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Abstract
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1. Introduction and Preliminaries

Banach contraction principle is one of the famous and basic fundemental result in fixed point theory. Due
to its significance, many authors generalized and extended the Banach contraction principle by introducing
new functions like a—admissible mapping, C'—class function, simulation function etc., for more details we
refer [1, 2, 7, 18, 23].

Throughout this paper, we denote the real line by R, RT = [0,00), and N is the set of all natural
numbers, 7Z is the set of intergers.

In 2013, Karapinar, Kumam and Salimi[18] introduced the notion of triangular c—admissible mappings
as follows.

Definition 1.1. [18] Let T" be a self mapping on X and let a: X x X — R™ be a function. Then T is said
to be a triangular a—admissible mapping if for any x,y, z € X,
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a(z,y) >1 = a(Tz,Ty) > 1 and
alz,z) > 1, a(z,y) > 1 = afz,y) > 1.
In 2014, Ansari[l] introduced the concept of C'—class function and many authors [2, 20] extended and
generalized various fixed point results of a selfmap satisfying certain inequality involving C'—class function
in complete metric spaces.

Definition 1.2. [1] A mapping G : RT x R* — R is called a C—class function if it is continuous and for
any s,t € RT, the function G satisfies the following conditions:

(i) G(s,t) < s and

(ii) G(s,t) = s implies that either s =0 or ¢t = 0.

The family of all C'—class functions is denoted by A.

Example 1.3. [1] The following functions belong to A.

)=s—tfor all s,t € RT.

) = ks for all s,t € RT where 0 < k < 1.

)= i forall st € R* where r € RT.

) = sB(s) for all s,t € RT where 8 : RT — [0,1) is continuous.

) =s— ¢(s) for all s,t € RT where ¢ : Rt — R™ is continuous and ¢(t) = 0 if and only if ¢t = 0.
s,t) = sh(s,t) for all s,t € RT where h : Rt x RT — R™ is continuous such that h(s,t) < 1

for all s,t € RT.

In 2015, Khojasteh, Shukla and Radenovié[14] introduced the notion of simulation function and proved
the existence of fixed points of Zy—contractions in complete metric spaces. Later, many authors extended
and generalized the simulation function by using different types of functions, for more details we refer
[17, 21, 22].

Definition 1.4. [14] A function ¢ : RT x R — R is said to be a simulation function if it satisfies the
following conditions:

(€1) €(0,0) = 0;

(C2) C(t,s) <s—tforallt,s>0;

(C3) if {tn}, {sn} are sequences in (0,00) such that lim ¢, = lim s, > 0, then limsup (¢, s,) < 0.

n—00 n—00 n—00

We denote the set of all simulation functions in the sense of Definition 1.4 by Zg.

Example 1.5. [14, 17] Let ¢; : RT — R be a continuous function with ¢;(¢) = 0 if and only if ¢ = 0 for
i = 1,2,3. Then the following functions ¢ : R™ x RT™ — R belong to Zp.
)= sq —tforallt,seRT.
,8)=As—tforallt,se RT and 0 < X\ < 1.
)
)

Definition 1.6. [14] Let (X, d) be a metric space, T : X — X be a mapping and ( € Zg. Then T is called
a Zyg—contraction with respect to ( if

C(d(Tz,Ty),d(z,y)) >0 (1.1)
for any x,y € X.

Theorem 1.7. [14] Let (X,d) be a complete metric space and T : X — X be a Zg— contraction with
respect to (. Then T has a unique fized point u in X and for every xo € X the Picard sequence {x,} where
Ty = Txp_1 for any n € N converges to the fixed point of T

In 2015, Nastasi and Vetro[3] proved the existence of fixed points in complete metric spaces by using
simulation functions and a lowersemicontinuous function.
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Theorem 1.8. [3] Let (X,d) be a complete metric space and let T : X — X be a mapping. Suppose that
there exist a simulation function ( € Zg and a lower semicontinuous function ¢ : X — RT such that

C(d(Tz, Ty) + ¢(Tx) + o(Ty), d(z,y) + ¢(z) + ¥(y)) = 0 (1.2)
for any x,y € X. Then T has a unique fized point u € X such that ¢(u) = 0.

In 2018, Chol[11] introduced the notion of generalized weakly contractive mappings in metric spaces and
proved the existence of its fixed points in complete metric spaces.

Definition 1.9. [11] Let (X, d) be a metric space, T a self-mapping of X. Then T is called a generalized
weakly contractive mapping if

Y(d(Tx, Ty) + o(Tz) + ¢(Ty)) < p(m(z,y,d,T,¢)) — o(l(z,y,d,T,¢)) (1.3)

for any =,y € X, where
(i) ¢ : RT — R is a continuous function and ¢(t) =0 <= t =0,
(i) ¢ : RT — RT is a lower semicontinuous function and ¢(t) =0 < ¢ =0,
(i) m(z,y,d, T, p) = max{d(z, y) + ¢(x) + ¢(y), d(z, Tz) + o(z) + ¢(Tx),d(y, Ty) + ¢(y) + ©(Ty),
3ld(z, Ty) + ¢(x) + ¢(Ty) + d(y, Tz) + ¢(y) + o(Ty)]},
(iv) U(z,y,d, T, ) = max{d(z, y) + ¢(x) + ¢(y), d(y,Ty) +¢(y) +¢(Ty)} and
(v) ¢ : X — RT is a lower semicontinuous function.

Theorem 1.10. [11] Let X be a complete metric space. If T is a generalized weakly contractive mapping,
then there exists a unique z € X such that z =Tz and p(z) = 0.

In 2018, Liu, Ansari, Chandok and Radenovi¢[20] generalized the simulation function introduced by
Khojasteh, Shukla and Radenovi¢[14] by using C'—class functions with C property.

Definition 1.11. [20] A mapping G : RT x Rt — R has the property Cg if there exists an Cg > 0 such
that

(i) G(s,t) > Cq implies s > ¢, and

(ii) G(t,t) < Cg for all s,t € RT.

Example 1.12. [20] The following functions G : RT x R™ — R are functions of A that are from Definition
1.2 and having the property Cg. For all s, € RT,

(i) G(s,t) =s—t,Cq =r,r € R,

(ii) G(s,t) = s — CH 0 =0,

(iii) G(s,t) = 5.k > 1,Cq =

T > 2

Definition 1.13. [20]A function ¢ : RT x RT — R is said to be a Cg—simulation function if it satisfies the
following conditions:

(C4) €(0,0) = 0;

(¢5) C(t,s) < G(s,t) for all t,5 > 0; here G : RT x RT — R is an element of A which has property Cg;

(C6) if {tn}, {sn} are sequences in (0,00) such that lim ¢, = lim s, >0 and ¢, < s,

n—oo n—oo

then lim sup (¢, sn) < Cg.

n—o0

We denote the set of all Cg—simulation functions by Zg.

