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1. Introduction

In 1922, Banach established the most famous fundamental fixed-point theorem (so-called the Banach

contraction principle [1]) which has played an important role in various fields of applied mathematical
analysis. It is known that the Banach contraction principle has been extended in many various directions
by several authors(see [2, 3, 4, 6, 7, 8]). An interesting direction of research is the extension of the Banach
contraction principle of multi-valued maps, known as Nadler’s fixed-point theorem [9], Mizoguchi-Takahashi’s
fixed-point theorem [10], M. Berinde and V. Berinde [3], Cirié¢ [4], Reich [5], Daffer and Kaneko [6], Rhoades
[11], Amini-Harandi [1, 8], Moradi and Khojasteh [12], Du [7] and references therein. Let us recall some
basic notations needed in this paper.
Let (X, d) be a metric space. For each z € X and A C X, let d(z, A) = infyca d(z,y). Denote by N(X)
the class of all nonempty subsets of X, C(X) the family of all nonempty closed subsets of X and CB(X) the
family of all nonempty closed and bounded subsets of X. A function H : CB(X) x CB(X) — [0, 00) defined
by

H(A, B) = maz {sup D(zx,A),sup D(z, B)} ,
z€B z€A
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is said to be the Hausdorff metric on CB(X) induced by d on X, where D(x, A) = inf{d(z,y) : y € A} for
each A € CB(X). A point v in X is a fixed-point of a map 7" if v = Tv (when T': X — X is a single-valued
map) or v € Tv (when T : X — N(X) is a multi-valued map). The set of fixed points of T is denoted by
F(T). Throughout this paper, R and N, denote the set of real and natural numbers, respectively.

Very recently, Du and Khojasteh [13] introduced the notion of manageable function as follows:

Definition 1.1. A function 7 : R x R — R is called manageable if the following conditions hold:
(m) n(t,s) <s—t forallst>0.
(n2) For any bounded sequence {t,} C (0,00) and any nonincreasing sequence {s, } C (0, 00), it holds

t t
lim sup ——~"2 "2 + 1t 5n)

n—oo S?’l

< 1.

—

We denote the set of all manageable functions by Man(R).
In that paper, the authors announced the following result.

Theorem 1.2 (Du and Khojasteh [13], Theorem 10). Let (X,d) be a metric space, T : X — N(X) be a

—

a-admissible multivalued map and n € Man(R). Let
Q= {(a(z,y)d(y, Ty),d(z,y)) € [0,+00) x [0,4+0) : x € X and y € Tx}.

If n(t,s) > 0 for all (t,s) € Q and there exist o € X and x1 € Tz such that o(zo,x1) > 1, then the
following statements hold:

(a) There exists a Cauchy sequence {wy tnen in X such that:

(i) wpt1 € Twy, for alln € N,
(ii) a(wp,wpt1) =1 for alln € N,

(iii) lim d(wp,wp41) = inf d(wy, wp41) = 0.
n—00 neN
(b) in)f( d(xz,Tx) = 0; that is T has the approzimate fized point property on X.
BAS

Definition 1.3. Given a metric space (X,d), we say that a multivalued mapping 7' : X — CB(X) is
continuous if {Tzy} 5 T2 for all sequence {z,} C X such that {z,} 2 zeX.

2. Main Result

In order to extend the results of [13], we present the following statement, including its corresponding
proof (which is very similar to the proof of Theorem 1.2 in [13]).

