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Abstract

A class of generalized nonexpansive mappings in Banach spaces is considered and a new monotone hybrid
algorithm is presented for finding a common element of the zero point set of a maximal monotone operator
and the fixed point set of a generalized nonexpansive mapping. Under certain conditions on the associated
parameters, a strong convergence result is established. Moreover, the obtained result is applied to prove
a strong convergence theorem for finding a common element of the zero point set of a maximal monotone
operator and the fixed point set of a generalized nonexpansive mapping in a Hilbert space.
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1. Introduction

Let E be Banach space and its dual will be denoted by E*. Let A C E x E* be a monotone mapping. If
0 € Ax, then x is called a zero of A. A fundamental problem in nonlinear analysis and optimization problem
is finding such a point. For instance, let 1 : E — R U {oc} be a proper lower semicontinuous (Isc) and
convex function. The subdifferential of ¢, 9y C E x E*, is defined at € E by

op(x) :=={z* € E" :py —vpx > (y —x,2"), Vy € E}.

The monotonicity nature of 9 is well known and that 0 € 9i(x) if and only if 2* is a minimizer of .
Stipulating 0v := A, it implies that in this case, finding a solution of the inclusion 0 € Ax corresponds
to finding a minimizer of 1. Moreover, any maximal monotone mapping A C R x R is known to be a
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subdifferential of a proper, convex, and lsc function (See, e.g., [8] Corollary 4.5, p. 170). A prominent
method for solving such fundamental problem in general, is known as Proximal Point Algorithm (PPA). Let
Jy, denote the resolvent of A, for z; € E, PPA is given by

Tpt1 = Jr,Tn, 1 €N,

where {r,} C {0,00}. PPA has been studied widely in the literature, both in a Hilbert space (See, e.g.,
[12, 23, 24]) and Banach spaces (See, e.g., [13, 20, 26]). Typically, most paramount nonlinear problems of
mathematics often reduce to finding the fixed points of a certain operator with contractive type conditions.
Consequently, how to find the fixed points of such mappings are of great interest to many mathematicians.
Therefore, various modifications of Mann iteration (see e.g., [17]) and Ishikawa iteration (see e.g., [11]) have
been introduced for the study of nonlinear equations of nonexpansive type (see e.g., [9, 19, 6, 1, 2, 3]).

The hybrid iteration method with generalized projection was introduced for finding the fixed point of
relatively nonexpansive mapping 71" in a uniformly convex and uniformly smooth Banach space F, where T'
is a self mapping of K, while K is a nonempty closed convex subset of E (See e.g., [18]). For z; =z € K
and n € N, the iteration is given by

Up = I A Jzy + (1= Ny)JT2y,)

K,={ue€e K, 1NQn-1:puu,) <oluz,)}
Qn={ue K, 1NQn_1:{(xy—u,Jr— Jx,) >0}
Tpt1 = lk,nQ,,

where J is the duality mapping on F and {)\,} C [0,1]. Under the condition that limsup A, < 1, the

n—oo
sequence of iteration converges strongly to a fixed point of 7.

An important generalization of the class of relatively nonexpansive mappings is the class of hemi-
relatively nonexpansive mappings. The above hybrid method iteration method is applicable to relatively
nonexpansive mapping, but it is not suitable for hemi-relatively nonexpansive mapping (See e.g., [14]). A
modification of hybrid iteration method, which is known as monotone hybrid method was introduced for
finding a fixed point of a closed hemi-relatively nonexpansive mapping in a uniformly convex and uniformly
smooth Banach space E (See, e.g., [27]). It is defined as follow: 1 = x € K chosen arbitrarily, then

rn=z€ K,Ky=Q) =K,

up, = J P A\pJan + (1= \p)JTzy),

Ky, ={uec K, 1NQn-1:0(u,uy) <olu,r,)}

Qn={ue K, 1NQn_1:{(xy—u,Jr— Jx,) >0}
(Znt1 = Uk, ng,z,n € N.

Given limsup A, < 1, the sequence of iteration converges strongly to a fixed point of T
n—0o0
For finding a common element of the zero point set of a maximal monotone operator and the fixed point

set of a relatively nonexpansive mapping in a Banach space, the following iteration, which is being referred
to as hybrid method was considered.