Example 1.14. [20] The following functions ¢ belong to Zg.
(i) Let k € R be such that k < 1 and ¢ : RT x RT™ — R be the function defined by ((t,s) = kG(s,t) —t,
here Cg = 0.
(ii) Let k € R be such that k < 1 and let ¢ : Rt x RT — R be the function defined by ((¢, s) = kG(s, t),
here Cg = 1.
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(iii) We define ¢ : RT x RT — R by ((¢,s) = As—t, where A € (0,1) and G : RT xRt — R by G(s,t) = s—t
for any s,t € R*. Clearly ¢(0,0) =0 and G € A with Cg = 0.
Clearly ((t,s) = As —t < s —t = G(s,t) and hence ( satisfies ((3).
If {t,,},{sn} are sequences in (0, c0) such that hrn t, = hrn sp=Fk>0andt, <s,forallneN,

then limsup ((ty, sn) = limsup(As, —t,,) = /\k: k =(\— l)k < 0.
n—oo n—o0

Therefore ¢ satisfies () and hence ¢ € Zg.

In 1977, Bernfeld, Lakshmikantham and Reddy[9] introduced the concept of fixed point for mappings
that have different domains and ranges which is called PPF (Past, Present and Future) dependent fixed
point, for more details we refer [5, 6, 8, 12, 13, 16, 19].

Let (E,]|.||p) be a Banach space and we denote it simply by E. Let I = [a,b] C R and Ey = C(I, E),
the set of all continuous functions on I equipped with the supremum norm |||z, and we define it by

1911, = sup [l6()l] for ¢ € Eo.

For a ﬁxed ¢ € I, the Razumikhin class R, of functions in Ej is defined by R. = {¢ € Ey/ ||¢|| By, = o] B
Clearly every constant function from I to E belongs to R. so that R. is a non-empty subset of Ejy .

Definition 1.15. [9] Let R, be the Razumikhin class of continuous functions in Ey. We say that
(i) the class R, is algebraically closed with respect to the difference if ¢ — 1) € R. whenever ¢, 9 € R..
(ii) the class R, is topologically closed if it is closed with respect to the topology on Ey by the norm |[.[|f, .

The Razumikhin class of functions R, has the following properties.

Theorem 1.16. [4] Let R. be the Razumikhin class of functions in Ey. Then
(i) for any ¢ € R. and a € R, we have agp € R..
(ii) the Razumikhin class R, is topologically closed with respect to the norm defined on Ey.

(iii) NR. ={¢ € Ey/¢ : I — E is constant} .
c€la,b]

Definition 1.17. [9] Let T : Ey — E be a mapping. A function ¢ € Ej is said to be a PPF dependent
fized point of T if T = ¢(c) for some c € 1.

Definition 1.18. [9] Let T': Ey — E be a mapping. Then T is called a Banach type contraction if there
exists k € [0, 1) such that |[T'¢ — TY|[p < k|[¢ — 9|, for all ¢,9 € Ey.

Theorem 1.19. [9] Let T : Ey — E be a Banach type contraction. Let R. be algebraically closed with
respect to the difference and topologically closed. Then T has a unique PPF dependent fixed point in R..

Definition 1.20. Let c€ I. Let T : Eg — E and a : E x E — Rt be two functions. Then T is said to be
an a.—admissible mapping if

a(g(e),P(c)) 21 = a(To,Ty) > 1 (1.4)
for any ¢,v € Ejy.

Definition 1.21. Let c€ [. Let T': Ey — FE and p: E x E — (0,00) be two functions. Then T is said to
be a p.—subadmissible mapping if

w(d(c),d(c)) <1 = uw(T¢,Ty) <1 (1.5)
for any ¢,v € FEy.

In 2014, Ciric, Alsulami, Salimi and Vetro[10] introduced the concept of triangular o.—admissible map-
ping with respect to u. as follows.
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Definition 1.22. [10] Let c€ [ and T': Ey — E. Let o, u: E X E — R be two functions. Then T is said
to be a triangular a.—admissible mapping with respect to . if

(i) a(e(c), ¥(c)) = u(e(c), ¥(c)) = a(Td,T) = u(Th, Ty)

and

(i) a(e(c), ¥(c)) = u(d(c), (), al(c),p(c)) = u(t(c), (<))

) (1.6)
= a(¢(c), p(c)) > p(d(c), ¢(c))

for any ¢, v, p € Ey.

Note that if u(x,y) = 1 for any x,y € E, then we say that T is a triangular a.— admissible mapping
and if a(x,y) = 1 for any z,y € E, then we say that T" is a triangular p.—subadmissible mapping.

Lemma 1.23. [10] Let T be a triangular o.—admissible mapping with respect to p.. We define the sequence
{bn} by Thp = pnyi(c) for allm € NU{0}, where ¢g € R, is such that a(po(c), Tdo) > u(po(c), Too). Then
a(dm(c), dn(c)) = plom(c), dn(c)) for all m,n € N with m < n.

Remark 1.24. If p(z,y) =1 for any x,y € F in Lemma 1.23, we get the following lemma.

Lemma 1.25. Let T be a triangular o..—admissible mapping. We define the sequence {¢n} by T'dp = ¢pny1(c)
for alln € NU{0}, where ¢g € R, is such that a(do(c), To) > 1. Then a(pm(c), dn(c)) > 1 for allm,n € N
with m < n.

Remark 1.26. If a(x,y) =1 for any z,y € E in Lemma 1.23, we get the following lemma.

Lemma 1.27. Let T be a triangular p.—subadmissible mapping. We define the sequence {¢n} by T'd, =
¢Onr1(c) for alln € NU{0}, where ¢pg € R is such that u(¢po(c), Too) < 1. Then pu(pm(c), pn(c)) <1 for all
m,n € N with m < n.

The following lemma is useful to prove our main result.

Lemma 1.28. [6] Let {¢n} be a sequence in Ey such that ||¢n — ¢ni1llg, — 0 as n — oco. If {¢n} is
not a Cauchy sequence, then there exists an € > 0 and two subsequences {¢m,} and {¢pn,} of {¢n} with
my > ng >k such that ||¢n, — m,llg, = € |on, — Pmp—1llp, <€ and
0 Jim 0 = dmiallgy =€ 1) Hm {1611 = dmillg, =€
i) [[6n, — dmllg, =6 ) B |01~ bmyr1ll, = e
In Section 2, we introduce the notion of generalized Zg o ,.5,,—contraction with respect to the Cg-
simulation function and prove the existence and uniqueness of PPF dependent fixed points of generalized

2G,a,um,p—contraction with respect to the Cg-simulation function in Banach spaces. In Section 3, we draw
some corollaries and an example is provided to illustrate our main result.

