(I,R).
Since, for almost all ¢t € I, we have

[fr1(t) = fa(O)] < L)z (t) — 2n-1(t)] + l2(t)| maxse () n(t) — maXge[, Tn-1(t)|+
l3(t)| maXse(t,b] xn(t) — IMaXset,p] xn—l(t)| < [ll(t) + l2(t) + l3(t)]|xn - xn—1|Cv
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{f.()} is a Cauchy sequence in the Banach space L!(I, R) and thus it converges to f(.) € L'(I,R).
We note that one may write

| [2G(t, ) fu(s)ds — [P G(t,5) f(s)ds| < My [ |fals) — f(s)|ds <
M f;[ll(s) +12(s) + 13(8)]|zns1 — x|cds < ([l1|1 + |l2]1 + |I3]1) |21 — 2lc.

Therefore, one may pass to the limit in (3.2) and we get z(t) = Q(t) — fab G(t,s)f(s)ds. Moreover, since
the values of F(.,.,.,.) are closed and f,,+1(t) € F(t, zn(t), maX,e[q ) Tn(s), maxXsepp) Tn(s)) ae. (I) passing
to the limit we obtain f(t) € F(t,2(t), max,c[q ) ©(s), maxse ) 2(s)) a.e. (I).

It remains to prove the estimate (3.1). One has

|2 — 2ol < |2 — Tn-1lo + -+ |2 — z1lo + |21 — 2ol < [Mi(Jll + [l + [s[0)]" ™ 55557 (18 — Bil+
la —aa]) + lgh] + - Mi(ll|y + N2y + [s) [y (18 = il + o — ea]) + lqh] + [z5y (18 — Bl + |a—
o) +lgh] < = (\11|1+|12\1+|13\1)[|5 b,a)] (18 = Bl + o = ) + [gl].

Passage to the limit in the last inequality completes the proof. O

Remark 3.3. A similar existence result for problem (1.1) as in Theorem 3.2 may be found in [4], namely
Theorem 3.3. The approach in [4] which uses fixed point techniques, apart from the requirement that the
values of F'(.,.) are compact, does not provides a priori bounds for solutions as in (3.1).
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