Let denote by C(X) the family of all nonempty, closed subsets of (X, d) (notice that CB(X) is necessary
for defining the metric H : CB(X) x CB(X) — [0,00)).
Theorem 2.1. Let (X,d) be a metric space, T : X — C(X) be an a-admissible multi-valued map and

o —

n € Man(R). Let

0= { (at) d o). do.n)) € O.0) x (0.00) | £5 e R LRy

If n(t,s) > 0 for all (t,s) € Q and there exist o € X and x1 € Tz such that a(zo,x1) > 1, then the
following statements hold:
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(a) There exists a Cauchy sequence {xp}nen in X such that:

(1) zpt1 € Txy, for alln € N,
(i) a(zp,znt1) > 1 foralln € N,

(iii) Jim (T, Tnt1) 7lzI€1N (T, Tng1) =0
(b) in;f( d(z,Tx) = 0; that is T has the approzimate fized point property on X.
S

Remark 2.2. (1) Notice that, since the set €2 is smaller than in Theorem 1.2, then the contractivity condition
“n > 01in 7 is weaker.

(2) We point out that the set Q could be empty but, in this case, we will prove that {z,z1} contains a
fixed point of T

Proof. First of all, we prove the following two claims:

Claim 1. If there exists x € X such that © € Tx and a(x,x) > 1, then conclusions (a) and (b) hold and
x 18 a fized point of T verifying a(xz,x) > 1. It follows by taking x, = = for all n € N.

Claim 2. If there exist x,y € X such that y € Tx NTy and o(z,y) > 1, then conclusions (a) and (b)
hold and y is a fized point of T wverifying a(y,y) > 1. In this case, consider the sequence {x,}nen in X
defined by 1 = x and x,, = y for all n > 2. As T is a-admissible, a(x,y) > 1 and y € Ty, we obtain
a(y,y) > 1. Then Claim 1 is applicable to y.

Let 29 € X and x1 € Tz be the points (guaranteed by hypothesis) such that a(zg,x1) > 1

o If 1 = xg, then zy € T'zg, and it follows from Claim 1 that conclusions (a) and (b) hold and xg is a
fixed point of T verifying a(zo,zp) > 1.

e If 1 € Tz, then the proof is finished by Claim 2 using x = z¢ and y = z7.

In the previous cases, €2 could be empty (but the proof is finished). Next, assume that z1 # xo and z1 ¢ Tzy.
Since T'xy € C(X), then we deduce that,

d(xzg,z1) >0 and d(xy,Txy) > 0.

Since a(xg,x1) > 1, it follows that,

<a(:c0,a:1)d(x1,Ta:1), d(:co,azl)) € Q, (2.1)
which means that ) is not empty. In this case, let define A : R x R — R by,
t t
+Z(’S'), it (t,5) € Q,

0, otherwise.

At, s) =

By (n1) and the fact that ¢ > 0 and s > 0 for all (¢, s) € €, we know that,

0<A(t,s) <1 forall(t,s) € Q. (2.2)
Since n € Mm) and n(t,s) > 0 for all (¢,s) € Q, we have that,

0<t<sA(t,s) forall(ts)e€Q. (2.3)

By (2.1) and (2.2), we have,
0 < Ma(zg, z1)d(z1, Tz1), d(20, 1)) < 1.
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Take
a(zg, 1)

o (\/A(a(wo,ml)d(xlaTxl)’d(‘m’wl))

— 1) d(l’l, T.’L'l)

Then g1 > 0. Since

d(z1,Tz1) < d(x1,Tz1) + €1

a(xo, 1)

= d(xl,T$1),
VA(a(zo, x1)d(z1, Tx1), d(0, 1))
and d(x1,Tr1) is an infimum, there exists x9 € T'zq such that,
d(xl,xg) < a(a:o,xl) d(ml,Txl).