2. Existence of PPF dependent fixed points
We denote
U = {n|n:RT — R" is continuous, nondecreasing and 7(t) = 0 <= t = 0}.

Definition 2.1. Let ¢ € I. Let T : Ey — E be a function and ¢ € Zg. If there exist a: £ x E — RT,
p:EXxE— (0,00), n €V and a lower semicontinuous function ¢ : £ — R* such that

C(e(@(c), v()n([[To = TPl + w(Te) +o(TY)), u(é(c),¥(c))n(M(¢,¢))) = Ca (2.1)

for any ¢,y € Ey, where

M(¢,v) = max{[|¢ — ¢[|5, +¢(d(c)) + @(¥(c), ||o(c) = TollE + ©((c) + o(Te),
19(e) =Tl E+e(¥(e) +e(T), 5ll¢(c) = TYl p+p(e(e) +e(T¥)+[b(c) =Tl p+e(¥(c) +e(T9)]},

then we say that T'is a generalized Zq o, u.n,,— contraction with respect to .
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Remark 2.2. (i) If p(z) =0 for any = € F in the inequality (2.1) then T is called a generalized
26 a,umn— contraction with respect to (.

(ii) If p(z) = 0, pu(z,y) = 1 = a(z,y) for any x,y € E in the inequality (2.1) then T is called a
generalized Zgq ,— contraction with respect to (.

(iii) If p(x) = 0, pu(z,y) = 1 = a(x,y) for any z,y € E and n(t) =t for any ¢t € RT in the inequality (2.1)
then T is called a generalized Zg— contraction with respect to (.

Theorem 2.3. Letce 1. Let T : Eg — E be a function satisfying the following conditions:
(i) T is a generalized Zg o ., — contraction with respect to ¢,
(ii) T is a triangular a.—admissible mapping and triangular p.—subadmissible mapping,
(iii) R. is algebraically closed with respect to the difference,
(iv) if {¢dn} is a sequence in Ey such that ¢, — ¢ asn — 00, a(Pp(c), pni1(c)) > 1 and p(pn(c), dnyi(c)) <1
for any n € NU {0}, then a(¢n(c),d(c)) > 1 and p(dn(c), d(c)) <1 f or any n € NU {0} and
(v) there exists ¢po € R, such that a(po(c),T'po) > 1 and p(po(c), Teo) <1
Then T has a PPF dependent fized point ¢* € R, such that p(¢*(c)) = 0.

Proof. From (v) we have ¢g € R, such that a(¢o(c), T¢o) > 1 and p(¢o(c), T'pg) <1
Let {¢,} be a sequence in R, defined by
Ton = ¢n+1(c) (2-2)

for any n =10,1,2,3... .
Since R, is algebraically closed with respect to the difference, we have

Pnt1 = dnllEy = llPnti(c) — dn(o)lle (2.3)

for any n =0,1,2,3... .
Since T is traingular a.—admissible and triangular u.—subadmissible mappings, by Lemma 1.25 and
Lemma 1.27 we have

a(dm(c), ¢nlc)) 21 and  p(dm(c), dn(c)) <1 (2.4)

for any m,n € N with m < n.
If there exists n € NU {0} such that ¢, = ¢,,11 then T'¢,, = ¢dpt1(c) = ¢n(c) and hence ¢, € R, is a PPF
dependent fixed point of T'. Suppose that ¢, # ¢,11 for any n € NU {0}.
We consider
M (pn, dnt1) = max{||¢n — Pn+1llE, + @(dn(c)) + @(Dn11(0)), [|Pn(c) — Tonlle + p(Pn(c)) + @ (Tdn),
|pnt1(c) = Tontille + o(Pn+1(c)) + @(Tont1),
31160 (&) =T ns1llE+¢(0n(c) +o(Thnt1) +||bn+1(c) =T oull E+@(bnt1(c)) +o(Thn)]}
= max{||¢n — dnt1llE, +@(Pn(c)) + @(Pn41(0); [|on — PnillE, + @(Dnlc)) + ©(Pnta(c)),
H‘bn—l—l - ¢TL+2HEO + @(‘bn-ﬁ-l(c)) + 90(¢n+2(c))7
311100 —bnrall B +9(90(0) +0(Dn+2(0)) +bnt1—nt1ll o +9(Dn+1(0) +0(dn+1(c))]}
= max{||¢n — dnt1llE, + P(dn(c)) + @(Dn+1(0)), ||Fnt1 — Oni2llz + P(Int1(c) + o(nt2(c))}
Suppose that
M(Pn, dnt1) = |dnt1 — dnollEy + ©(Bnt1(c)) + @(dn2(c)).
Since ¢nt1 # dnt2, we have ||dp1—dnt2||g, > 0 and hence ||¢n+1—dnt2l| B, +(Pn+1(c)) +p(Pnt2(c)) > 0.
Therefore

(M (b, ¢nt1)) = 0l[dnt1 = bntallBy + ©(Pn+1(0) + (Pnt2(c))) > 0.

Clearly
a(@n(c); Pnr1())n(l|dnt1 — dnrallEy + (Pni1(c) + ©(dni2(c))) > 0
and (2.5)

1(Pn(c); dni1(e))n(M(dn, Pni1)) > 0

From (2.1), we have

Cqg < C(O‘((bn(C), ¢n+1(c)>77(| ’Td)n - Td)n—HHE + (P(T¢n) + (P(T¢n+1))a ﬂ((lsn(c), ¢n+1(c))n(M(¢na ¢n+1)))
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= (((Pn(c), dn+1())N(|Pnt1 — dnr2llEy + P(Bnr1(c)) + @(Bnr2(c))),
11(én(c), dnt1())n(Pnt1 — Pnsallmy + @(Dns1(c)) + (dnr2(c))))
G(1(Dn(c); Gnr1())n(l[dn+1 — dntollEy + ©(dnr1(c)) + o(dnia(c))),
a(Pn(c), dns1())n(lldnt1 — GnrallEy + @(Pnr1(c)) + ©(dni2(c))))-
(by (2.5) and (C5))
Now by the property Cg, we get
(6 (0)s bns1 ()11t — Snsallsy + P(Sns1(0)) + P(Bns2(e)))
> a(dn(c), Pnr1(e))n(||Pnt1 — dniallmy + P(Pnr1(c)) + @(Pnr2(c))).

p(Pn+2(c)))
1(Pn(c), dnr1 ()Nl |¢ns1 — dntallE + ©(Pni1(c)) + @(Pn2(c)))
a(pn(c), Pnt1()N(lPnt1 — dnrellm + 9(Pni1(c) + @(dnr2(c)))
N(|¢nt1 = Intalle, + P(Pnr1(c)) + o(Pnia(c))),

Clearly

N([|6n+1 = dnrallEy + @(Pnia(c)) +
>
>
>

a contradiction.