Let K be a nonempty closed convex subset of a uniformly convex and uniformly smooth Banach space
E. Let A C E x E* be a monotone operator satisfying D(A) C K and for all r > 0, let J, = (J +rA) "' J.
Let T be a relatively nonexpansive mapping of K to itself such that F(7) N A~'0 # (). For x; = x € K and
n € N, the sequence {z,} is defined by

up = J N A\pJan + (1= \)JT T, ),
Kn={u€ Ky 1NQn1:0(u,un) <o(u,v,)}
Qn={ue K, 1NQn_1:{(xy—u,Jr— Jx,) >0}

Tp+1 = HKnﬁan7
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where J is the duality mapping on E and {\,} C [0, 1] and {r,} is a sequence in [a, c0) for some a > 0. Given
that liminf (1 — \,) > 0, the strong convergence of the sequence of iteration to II F(T)nA-12 Was established,
n—o0

where IIpyna-1 is the generalized projection from K onto F(T') N A710 (See e.g., [14]).

Finding a common element of the zero point set of a maximal monotone operator and the fixed point
set of a hemi-relatively nonexpansive mapping in a Banach space by using the hybrid method has also been
considered. It is an extention of the above result and a strong convergence result was obtained (See e.g.,
[14]).

Motivated by the previous results in this direction, this paper will consider the class of generalized
nonexpansive mappings in Banach spaces (See, e.g., [4, 19, 25, 21, 5]). The goal is to find a common element
of the zero point set of a maximal monotone operator and the fixed point set of a generalized nonexpansive
mapping in a Banach space. A new monotone hybrid algorithm is presented and the conditions which
guarantee the strong convergence of the generated sequence are established.

2. Preliminaries

Throughout this paper, the sets of all positive integers and real numbers will be denoted respectively
by N and R. Suppose E* is the dual of a real Banach space E. The strong convergence of a given sequence
{z,} of F to a given point p € E will be denoted by z,, — x. Let D(F) be the unit sphere centered at the
origin of E. Then, F is said to be smooth if the limit

Ll 6yl — il

60— 00 0

exists for all x,y € D(FE). The space E is said to be uniformly smooth if the limit exists uniformly in
z,y € D(E). The space E is strictly convex if || 52| < 1 whenever z,y € D(E) and x # y. It is said to be
uniformly convex if for each € € (0,2], there exists § > 0 such that ||Zf¥|| < 1—§ whenever z,y € D(E) and
lz =yl = e

Definition 2.1. The normalized duality mapping J from E to 2F" is defined by
Jo=A{a" e B : (z,2%) = |lz|[|«"|, |2"]| = ||z} V= € E.

J is known to be uniformly norm-to-norm continuous on bounded sets of E if E is uniformly smooth. Let
FE be a smooth Banach space. The function ¢ : £ x E — R is defined by

olz,y) = ||z — 2 (=, Jy) + |ly|*,

for all x,y € E. Observe that in a framework of Hilbert space, ¢(x,y) = ||z — yH2 > 0. For all z,y,z € F,
the following are well known

() (lzll = lyl)? < e(z,y) < (2] + lyl)?,
(i) ¢(z,y) = p(z,2) + @(2,y) + 2(x — 2, Jz = Jy),
(iit) @(z,y) = (z,Jo = Jy) + (x —y, Jy) < ||lz|[|Jz = Jy|| + ||z — yllly].

Definition 2.2. Nonexpansive mappings: Let K be a closed subset of a Banach space E. A self-mapping
T of K is called nonexpansive if
[Te = Ty[| < [lz =yl V 2,y € K.

A self-mapping T': K — K is hemi-relatively nonexpansive if F(T) # () and

o(p,Tx) < p(p,z) for all x € K and p € F(T),
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where F(T) ={x € K : x =Tx}. A point p € K is said to be an asymptotic fixed point of T if K contains
a sequence {x,} which converges weakly to p and lim |z, — Tz,|| = 0. Denote the set of all asymptotic
n—o0

fixed points of T by F(T). If F(T) = F(T) # 0, then a hemi-relative nonexpansive mapping T : K — K is
said to be relatively nonexpansive. Interested readers on asymptotic behavior of a relatively nonexpansive
mapping are referred to [7]. A mapping T : K — E is called generalized nonexpansive whenever F(T') # ()
and

o(p,Tx) < p(p,z) for all x € K and p € F(T).