VA a(zo, 1)d(z1, Txy), d(20, 21))
Since T is a-admissible, a(xg,x1) > 1 and z9 € Tx1, we obtain a(z1,z2) > 1.

o If x5 = z1, then Claim 1 guarantees that conclusions (a) and (b) hold, and z; is a fixed point of T'
verifying a(z1, 1) > 1.

o If x5 € T'xy, then the proof is finished by Claim 2 using © = z; and y = zs.
On the contrary, assume that zo # x; and xo ¢ Txs. Therefore d(x1,x2) > 0 and d(x2,Tz2) > 0. By
taking
a1, z2)

o (\//\(a(xla@)d(:m,Ta:Q),d(ml,:L‘g)) - 1) d(x2, Tw2) > 0,

and taking into account that,

d(xe,Txe) < d(x2,Tx2) + €1
_ a1, z2)
VA1, 22)d(29, Ta), d(21, 22))

d(zq, Tza),

there exists 3 € T'x9 such that,

a(ry, z2)
VA a(a1, x9)d(ze, Ta2), d(z1, 22))

Since T' is a-admissible, a(x1,22) > 1 and x3 € Txy, we obtain a(zge,z3) > 1. The cases x3 = x3 or
r3 € Txg immediately finish the proof by using Claims 1 or 2. On the contrary, we continue assuming that
d(z9,x3) > 0 and d(zs, Tx3) > 0.

By repeating the previous process again and again, we construct recursively a sequence {x,} such that
Tpy1 € Txy and a(x,—1,2,) > 1. It is possible that we can find nyg € N such that z,,41 = =y, or
Tno+1 € T'xpy41. In these cases, Claims 1 and 2 finish the proof and we conclude that 7' has a fixed point.
On the contrary case, if this process never ends, we can consider a sequence {zy }nen in X satisfying:

d(:t?g,l‘g) < d(CL‘27T332).

Tp € Txp_1, d(xp—1,24) >0, d(xn,Tr,) >0, a(xy_1,2,)>1 and

a(xn—ly xn)

\/)\(a(xn,l, ) d(zp, Txy), d(Tp—1,Ty))

d(zpn, Tpi1) < d(xy, Txy,). (2.4)

for each n € N.
It follows that,

(a(xn,l, xn) d(zy, Ty, d(xn,l,xn)) €Q forallmnéeN.
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By (2.3), we have,
a(Tp—1,Tpn) d(Tn, Tay) < d(Xp—1,Tn) Ma(Tp—1,Tn) d(xn, Txy), d(xn—1,2,)) for each n € N. (2.5)
Hence, for each n € N, by combining (2.4) and (2.5), we get,
(T, Tpi1) < VM @n1, ) AT, T ), d(Tn_1,20)) d(@n_1,2n) (2.6)

which means that the sequence {d(x,—1,zy) tnen is strictly decreasing in (0, 00). So,

v = nl;rgo d(xp, Tpt1) = TILIElI% d(xn, Tpt1) > 0 exists.

By (2.5), we have,
a(Tp—1, ) d(zn, Txy) < d(xp_1,2,) forallneN,
which means that {a(x,—1, %) d(zn, TTy) fnen is @ bounded sequence. By (12), we have that,
limsup A (zp—1,%n) d(xn, Txy), d(Tn—1, 7)) < 1. (2.7)
n—oo

Now, we claim v = 0. To prove it, suppose that v > 0. Then, by (2.7) and taking limit superior in (2.6),
we get,

v < \/ lim sup M@ (zp—1, Tn)d(Tn, Txn), d(Tp—1,2n)) ¥ < 7,

n—oo

which is a contradiction. Hence we deduce that,

lim d(zy, Tpt1) = ing d(xp, Tnt1) = 0. (2.8)
ne

n—o0

To complete the proof of (a), it is sufficient to show that {z,},en is a Cauchy sequence in X. For each
n € N, let

Pn = \//\(a(xn—la xn) d(xn) T{L‘n), d(xn—lv xn))
Then p, € (0,1) for all n € N. By (2.6), we obtain,

d(zp, Tnt1) < ppd(xp—1,2,) for all m € N. (2.9)
From (2.7), we have limsup p,, < 1, so there exists ¢ € [0,1) and ng € N, such that,

n—oo

pn < ¢ for all n € N with n > nyg. (2.10)