Therefore

M(¢n; pnt1) = l|on — dnta1llEe + ©(Pn(€)) + @(Pnt1(c)) and hence

|n = Pn1llBy + @(Dn(0) + @(Pn+1(€)) > [[nt1 = dntallEy + @ (Pnt1(c)) + @(dnt2(c))-

Let dn = [|¢n = Pnt1llB, + (0n(c)) + P(Pn+1(c))-

Then the sequence {d,} is a decreasing sequence and hence convergent.

Let nh_)n(f)lo d, =k (say). Suppose that k > 0.

Since ¢, # ¢nt1 we have d,, = ||on — dnti1llE, + ©(Dn(c)) + (Pns1(c)) > 0 and Wthh implies that
(dn) = n(l|¢n = bnrillz, + (dn(c)) + @(dnr1(c))) > 0. Clearly pu(¢n(c), dnia(c))n(dn) >

From (2.1), we have

Ca < C(aen(c), dnra())n(l|dn+1 — dntllE + @(Pnr1(c)) + ©(Pn42(c))),
1(Pn(c); dnt1 ())n(|on = Pntalley + P(Pn(c)) + P(Pnt1(c))))

G(11(n(€), bns1())0(dn), A6 (0), Srs1(€)(dns1))- (by(2.5) and (Cs))
Now by the property Cg, we get that (6 (¢), dnr1(c)n(dn) > a(6n(C), dns1(€))n(dns1)-

Clearly n(dn) > pu(én(c), pni1(c))n(dn) > a(@n(c), dny1(c))n(dni1) = n(dni1)-
On applying limits as n — oo, we get that

T 1(00(0): 61 ()1(dn) = 1 4 (€), s (€))(dnsr) = (k) > 0.
On applying limit superior to (2.6), we get that
Cg < li:ln_igp C(a(¢n(6)v ¢n+1(c>)77(H¢n+l - ¢n+2HEo + 90(¢n+1(c)) + 90(¢n+2(c)))7

1(Pn(c); dnta())n(l|én — dntallEy + @(Pnlc)) + @(Pnr1(c))))

(2.6)

< Cg,
a contadiction.

Therefore k = 0 and hence T}Lngo[\|¢n — On+1llE, + @(Pn(c)) + (Pn+1(c))] = 0.
That is

i [[gn — Gnsllgy = 0 and Tim (gn(c)) = 0. (2.7)

We now show that the sequence {¢,} is a Cauchy sequence in R..
Suppose that the sequence {¢,} is not a Cauchy sequence. Then there exists an € > 0 and two subsequences

{dm.} and {¢n, } of {$n} with my > ng > k such that ||¢n, — dmllEs = €, [|on, — dmy-1llE, < € and by
Lemma 1.28 we get

Nm |[|¢n, — ¢m,llE, =€ (2.8)
k—o0

and klingo ‘|¢nk - ¢mk+1HE‘.O =€= klin;o H¢nk+1 - (bmkHEo = klinolo H(bnk"rl - ¢mk+1HEO .
Therefore im duyun, = K (|60, — by 15, + 9(60, (€) + 2(6m, (€)] = ¢ and
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Jim dny iy = M0 (|61 = i1l g, + 0 (Dni1(0) + o(Gmy+1(€))] = €.
—00 k—o0
Since 7 is continuous, we get that

lim 7(dn,, ymy.,) = n(€) > 0. (2.9)

k—o0

We consider
M(¢nk7 ¢mk) = maX{H(bnk - ¢mk”E0 + 90(¢nk (c)) + 90(¢mk (), ”?bnk (c) — T¢nk|’E + ‘P(d)nk () + @(qunk)v
dmy (€) = Tom, || 5 + 0(Dm, () + @(Thm,),
%[”d)nk (C) - T(rbmkHE + <P(¢nk (C)) @(T¢mk) + ||¢mk (C) - T(ankHE + So(d)mk (C)) + @(Tﬁbnk)]}
= maX{||¢nk - ¢mk||E0 + ‘p(qbnk (c)) + So(quk (), ||¢nk - ¢nk+1”Eo + ‘P(Cbnk (c) + ‘P(gbnkJrl (c),
H(Zsmk - ¢mk+1”Eo + (p(qsmk (C)) + tp(¢mk+1(c)),
3110n, = i1l Bo +@(Dn (€)) + @Dy +1(0)) F [Py, — D156 + (B (€)) + P(Dnyt1(c))]}

= max{dnkmk7dnknk+1 s Amgmypgy s Q[dnkmkH + dmknk+1]}-
On applying limits as k — oo, we get that klim M (bn,, Om,,) = €.
—00

Since 7 is continuous, we get that
lim (M (¢n,,, ¢m,.)) = 1(€) > 0. (2.10)
k—o0

From (2.9) and (2.10), there exists k1 € N such that

N(M (¢, 6my) > 25 > 0
and (2.11)

n(dnk+1mk+1) > @ >0

for any k > k.
From (2.4), we have

a(¢nk (C)v gbmk (C))U(dnk+1mk+1) Z n(dnk+1mk+1) >0 (2'12)

for any k > k1.
Clearly

(D (€); Py, (€))N(M (Prys Pmy,)) > 0 (2.13)

for any k > k.
For any k > kj, from (2.1) we have
Ce < C(a(d)nk (6)7 ¢mk (C))U(HT(l)nk - Td)mk ‘ |E + SO(T¢7L1C) + ¢(T¢mk))v M(¢nk (C), ¢mk (C))W(M((bnk? d)mk)))
= ((a(@n,(€), Dy ()N P t1= 41| B+ (D11 () +0(Dmi11(€))) s 1l Py, (€), Py ()1 (M (D, Py )))

= C(Oé(¢nk (C)a ¢mk (C))W(dnk+1mk+1)a :u(¢nk (C), ¢mk (C))U(M(%m d)mk))) (2'14)

< G((@ny, (€); Omy (€))n(M (S, Py, ) (@, (€); Py (€))7 (s 1)) (By (2.12),(2.13) and (C5))
Now by the property Cg, we have

(D (€); Dy ())N(M (D, Py ) > Dy (€), Py (€)1 )- (2.15)

Clearly

U(M(%k, ¢mk)) > H(¢nk (c), Oy, (C))U(M(d)nk? @ka))
> a(@n, (), Gy ())N(dnyyymy) (by(2.15))
2 n(dnk+1mk+1)'

On applying limits as k£ — oo, we get that

i p1(¢n, (¢), . (€))1(M (s b)) = 1 @y (€), b (€))1(dnyymy) = 11(€) > 0. (2.16)
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On applying limit superior as k — oo to (2.14), by (2.15) ,(2.16) and ({s) we get
Cq < limsup C(a(¢nk (C)v ¢mk (C))U(dnk+1mk+1), :U’(d)nk (C)’ ¢mk (C))U(M(Qi)nkv ¢mk))) < Cg,

— 00
a contradiction.