Definition 2.3. Monotone mappings: Let A C E x E* with domain D(A) = {z € E: Az # (0} and
range R(A) = U{Ax : x € D(A)} be a multi-valued mapping. A~10 will denote the set of all points x € E
such that 0 € Az. A is said to be monotone provided that (x —y,z* —y*) > 0, (z,2%), (y,y*) € A. A is
said to be strictly monotone if (z — y,2* — y*) > 0, (x,2*), (y,y*) € T(x = y). A is said to be maximal if its
graph G(T') = {(z,z*) : * € Az} is not properly contained in the graph of any other monotone mapping.
If A is maximal monotone, then the solution set A710 is closed and convex. It is well known that if E is a
strictly convex, smooth, and reflexive Banach space, then a multi-valued monotone mapping A is maximal
if and only if R(J +rA) = E* for all r > 0, where R(J + rA) is the range of J + rA (For more details, see,

e.g., [22]).

Definition 2.4. Resolvent: Let E be a strictly convex, smooth, and reflexive Banach space and A C Ex E*
a maximal monotone mapping. Given r > 0 and = € E, then there exists a unique z, € D(A) such that
Jx € Jx, + rAz,. Thus one can define a single-valued mapping J,. : E — D(A), which is being called the
resolvent of A by

Jyx={z€ D(A) : Jx € Jz+rAz}.

J.x consists of one point and for all r > 0, A=10 = F(J,.), where F(J,) is the set of fixed points of J,.. Also,
for all » > 0 and x € F, the Yosida approximation A, : C — E* is defined by

1
Az = (] = T J;)z.

For all » > 0 and = € E, the following hold (See e.g, [16, 10])
(i) @(p, Jrx) + @(Jrz, 2) < @(p, x) for all p € A710.
(i) (Jrz,Ayz) € A.

Definition 2.5. Metric projection: Let K be a nonempty closed convex subset of a Hilbert space H. A
mapping Px : H — K of H onto K satisfying

-p — mi _
lv = Preal] = min = = yll,

is called the metric projection. This set is known to be singleton. The metric projection has the important
property that; for x € H and zg € K,x¢9 = Pk if and only if

(x —x0,m0—y) >0V yeK.

Definition 2.6. Generalized projection: Let K be nonempty subset of a Banach space E. A mapping
Il : E — K of F onto K satisfying

II = mi
90( vax) Zréllr(ltp(y,x),

is called the generalized projection and it known to be singleton.
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Definition 2.7. Retraction: Let K be nonempty subset of a Banach space E. A mapping R: F — K is
called sunny if

R(Rx + a(x — Rzx)) = Rz,

forall x € FF and all « > 0. If Rz = z for all x € K, it is also called a retraction. A retraction which is
also sunny and nonexpansive is called a sunny nonexpansive retraction. If E is a smooth Banach space,
the sunny nonexpansive retraction of E onto K is denoted by Rp. K is said to be a sunny generalized
nonexpansive retract of E/ provided that there exists a sunny generalized nonexpansive retraction R from E
onto K.

Reference will be made to the following results on sunny generalized nonexpansive retraction (See e.g,
[10, 15]).

Lemma 2.8. Let K be a nonempty closed subset of a smooth and strictly convexr Banach space E. Let Ry
be a retraction of ¥ onto K. Then Ry is sunny and generalized nonexpansive if and only if

(x — Rgx,JRgx — Jy) >0
for each x € E and y € K.

Lemma 2.9. Let K be a nonempty closed subset of a smooth and strictly convex Banach space E such that
there exists a sunny generalized nonexpansive retraction R from E onto K and let (x,z) € E x K. Then the

following hold:
(i) z = Rz if and only if (x — z, Jy — Jz) <0 for all y € K;
(i) ¢z, Ry) + ¢(Rxy,y) < (. y).