For any n > ng, since p, € (0,1) for all n € N and ¢ € [0,1), taking into account (2.9) and (2.10) conclude
that,
A(@n, Tnt1) < pnd(Tn—1,Tn) < ... < PpPn—1Pn—2 " - - * Pno d(x0, 1) < c"iTLOHd(aco, x1).

n—n0+1
C——d

—c—d(z0,71), n € N. For m,n € N with m > n > ng, we have from the last inequality that

Put a,, =

m—1
d(Tpn, Tm) E d(zj,zj41) < 0.

j=n
Since ¢ € [0,1), lim «, = 0 and therefore,
n—o0
limsup {d(xn,zmy):m>n}=0.
n—o0

As a consequence, {x,} is a Cauchy sequence in X. Let w, = x,_; for all n € N. Then {wy, }nen is the
desired Cauchy sequence in (a).
To see (b), since x,, € Tx,,—1 for each n € N, we have,

in)f( d(z,Tz) < d(xp, Try) < d(xp,Tp41) for all n € N. (2.11)
Te

Combining (2.8) and (2.11) yields,
in)f( d(xz,Tz) =0.
e

This completes the proof. O
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2.1. Ezistence of fized points under right-continuity

Definition 2.3. Let (X, d) be a metric space, let a : X x X — R be a function and let 7' : X — CB(X)
be a multivalued mapping. We say that T" is a-right-continuous if {Tx,,} 2, T2 for all sequence {z,} C X
such that {z,} %, 2 € X and Ty, Tpt1) > 1 for all n € N,

Obviously, every continuous multi-valued mapping is a-right-continuous when a = 1. In the following
result, we use that,

d(a,B) < H(A,B) forall A,B e CB(X)and all a € A.

Theorem 2.4. Under the hypothesis of Theorem 2.1, additionally assume that (X,d) is complete and
T: X — CB(X) is a-right-continuous. Then the sequence {x,} converges to a fized point of T

Proof. Since {z,} is a Cauchy sequence in the complete metric space (X, d), there exists w € X such that

{zn} — w. As T is a-right-continuous, we deduce that {Tx,} M, Tw. In particular, as d(xn, Tw) <
H(Txpi1, Tw) for all n € N, we conclude that w € Tw = Tw, so w is a fixed point of T O

2.2. A weaker appropriate condition

Definition 2.5. Let (X, d) be a metric space, let {z,,} C X be a sequence, let o : X x X — R be a function
and let T': X — N(X) be a multivalued mapping. We will say that {x,} is an Picard sequence of (T, «) if
for all n € N,

Tny1 € Ty, Tp # Tpp1 and  a(zp, Tper) > 1.

Let consider the following property.

(A) For all € > 0, all m € N and all convergent Picard sequence {z, }nen of (T, ), there exists k € N such
that £ > m and d(x, Tw) < € (where w = lim,,_,o0 T, € X).

In the following result, we do not assume that the range of 7" is included in CB(X) but in C(X).

Theorem 2.6. Under the hypothesis of Theorem 2.1, additionally assume that (X,d) is complete and
property (A) is satisfied. Then the sequence {x,} converges to a fized point of T.

Proof. Since {x,} is a Cauchy sequence in the complete space (X, d), there exists w € X such that {z,} — w.
By Theorem 2.1, {x,} is a Picard sequence of (T, «v). By property (A) using {ex = 1/k > O}en, there exists
a subsequence {,,)}ren of {z,} such that {d(x,y), Tw)} — 0. As {z,} converges to w, then {z, ) }ren
also converges to w, so w € Tw = Tw and w is a fixed point of T O

Next, we show that Theorem 2.6 improves Theorem 2.4. Notice that the range of T must be included
in CB(X) is order to use the Hausdorff metric H.

Lemma 2.7. Let (X,d) be a metric, let « : X x X — R be a function and let T : X — CB(X) be a
multivalued mapping. If T is a-right-continuous, then property (A) is satisfied.