Therefore the sequence {¢,} is a Cauchy sequence in R.. Since Ej is complete, there exists ¢* € Fy such

that ¢, — ¢*. Since R, is topologically closed, we have ¢* € R.. Clearly ||¢*||g, = ||¢*(c)||£. (since ¢* € R,)

Since ¢ is lower semicontinuous function, we have ¢(¢*(c)) < liminf ¢(¢,(c)) = 0 and hence p(¢*(c)) = 0.
n—oo

We now show that T'¢* = ¢*(c). Suppose that T'¢* # ¢*(c).
From (2.4) we have a(¢,(c), pnt1(c)) > 1 and pu(¢n(c), pnii1(c)) <1 for any n € NU{0}.
From (iv) we get that a(¢n(c),*(c)) > 1 and p(pn(c),d*(c)) < 1 for any n € NU {0}.
We consider
M (6, 6%) = max{ldn — 6* [l + 9(6n(©) + 9(6*(€)), [16n(6) — Tonlli + $(6n()) + $(Tén),
16°(0) — T |l + (67 () + 9(T6"),
Ll16n(e) — To |l + 9(6n()) + 9(T6) + 16°() — Toullis + 9(6°(c)) + 9(Tn)]}
= max{||¢n — ¢*||m, + @(dn(c)) + ¢(67(¢)), [|on — ntallE + 9(In(€)) + (Pnt1(c)),
16°(0) — Té* || + 9(8°(0)) + 9(T6"),
L16n(e) — T*l11 + 9(0n(c)) + 9(T6%) + 16" — busallzy + 9(6°(0)) + $(dnsa (]}
If M(¢p,d*) =0 then T'¢p* = ¢*(c), a contradiction.
Therefore M (¢, ¢*) > 0 and hence n(M (¢n, ¢*)) >0
Clearly

1(dn(c), o™ (c))n(M(¢n, ¢*)) > 0. (2.17)

On applying limits as n — oo to M (¢, ¢*), we get that nh_}rrolo M(¢p, 0*) = ||o*(c) — To*||g + o(To*).
Since 7 is continuous, we get that nh_}rrgo (M (¢n, @) = n(||¢*(c) —=T'o*|| e+ (T¢*)) > 0. (since T'¢p* # ¢*(c))
I |[Ton —T¢*||p + o(T'on) + o(T'¢*) =0, then ¢ni1(c) =T, = T'¢"
On applying limits as n — oo, we get ¢*(c) = T'¢*, a contradiction.
Therefore ||T'¢, — To*||g + ©(Ton) + p(T¢*) > 0 and hence n(||T'¢, — To*||g + o(Ton) + (Te*)) >0
Clearly

a(¢n(c), o™ ())n(|[Tén — Té™||5 + ¢(Tn) + @(T'9")) > 0. (2.18)

From (2.1) we have
Ca < (((@n(c), o™ ())n([|Ton — To*||z + o(Thn) + @(T¢")), p(dn(c), ¢*(c))n(M(dn, ¢7)))

G((n(c), ¢ (€))n(M(dn, ¢7)), aldn(c), ¢™ ()| Tdn — To* || + @(T'hn) + @(T9%))).
Now by the property Cq, we get that

1(Pn(c), 0™ ())n(M (6, ¢%)) > a(dn(c), ¢ ())n([[Tdn — T*[| & + @(TPn) +@(T¢")). (2.19)

Clearly

(M (¢, ¢*)) = 1(Pn(c), ¢*(¢))n(M(dn, ¢7))
> a(¢n(c), 9" ()| Ton — To*||E + ¢(Thn) + p(T'9*))
> (|| Ton — T*||E + @(Tdn) + 0(T4%))
=0(||¢n+1(c) = To*|| 5 + @(Pn+1(c)) + ©(T¢")).
On applying hmlts as n — 0o, we get
Tim a(én(c), 6" (@)n(1[Tén — Te*|[5 + 9(Tb,) + p(T6"))
= 1im_p(6n(). 6" ()M (0. 6) = n(ll6*(€) — T6*[|1s + p(T")) > 0

From (2.1) we have

Ca < ((a(dn(c), o™ ()| Ton — Té*||2 + (Tén) + @(T'¢")), p(dn(c), " (c))n(M(¢n, ¢*)))-
On applying limit superior as n — oo, by ((s) we get that

Ca < limsup (e @n(c), " ()n([|T¢n — T"||e + @(Thn) + o(T4)), 1(Pn(c), ¢"(¢))n(M(én, ¢7)))

< CGa
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a contradiction.
Therefore T¢* = ¢*(c) and hence ¢* € R, is a PPF dependent fixed point of T" such that ¢(¢*(c)) = 0.
O

Theorem 2.4. In addition to the assumptions of Theorem 2.8 assume the following.
If a(z,y) > 1, p(z,y) <1 for any z,y € E and T is one-one then T has a unique PPF dependent fized
point in R..