Lemma 2.10. Let E be a smooth, strictly conver and reflexive Banach space and let K be a nonempty
closed subset of E. Then the following are equivalent:

(i) K is a sunny generalized nonexpansive retract of F;
(i) K is a generalized nonexpansive retract of
(i1i) JK is closed and convex.
The following well known results will also be needed.

Lemma 2.11. Let E be a uniformly convex and smooth Banach space and let {u,} and {v,} be two sequences
in E such that either {u,} or {v,} is bounded. If lim ¢(u,,v,) =0, then lim ||u, —vy,| =0 (See [13]).
n— oo n— o0

Lemma 2.12. Let E be a uniformly convex and smooth Banach space and let v > 0. Then there exists a
strictly increasing, continuous and convex function g : [0,2r] — [0,00) such that g(0) =0 and

gz —yl) < olx,y)

for all z,y € B-(0), where B, (0) ={z € E : ||z|| <r} (See e.g, [13]).

3. Main Results

Lemma 3.1. Let E be a strictly convex, smooth, and reflexive Banach space and let A C E x E* be a
mazximal monotone mapping with A=10 # (. For each r > 0, let J, : E — E be the resolvent of A. Then J,
18 a generalized nonexpansive mapping.
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Proof. Let z € E,y € F(J,) and r > 0. Since A is maximal monotone, recall that A~'0 = F(.J,). Apply
Definition 2.4(i) to have

o(y, Jrx) + o(Jpx, ) < p(y,z) for all y € A710.
By Definition 2.1(i), ¢(J,x,z) > 0. Consequently
ey, Jrz) < oy, x).
]

Lemma 3.2. Let K be a nonempty closed subset of a smooth and strictly convexr Banach space E. Let Ry
be a sunny generalized nonexpansive retraction from E onto K. Then for all x,y € F,

o(z, Rry) < o(z,y).

Proof. By Lemma 2.9 (ii),

oz, Rxy) + (Rxy,y) < e(x,y) Va,ye L.

By Definition 2.1(i), p(Rxy,y) > 0. Wherefore,

o(x, Rxy) < o(z,y).
O

Theorem 3.3. Let K be a nonempty closed convex subset of a uniformly convexr and uniformly smooth
Banach space E. Let A C E x E* be a maximal monotone mapping and for all > 0, the resolvent
Jr : E — FE is associated to A. Let Ry : E — K be a sunny and generalized nonexpansive retraction from
E onto K and T : K — E be a closed generalized nonexpansive mapping such that F(T) N A~10 # 0. For
each n € N, the sequence {x,} is generated as by

rn=z€ K, Kg=0Qy=K,

u, = J 7V A J oy + (1= M) JT Rye (Jr, )

v = I (BpJun + (1 = Bn) JTRE (Jr, n))
Ky,={ue K, 1NQn-1:puv,) <oux,)}
Qn={ue K, 1NQn_1:{(xy—u,Jr— Ja,) >0}

Tn+1 = RK,nQ, T,

where J is the duality mapping on E, {\,} and {B,} are sequences in [0,1] such that liminf(1 — X,) > 0
n—o0
and lim B, = 1, while {r,} is a sequence in [a,o0) for some a > 0. Then the sequence {x,} converges
n—o0

strongly to Rp(ryna-10%, where Rpryna-19 is the sunny nonexpansive retraction from K onto F(T) NA—10.

Proof. Step 1: We show that JK, and J@Q, are closed and convex for all n € N. It is obvious from the
definition of K, and @, that JK, is closed and J@, is closed and convex for each n € N. The task is to
show that JK,, is convex.
Observe that
P(u,vp) < o(u, zn)

implies that for all u € JK,,
nll* = [lval® = 2 (u, Jz, — Jva) >0,

which is affine in u, and thus JK,, is convex. Consequently by Lemma 2.10, K,, N Q,, is a closed and convex
subset of F for all n € N.
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Step 2: We show that F(T) N A~10 ¢ K, N Q,. Let p € F(T) N A~'0 and put z, = Ry (J,,x,). By
the generalized nonexpansive property of 1" and J,,,, we have

epun) = ¢(p, T And x4+ (1= X)) JTz))
Ipl1> = 2 (p, AnJzn + (1 = M) JT2) + [[An Tz + (1= X)) J T2 |2