Proof. Let {z,,} be an arbitrary Picard sequence of (T, «) such that {x,} — w € X. Since a(xy, p41) > 1

for all n € N, the a-right-continuity of 7' implies that {Tz,} LN P particular, d(z,41,Tw) <
H (Tx,, Tw) for all n € N. As a consequence, {d(zp+1,Tw)} — 0. Therefore, for all ¢ > 0 and all m € N,
there exists k € N such that k > m and d(x,Tw) < €. Hence, property (A) is satisfied. O
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2.8. FEzistence of fized points under regularity

Definition 2.8. Let (X, d) be a metric space and let a : X x X — R be a function. We will say that (X, d)
is a-regular if it satisfies the following property:

(R) If {zn}nen is a sequence in X such that {z,} — w € X and a(zp,2p41) > 1 for all n € N, then
a(zp,w) > 1 for all n € N.

In the following result, we guarantee that T has a fixed point.

Theorem 2.9. Let (X,d) be a complete metric space, let a: X x X — R be a function, let T : X — C(X)
be an a-admissible multivalued map and let n € Man(R) be a manageable function. If n(t,s) > 0 for all

(t, s) e{ (a(@9) dly, Ty), d(,v)) € (0,00) x (0,00) | ;. T;Z;Eo)ih o éyy) - } (2.12)

(X,d) is a-reqular and there exist xog € X and x1 € Txg such that a(xg,x1) > 1, then T has at least a fized
point (in fact, the sequence guaranteed by Theorem 2.1 converges to a fixed point of T).

Proof. Let Q' be the subset of (0,00) x (0,00) given by (2.12). Notice that Q@ C €', where € is given in
Theorem 2.1. Therefore, the condition “n(t,s) > 0 for all (¢,s) € Q7 implies that “n(¢,s) > 0 for all
(t,s) € Q7. Hence, Theorem 2.1 is applicable, and its proof can be repeated here point by point.

Notice that, if we can apply Claim 1 or Claim 2, the considered sequence {zy}n>2 is constant and its
limit is a fixed point of 1. In this case, the proof is finished. Suppose that the process to consider the
sequence {z,} is not finite. In such a case, we have proved that € is not empty (so €’ is not empty) and
the sequence {z,} satisfies, for all n € N,

Tp € Txp_1, d(xp—1,24) >0, d(xn,Try) >0, a(xy_1,2,)>1 and
Oé(:L‘nfl,l‘n)

)< \/)\(a(mn_l, Zp)d(xn, Txy), d(Tn—1,%n))

where ) is now defined replacing Q by €.
Since {z,} is a Cauchy sequence in the complete space (X, d), there exists w € X such that {z,} — w.
As (X, d) is a-regular, we deduce that,

d(ﬂfn, Tn+1 d(ﬂfn,TJ?n),

a(ry,w) >1 forall n € N.

Consider the set S = {n € N: z,, = w}. We distinguish two cases.

Case 1. S is not finite. In this case, x,_1 € Tz, = Tw for all n € S, that is {z,,} cointains a subsequence
{Tpn k) tren such that x4y € Tw for all k € N. As {z,} converges to w, then {z,)}ren also converges to
w, 50 w € Tw = Tw and w is a fixed point of T.

Case 2. S is finite. In this case, there exists ng € N such that z, # w for all n > ng. We are also going
to show that w € Tw reasoning by contradiction. Assume that w ¢ Tw, that is, d(w,Tw) > 0. In this case,

(a(xn,w) d(w, Tw), d(mn,w)> € Q' for all n > ng.
In particular, for all n > ng,
dw,Tw) < a(zp,w)d(w,Tw) < d(zy, w) AMa(zy,w) dw, Tw), d(z,,w)) < d(z,,w).

Letting n — oo, we deduce that d(w,Tw) = 0, which contradicts the fact that d(w,Tw) > 0. As a
consequence, necessarily w € Tw. O
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