Proof. By Theorem 2.3, T' has a PPF dependent fixed point ¢* € R, such that ¢(¢*(c)) = 0.
We now show that 7" has a unique PPF dependent fixed point in R,.
Let ¢,1 € R, be two PPF dependent fixed points of T" such that ¢(¢(c)) = 0 and ¢(1(c)) = 0.
Then we get T¢ = ¢(c) and T = 1(c). Since R, is algebraically closed with respect to the difference,
we have [|¢p — ¢||g, = ||¢(c) — ¥ (c)||g. Suppose that ¢ # .
If ||T¢ — TY||g = 0 then T'¢ = T%. Since T is one-one we have ¢ = 1), a contradiction.
Therefore ||T'¢ — T||g # 0 and hence ||[T'¢ — T||g > 0.
Clearly 7(||Té — T|l5 + $(T6) + 9(T4)) = n(|ITé — Téll + p(#(c)) + p(¥(c))) = n(|ITé — Tél|s) > 0
and hence a(¢(c), ¥ (c))n(||[Td — TY||s + @(T'¢) +(T'¥)) >0
We consider
M(6,1) = max{[l6 — ¥l + (6(0) + @(B(e)), [6(6) — Tolli + $(6(c)) + $(T6),
19(0) — Tllm + p($()) + $(T9),
HI0(6) =Tl + pl6(e) + (T [166) = Tl +2(00) + (T}

= max{||¢ — ||, () (C)HE;rHl/J HE}

— a6 — 0l s 16 — 011} =116~ 1, and e u(0(e), ()M (6.)) > 0. (since & £ )
From (2.1), we get that
Car < (&), B(NITS — Tl + o(T) + o(Tw)), w((c), ()n(M(6, 1))

< G(u(o(e), (e))n(M(d, 1)), a(d(c), v (c)n(||To — Tl + ¢(TP) + p(TY))).
By the property Cg, we get that

u(@(c), ¥(e))n(M(¢,¥)) > a(d(c), ¥(e)n((|Te — TY||e + o(Td) + p(T)). (2:20)
Clearly
n(ll¢ — ¥lle) = n(M(e, 1))
> p(@(c), (c))n(M(g, 1))
> a(p(c), Y(e)n(|Te — TYl|E + o(To) + ¢(TY) (by (2.20))
>n(||T¢ — TY[|E + o(Th) + p(T))
=n(||T¢ — TY[|le) = n(llé(c) — ¥(c)|e)
=n(|l¢ — ¥lr),
a contradiction.
Therefore ¢ = 1 and hence T has a unique PPF dependent fixed point in R.. O

3. Corollaries and Examples

Corollary 3.1. Letc€ I. Let T : Eg — E be a function satisfying the following conditions:
(i) T is a generalized Zg o ,n—contraction with respect to ¢,
(ii) T is a triangular a.—admissible mapping and triangular p.—subadmissible mapping,
(iii) R is algebraically closed with respect to the difference,
(iv) if {¢pn} is a sequence in Ey such that ¢p, — ¢ asn — 00, a(pp(c), pnt1(c)) > 1 and p(on(c), dnt1(c)) <1
for any n € NU{0} then a(pn(c),d(c)) > 1 and p(pn(c), d(c)) <1 for any n € NU {0} and
(v) there exists ¢g € R. such that a(po(c), Tpo) > 1 and u(po(c), Tpg) < 1.
Then T has a PPF dependent fixed point in R..

Proof. By taking ¢(z) =0 for any x € E in Theorem 2.3 we obtain the desired result. O
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Remark 3.2. In addition to the hypotheses of Corollary 3.1 assume the following.
If a(z,y) > 1, u(x,y) < 1 for any z,y € E and T is one-one then 7" has a unique PPF dependent fixed point
in R,.

By choosing a(z,y) =1 = u(x,y) for any x,y € E in Corollary 3.1 we get the following corollary.

Corollary 3.3. Letce€ I. Let T : Eg — E be a function satisfying the following conditions:
(i) T is a generalized Zg ,—contraction with respect to ( and

(ii) R is algebraically closed with respect to the difference.

Then T has a PPF dependent fixed point in R..

By choosing 7(t) =t for any t € Rt in Corollary 3.3 we get the following corollary.

Corollary 3.4. Letce I. Let T : Eg — E be a function satisfying the following conditions:
(i) T is a generalized Zg— contraction with respect to ¢ and

(ii) R is algebraically closed with respect to the difference.

Then T has a PPF dependent fixed point in R..

By choosing a(z,y) = 1 = pu(x,y) for any z,y € E, n(t) =t for any t € RT and Cg = 0 in Theorem
2.3 we get the following corollary.

Corollary 3.5. Letce Il and ( € Zg. Let T : Ey — E be a function satisfying the following conditions:
(i) if there exists a lower semicontinuous function ¢ : E — RT such that
C(IT6 — Tl + 9(T6) + o(T), M(6, %)) = 0
for any ¢, € Ey, where
M (6, ) = max{||é — ]| 5, + £(6(0)) + p(¥(e)), 16(c) — Tollm + @(6(c)) + @(T),
[6(c) — Tl + () + p(T),
slllo(e) = Tl + (6(c)) + o(TW) + [[¥(c) — Tollr + p(¥(c)) + p(T9)]} and
(ii) Re is algebraically closed with respect to the difference.
Then T has a PPF dependent fixed point in R..

By choosing pu(z,y) = 1 for any x,y € E, n(t) =t for any t € R™ and Cg = 0 in Corollary 3.1 we get
the following corollary.

Corollary 3.6. Letce I and ( € Zg. Let T : Ey — E be a function satisfying the following conditions:
(i) if there exists a: E X E — R such that
C(a((e), Be)IITS — Tl |, M(6,1)) > 0
for any ¢, € Ey, where
M (6, ) = max{[|é — ¥z, 16(c) — Tollp, 1) — Tel s, 3ll6(c) — Tolle + [b(c) — Télll},
(ii) T a triangular a.—admissible mapping,
(iii) R is algebraically closed with respect to the difference,
(iv) if {¢dn} is a sequence in Ey such that ¢, — ¢ as n — oo and a(dn(c), pnt1(c)) > 1 for any n € NU{0}
then a(dn(c),¢(c)) > 1 for any n € NU{0} and
(v) there exists ¢o € R, such that a(¢o(c), T'pg) > 1.
Then T has a PPF dependent fixed point in R..
Moreover, if a(x,y) > 1 for any x,y € E and T is one-one then T has a unique fized point in R..

By choosing a(z,y) =1 for any z,y € E in Corollary 3.6 we get the following corollary.

Corollary 3.7. Letc€ I and ( € Zg. Let T : Ey — E be a function satisfying the following conditions:
(i) CUITé = TY||p, M(¢,¢)) =2 0
for any ¢, € Ey, where
M(¢,9) = max{||¢ — 9| gy [|6(c) = T¢l|p, [[(c) = TY||5, ll¢(c) = T¥l|r + [[(c) — T||5]} and
(ii) R is algebraically closed with respect to the difference.
Then T has a PPF dependent fixed point in R..
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Remark 3.8. In addition to the hypotheses of Corollary 3.3 (Corollary 3.4, Corollary 3.5, Corollary 3.7)
assume the following.
If T is one-one then T has a unique PPF dependent fixed point in R..