< Hp||2 =22 (P J2p) — 2(1 = Ap) (p, JT'20) + AonnH2 +(1- An)||TZnH2

= M@ (P, xn) + (1= An)g (p, T2n)

< e (pyen) + (1= An)e (s 20) (3.1)
= A (p:2n) + (1= M) (p, Bi (Jr,20))

< A (P xn) + (1= A)e (py Jr,Tn)

< e (pyan) + (1= An)e (P 0)

= ¢(p.zn)

Therefore,

@ (p,Un) = @ (p7 Jil (5711]7}71 + (1 - ﬂn)JTZn))
[Pl = 2(p, Badvn + (1 = Bu)JTzn) + ||BnJvn + (1 = Bn) J T2 |2

< HPHQ — 2B (p, Jun) — 2(1 = Bn) (p, JT2y) + /Bn”UNHZ + (1 — /Bn)HTanQ
= Bap (P:vn) + (1= Bu)e (p, T2n)

< B (pvn) + (1= Bu)e (ps 2n)

= Bup (p,vn) + (1 = Bn)e (0, Ri (Jr,2n))

< B (pyvn) + (1 = Bn)e (p, Jr, Tn)

< Bup (p,vn) + (1= Bp)e (P 2n)

< Bup (pyzn) + (1= Bu)e (p, zn)

|
©
s

8

S
— R

So p € K, for all n € N, which indicates that F(T)NA~10 C K,,. Next is to show that F(T)NA~10 C Q, for
all n € N. Recall that by the strictly convexity property of F since F is uniformly convex, J is one-to-one.
Therefore, for each n € N, J (K, NQ,) = JK,NJQ, is closed convex. By Lemma 2.10, K,, N Q,, is a sunny
generalized nonexpansive retract of E. To apply induction to show that F(T)N A~'0 C @, for all n € N,
observe that for n = 1, by definition, F(T)NA~'0 C K = KqNQq. Assume that F(T)NA7'0 C Kp_1NQk_1
for some k£ € N. Since =, = Rk, ,nQ,_,, applying Lemma 2.8 gives

(x =z, Jo — Ju) > 0,
for all u € K,,_1 N Qp_1. Given that F(T) N A~'0 C K;_1 N Qp_1, then
(x — xp, Jay, — Ju) >0, Y ue F(T)NA0. (3.2)

The definition of Q,, and the inequality (3.2) implies that F(T)NA~10 C Qi and consequently F(T)NA~'0
Qp for all n € N. Therefore, for all n € N, F(T)N A710 C K, N Q,, and this justifies that {z,} is well
defined.

Step 3: Next is to show that x, = Rp(1)na-102 as n — 00. The definition of @, implies that z,, = Rq, .
Apply Lemma 2.9(ii) to obtain

gp(ﬂ:,xn) = QD(,I,RQn$) < gp(m,u) - @(Ran’u) < QD(,I,U),

for all F(T)N A~10 C Q,, that is, {p(z,x,)} is bounded. Furthermore, by definition of ¢, it is known that
{zn},{un} and {z,} are bounded. Therefore, lim ¢(x,z,) exists. For any positive integer k and for each
n— o0
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n € N, it can be obtained from z,, = Rg,x that

© (Tn, Tnvk) = ¢ (RQ, T, Tnik)
< (@, 2n4n) — ¢ (2, R, )
< o (@ Tntk) — e (T,20),
consequently,
lim o(zp, Tpyr) = O. (3.3)
n—oo

On the grounds that {z,} is bounded, there exists r > 0 such that {z,,} Br(0). By Lemma 2.12, there
exists a strictly increasing, convex and continuous function g : [0,2r] — [0, 00) such that for m,n € N with
m > n,

g (|zm — znll) < @ (Tm, Tn) < @ (Tm, 0) — @ (Tn, To) -

It can be deduced from the property of g that {x,} is a Cauchy sequence. Thus there exists v € K so that
z, — v. By considering x,+1 = Rk,ng,2 € K, and by the definition of K,

o (Tpt1,2n) — @ (Tnt1,vn) > 0, YR eN. (3.4)

By (3.3) and (3.4), it can be concluded that lim ¢(z,41,2,) = lim ¢ (2,41,v,) = 0. In light of uniform
n—o0 n—o0

convexity and smoothness of E, apply Lemma 2.11 to get

lim ||z,41 — 2] = lIm ||2p41 — ] =0,
n—oo n—oo
thus
lim ||z, —v,] = 0.
n—oo

The norm-to-norm uniform continuity of J on bounded sets leads to
lim ||Jzp41 — Jozn| = lm |[Jzper — Jon|| = || Jzn — Ju,|| = 0. (3.5)
On account of the fact that {u,} and {T'z,} are bounded and 3,, — 1 as n — oo, it can be deduced that
| Jun, — Jop|| = (1 = Bp)||Jun — JTz,|| — 0,
thus

lJzpi1 — Jup|| < ||[Jxpns1 — Jonl| + || Jvn — Juy| — 0 as n — oo, (3.6)

and by the norm-to-norm uniform continuity of J~! on bounded sets,
li — =0.
nl_{gOHanrl up |l =0

Moreover,

|Jznt1 — Jun|| = ||[Jxns1 — Andzn — (1= X)) JJ Tz |
(1= An) (Japt1 = JTzn) — An (Jan — Jznia) ||
(I = M) [Jxns1 — Tzl — M|l T2 — Jzpg1 ||

Y

It follows that

[Jan+1 = JTzn| < Iz = Jun| + AnllJ2n = J2pia|) -

1
(1 - )‘n)
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By (3.5) and (3.6) with liminf(1 — A,) > 0, it is obtained that

n— o0

lim || Jzpi1 — JTz,|| = 0.
n— o0

Recall that J~! is norm-to-norm uniformly continuous on bounded sets. Therefore

nh_)ngo |xnt1 — Tzyn| = 0.
Note that
|z — Tznll < |zn — gl + [ 2ar1 — Tzl

leads to

lim ||z, —Tz,| =0.

n—0o0
Observe that by (3.1),

1

¢ (p,2n) > =] (¢ (P un) = Anp (p, 7)) -

Recall that z, =: Rk (J,,=y), by Lemma 2.9 (ii),

(P(an%'n) = (P(RK (Jrnxn) 7wn) < (P(paxn) - (P(pa RK (Jrnxn))
= @ (P xn) — (s 2n)
1
< - _
< ¢(p ) = (¢ (P un) — Anp (D, 2n))
1
= m (¢ (psn) — ¢ (Psun))
1 2 2
A= (lzall® = llunll? = 2(p, Jzn — Jun))
1 2 2
< A=) (Nl = Nlunll® + 2 {p, Jon — Jun) |)
1
< =) (Nzall = lunlll (l2all + lunll) + 21l Tzn — Jun)
1
< = (lzn = unll (#nll + [lunll) + 2[pI|J2n = Jual]) -
Since le |zr, — un|| = 0 and by (3.6), observe that le ¢ (zn, xn) = 0. Wherefore by Lemma 2.11,
T}Lnéo\|zn—xn\| = 0. (3.7)
Bearing in mind that x,, — v and 1Lm |z — n|| = 0, thence z, — v. Given that T is closed and z, — v,

then v is a fixed point of 7. Next is to show that v € A~10. Using (3.7) and by the norm-to-norm uniform
continuity of J on bounded sets, it is obtained that

lim || Jx, — Jz,|| = 0.
n—o0
For r,, > a, obtain that
1
lim —||Jz, — Jz,| =0,
n—o0 Tn
wherefore 1
lim ||A,, x| = ilm —|Jz, — Jz,| = 0.
—00 n—0o0 /r'n

For (s,s*) € A, the monotonicity of A gives that

(s — zn,s" — Ay, xpn) >0 for all n € N.
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Letting n — oo leads to
(s —v,s") >0.
The maximality of A ascertains that v € A~10. Next is to show that v = Rpryna-10z. Applying Lemma
2.9 gives
¢ (v, Rpryna-10t) + ¢ (Rpemna-107,2) < ¢ (v,2) .
On account of 41 = Rk,ng,x and v € F(T') N A710 Cc K, N Q,, apply Lemma 2.9 to obtain

¢ (Rpryna-10%, Tni1) + ¢ (Tny1,7) < @ (Rperyna-10t, z) -
Then it can be deduced by the definition of ¢ that ¢ (v,x) < ¢ (RF(T)OAAOQU, x) and ¢ (v,x) > ¢ (RF(T)QA—IOx, x) ,
thereby ¢ (v,2) = ¢ (RF(T)Q A-10, x) . Thus, considering that Rp(7)n4-10% is unique, the conclusion is that
UV = RF(T)OA*IO'T' O
The following result can be deduced from Theorem 3.3, which is the main result of this paper.