By choosing ((t,s) = As —t,G(s,t) = s — t for any s,t € RT,Cs =0 and A\ € (0,1) in Theorem 2.3 we
get the following corollary.

Corollary 3.9. Let c€ I. Let T : Ey — E be a function satisfying the following conditions:
(i) if there ezist a : EX E - RY, p: Ex E— (0,00),n € ¥,\ € (0,1) and a lower semicontinuous
function ¢ : E — RT such that

a(p(c), P()n([Td = TY[|z + o(T¢) + o(Ty)) < Aul(¢(c), ¥(e))n(M(e, ¢)) (3.1)

for any ¢, € Ey, where
M (6, ) = max{[|é — ¥, +9(6(0) + p(()), 6(c) — Tolls + @(6(c)) + p(T9),
16(c) — Tl + 9($(c)) + o(T),
Lll6(c) — Tl + 9(6(0)) + 9(T) + [[6(c) — Télls + 9((e) + p(TH)},

(ii) T is a triangular a.—admissible mapping and triangular p.—subadmissible mapping,
(iii) R. is algebraically closed with respect to the difference,
(iv) if {¢dn} is a sequence in Ey such that ¢, — ¢ asn — 00, a(dn(c), on+

for any n.€ NU{0} then a(¢n(c), ¢(c)) > 1 and pu(dn(c),d(c)) <1
(v) there exists ¢po € R, such that a(¢po(c),T'¢o) > 1 and p(po(c), T(;So)
Then T has a PPF dependent fized point ¢* € R, such that p(¢*(c)) =

(€)) =2 1 and p(pn(c), Pni1(c)) <1
or anyneNU{O} and

\H

oI/\

By choosing n(t) = t, t € RT in Corollary 3.9 we get the following corollary.

Corollary 3.10. Let ce€ 1. Let T : Eg — E be a function satisfying the following conditions:
(i) if there ezist « : Ex E =R, p: Ex E — (0,00),\ € (0,1) and a lower semicontinuous
function ¢ : E — RY such that

a(@(c), v(0)(IT¢ = TY[|e + ¢(T)) + ¢(T)) < Au(d(c), () M(e, ¥) (3.2)

for any ¢,y € Ey, where
M (6, ) = mas{[[é — ¥, +9(6(0)) + p(()), 6(c) — Tolls + @(6(c)) + p(T9),
16(c) — THlle + 9($(c)) + o(Te),
Lllo(e) — Telli + @(6(c)) + (TW) + [16(e) — Tolle + p((e)) + p(TO)]},

(ii) T is a triangular a.—admissible mapping and triangular p.—subadmissible mapping,
(iii) R is algebraically closed with respect to the difference,
(iv) if {¢dn} is a sequence in Ey such that ¢, — ¢ asn — 00, a(dn(c), ont

for any n € NU {0} then a(n(c), 6(c)) > 1 and u(én(c), d(c)) < 1
(v) there exists ¢po € R, such that a(¢po(c),T'¢o) > 1 and p(po(c ),Tgi)o)
Then T has a PPF dependent fized point ¢* € R, such that p(¢*(c)) =

(¢)) = 1 and pi(pn(c), dni1(c)) <1
or anynENU{O} and

\H

OI/\

By choosing ¢(z) = 0 for any « € F in Corollay 3.10 we get the following corollary.

Corollary 3.11. Letce I. Let T : Fy — FE be a function satisfying the following conditions:
(i) if there ezist o : E x E =R, p: Ex E — (0,00) and X € (0,1) such that

a(e(c), P ()T — TY[|lp < Au(d(c),1b(c)) M (o, ) (3-3)

for any ¢, € Ey, where

M(6,0) = max{[[é — Il s 16(c) — Tolle, |16(c) — Tell, 116(e) — Tolls + hé(e) — Tolls]},
(ii) T is a triangular a.—admissible mapping and triangular p.—subadmissible mapping,
(iii) R. is algebraically closed with respect to the difference,
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(iv) if {¢pn} is a sequence in Ey such that ¢, — ¢ asn — 0o, a(pp(c

for any n € NU{0} then a(én(c), #(c)) > 1 and u(én(c), 6(c)
(v) there exists ¢po € R, such that a(po(c),T'do) > 1 and p(po(c),
Then T has a PPF dependent fixed point in R..

)s @nv1(c)) = 1 and pu(dn(c), pnia(c)) <1
) <1 for anynENU{O} and
T¢o) <1

Remark 3.12. In addition to the hypotheses of Corollary 3.9 (Corollary 3.10, Corollary 3.11) assume the
following.

If a(z,y) > 1, u(x,y) <1 for any z,y € E and T is one-one then 7" has a unique PPF dependent fixed point
in R,.

By choosing a(z,y) =1 = u(x,y) for any z,y € E in Corollary 3.11 we get the following corollary.

Corollary 3.13. Letce I. Let T : Ey — E be a function satisfying the following conditions:
(i) if there exists X € (0,1) such that ||[T¢ — TY||g < AM (¢, ) for any ¢, € Ey, where
M (6, ) = max{llé — ¢l o, |16(c) — Téll, [[%(c) — Tll, 3016(c) — Tllg + [(e) — Tollg]} and
(ii) R. is algebraically closed with respect to the difference.
Then T has a PPF dependent fixed point in R.. Moreover, if T is one-one then T has a unique PPF
dependent fized point in R..

The following is an example in support of Theorem 2.3. Further, this example illustrates that if T" is not
one-one then 7" may have more than one fixed point.

Example 3.14. Let E=R, c=1€1=[3,2]CR, Ey=C(,E).
We define T': Ey — E, a: E><E—>]R+,uE><E—>(O,oo)b
2 if @) <0
To= 11?52@) if 0<¢(c) <2
3 it pc) >2
] 1 it x>y
a(a;,y)—{ 0 if x<uy,
and
L if 2>y
~Jl v U=
Hi.y) { 2 if z<uy.

We first prove that 1" is an a.—admissible mapping.

For any ¢, € Ey, we suppose that a(¢(c),1(c)) > 1. From the definition of «, we get ¢(c) > ¥(c).
Case (i): Suppose that 0 < ¢(c), ¥ (c) < 2.

Clearly 11 — 2¢(c) < 11 — 2¢(c) and which implies that 11_%(;5(6) > 11—%111(0)'

Therefore T¢ > T4 and hence a(T'¢, T) > 1.

Case (ii): Suppose that ¢(c), 9 (c) > 2.

Clearly T¢ = % = T and which implies that «(T'¢, Tv) > 1

Case (iii): Suppose that ¢(c), 1 (c) < 0.