Corollary 3.4. Let K be a nonempty closed convex subset of a uniformly conver and uniformly smooth
Banach space E. Let A C ExE* be a mazximal monotone mapping and for all r > 0, the resolvent J, : E — E
is associated to A. Let Ry : E — K be a sunny and generalized nonexpansive retraction from E onto K and
T :K — E be a closed generalized nonexpansive mapping such that F(T) N A~10 # 0. For each n € N, the
sequence {xy} is generated as by

(21 =z € K, Ko=Qo =K,

tn = J7 AnJ g + (1= A JT R (Jr, ).

Ky ={u€ Ky 1NQn-1:p(u,vn) < p(u,zn)}
Qn={uve K, 1NQn_1: (xy —u,Jr —Jx,) >0}

Tn+1 = RK,nQ, T,

where J is the duality mapping on E, {\,} is a sequence in [0,1] such that liminf(1 — \,) > 0 and {r,}
n—o0

is a sequence in [a,00) for some a > 0. Then the sequence {x,} converges strongly to Rp(r)na-10z, where
Rp(myna-10 18 the sunny nonexpansive retraction from K onto F(T) N Ao,

Proof. By letting 8, =1 for all n € N in Theorem 3.3, the desired result is obtained. O

In the framework of Hilbert spaces, the main result of this paper is given as below.

Corollary 3.5. Let K be a nonempty closed convex subset of a Hilbert space H. Let A C H x H be a maximal
monotone mapping and for all r > 0, the resolvent J,. : H — H is associated to A. Let Px : H — K be a
metric projection from H onto K and T : K — H be a closed generalized nonexpansive mapping such that
F(T)N A0 # 0. For each n € N, the sequence {x,} is generated as by

(01 =2 € K, Ko=Qy =K,

Up = AZpn + (1 = \))TRE (Jr, 20) s

Up = Bntn + (1 = Bp)TRK (Jr, Tn) ,

Kn={u€ Kn1NQn-1:[[u—vnl < [Ju— ]}
Qn={ue K,-1NQn_1:(xy —uxz—x,) >0}
Tni1 = Pr,nQ.7,

where {\,} and {B,} are sequences in [0,1] such that liminf(1 — \,) > 0 and lim B, = 1, while {r,} is
n—00 n—oo
a sequence in |a,00) for some a > 0. Then the sequence {x,} converges strongly to Rp(r)na-10z, where

Rp(r)na-10 1 the metric projection from K onto F(T) N A~10.

Proof. Recall that in a Hilbert space, p(z,y) = |l — y||* for all z,y € H and J is the identity mapping.
Therefore, the desired result readily follows from Theorem 3.3. O



M. O. Aibinu, Commun. Nonlinear Anal. 1 (2023), 1-12 11

4. Conclusion

PPA is a prominent method for solving nonlinear analysis and optimization problems. Its various
modifications and expansions have been considered in the literature, both in Hilbert space and Banach
spaces. A new monotone hybrid method which is amalgamated with PPA has been presented in this paper
for finding a common element of the zero point set of a maximal monotone operator and the fixed point
set of a generalized nonexpansive mapping. The required conditions on the associated parameters to obtain
a strong convergence result are established. The subdifferential of a proper, convex, and lsc function has
been already been cited as an example of a maximal monotone mapping. Real sequences which satisfy the

conditions stated in the main theorem are {\,} = {% + 5%} and {3,} = {1 — &
Abbreviation
Isc: lower semicontinuous. conditions stated in the main theorem are {\,} = {§+ =} and {8,} =
(-2
2n
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