Clearly T'¢p = —2 = T and which implies that o(T¢,T%) > 1

Case (iv): Suppose that 0 < ¢(c) < 2 and ¥(c) <0

Since ¢(c) < 2 we have T¢ = 1 f;;g(c) > —2 = T4 and which implies that a(T'¢, T¢) > 1
Case (v): Suppose that ¢(c) > 2 and (c) <0

Clearly T¢ = 1 > —2 = T and which implies that (T, Tp) > 1

Case (vi): Suppose that ¢(c) > 2 and 0 < 9¥(c) < 2

Since 9(c) < 1 we have T¢ = £ > f;j(c) = T and which implies that a(T'¢, Te) > 1
From the above cases, we get that T" is an a.—admissible mapping.
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For any ¢, 1, € Ey, we suppose that a(¢(c), 9 (c)) > 1 and a(¢(c),v(c)) > 1.

Y
From the definition of «, we get ¢(c) > ¥(c) > 7(c). Therefore ¢(c) > v(c) and hence a(¢(c),v(c)) > 1.

Therefore T is a traingular «.—admissible mapping.
Similarly, we can prove that T is a triangular p.—subadmissible mapping.

Let A = % Then X € (0,1).

We define ¢ : E — R by

0 if <0
olr)=<¢ = it 0<x<2
0 it x>2.

Clearly ¢ is a lower semicontinuous function.

Let ¢, € Ej.

If ¢(c) < 1(c) then from the definition of «, the inequality (3.2) trivially holds.
Without loss of generality, we assume that ¢(c) > ¢(c).

From the definition of «, we get T'¢ > T.

We consider

176 — Tl + p(Te) + p(T) < T — Toh + Ty + Tep = 2 T,

Therefore

a(¢(c), ¥(e)(|[T¢ — TV|[s + ¢(Te) + ¢(T¥)) <2 T¢.

Case (i): Suppose that T'¢ = ¢(c).

If ¢ € R. then ¢ is a PPF dependent fixed point of T" and hence the result holds.
Let us suppose ¢ ¢ R..

We define ¢ : I — E by 11(x) = ¢(c), = € I. Clearly 91 € R,.

From the definition of T', we have

—2 if 11(c) <0
Ty =4 oy i 0<¢i(e) <2
3 if 4i(c) > 2.
That is
—2 if ¢(c) <0
Ty =4 o0y if 0<¢(c) <2
: if  ¢(c) > 2.

Therefore T = T'¢ = ¢(c) = P1(c).
Hence 9, is a PPF dependent fixed point of T in R, and the result follows.
Case (ii): Suppose that ¢(c) < T'¢.
Clearly ¢(c) < —2 and hence T'¢p = —2.
We consider
M(6,9) > 16(c) — Toll + p(6(c)) + o(T9)
=T¢ — ¢(c) = =2 — ¢(c) and hence
A (@), () M(, 1) = 2D > —4 (since ¢(c) < 6)
—2x-2=2T6¢
> al(d(e). BT — Twlli + o(T) + o(Tw)). (by (3.4)
Therefore the inequality (3.2) is holds.
Case (iii): Suppose that ¢(c) > T'¢.
Sub-case (i): Suppose that —2 < ¢(c) < 0.
Clearly T¢p = —2.
We consider
M(6,9) > 16(6) — Téll + p(6(c)) + o(T9)
= ¢(c) — T¢p = ¢(c) + 2 and hence
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A u(6(0), h(@) M (9,v) > G52 > 4 (since ¢(c) > ~10)
— 2 « 99T
a(¢(c), Y()(IT¢ — TY||e + ¢(T) + ¢(TY)). (by (3.4))
Therefore the inequahty (3.2) is ho lds
Sub-case (ii): Suppose that 0 < ¢(c) <

Clearly T = 47
We consider
M(6,9) > 16(c) — Téll + 9(6(c)) + o(T9)
=¢(c) —Top+ ¢(c) + T =2 ¢(c) and hence
A (&), Ble) M (6,1) = 6(c) = 2 Tp  (since 9(c) < 3)
> ald(e), ()T — Twll + 9(T) + (Tw)). (by (3.4)
Therefore the inequality (3.2) is holds.
Sub-case (iii): Suppose that ¢(c) > 2
Clearly T¢p = 5
We consider
M(6.9) 2 [16(6) = Téllo + 9(9(e) + (')
d(c) —Td+ 0+ T¢p = ¢(c) and hence
A u(qb(c),w NM(p,9) > %2 >2T¢  (since ¢(c) > 2)
> a{6(0), B(e) (T — Tl + o(T) + $(Tw)). (by (3.4)
Therefore the inequality (3.2) is holds.
Let {¢n} be a sequence in Ey such that a(¢y,(c), dnyi1(c)) > 1 and p(én(c), dn+i1(c)) < 1 for any n € NU{0}.
Then from the definition of o and p, we have ¢, (¢) > ¢p+1(c) for any n € NU {0} and hence convergent.
Since R is complete, there exists r € R such that ¢, (c) — r as n — oo.
We define v: I — E by v(x) =7,z € I. Then v € R, and v(c) =
Therefore ¢, (c) — v(c) as n — oco. Clearly ¢, (c) > v(c) for any n € NU{0}.
From the definition of o and u, we get a(¢n(c),v(c)) > 1 and p(én(c),vy(c)) < 1 for any n € N U {0}.
Therefore the condition (iv) is satisfied.
For any n € R, we define ¢, : I — E by

b (z) = { nz® if z €[} 1]

LA if 2 e[l,2).

2
Clearly ¢, € Eo, ||¢nllE, = ||¢n(c)||E and hence ¢, € R, for any n € R.
Let Fo = {¢n | n € R}. Then Fy C R, and Fy is algebraically closed with respect to the difference.
Clearly ¢i(c) > Tgbi and hence a(gbi(c),Tgb%) > 1 and /L(Qﬁ%(C),Tqbi) <1
Therefore the condition (v) is satisfied.

Therefore T satisfies all the hypotheses of Corollary 3.10 which in turn T satisfies all the hypotheses of
Theorem 2.3 with ((t,s) = As—t,G(s,t) = s—t,n(t) =t for any s,t € RT,Cg =0and A = % € (0,1). Here
we observe that ¢g, p_o € R, are two PPF dependent fixed points of T" such that ¢(¢o(c)) =0 = @(¢p_2(c)).

Further we note that 7' is not one-one. For, we define 71,72 : I — E by v1(x) = 3z and y2(z) = 4z for
any z € I. Clearly 1,72 € Eo and 71(c) = 3 > 2,72(c) = 4 > 2. By definition of T, we get Ty = 3 = Ts,
but vy # 7e.
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