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Abstract

In this paper, we shall give some results on fixed points of multivalued operator on G—metric spaces by
using the method of Kikkawa [6]. Our results generalize and extend some old fixed point theorems to the
multivalued case.
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1. Introduction and preliminaries

Mustafa and Sims [8] introduced the notion of G-metric space. Based on the notion of generalized
metric space or G—metric space, many authors obtained some fixed point theorems for self mapping under
some contractive conditions (e.g., [1, 9, 10, 11, 12]). Consistent with Mustafa and Sims [8], the following
definitions and results will be needed in the sequel.

Definition 1.1. [8] Let X be a non empty set, G : X x X x X — R* be a function satisfying the following
properties:

(G1) G(xy,z) =0ifx =y =z,

(G2) 0 < G(x,x,y) for all x,y € X with z # y,

(G3) G(x,x,y) < G(x,y,2) for all z,y,z € X with x # y,
(G4)

(Gs)

G(x,y,2) = G(x,2,y) = G(y,z,x) = .... (symmetry in all three variables),

Q

G(x,y,2) < G(x,a,a) + G(a,y,z) for all x,y,z,a € X (rectangle inequality).
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Then the function G is called a generalized metric, or, more specially, a G- metric on X, and the pair (X, G)
is called a G- metric space.

Definition 1.2. [8] Let (X, G) be a G- metric space, and let {z,,} be a sequence of points of X, therefore,
we say that {z,} is G- convergent to z € X if limy, ;400G (2, Ty, ) = 0, that is, for any € > 0, there
exists a positive integer N such that G(z, x,, xy,) < € for all n,m > N. We call z the limit of the sequence
and write x, — x or limy_ ooy = T.

Lemma 1.3. [8] Let (X, G) be a G- metric space. The following statements are equivalent:

. {xn} is G- convergent to ,
G(xn,xp,z) = 0 as n — +o0,
G(zp,z,x) = 0 as n — 400,
G(xp, Tm,z) — 0 as n,m — 400,

Ll e

Definition 1.4. [8] Let (X, G) be a G- metric space. A sequence {z,} is called a G- Cauchy sequence if,
for any e > 0, there exists a positive integer N such that G(z,,xm,x;) < € for all n,m,l > N, that is,
G(zp, Tm,x;) — 0 as n,m,l — +oo.

Lemma 1.5. [8] Let (X, G) be a G- metric space. The following statements are equivalent:

1. The sequence {x,} is G- Cauchy,
2. for any € > 0, there ezists a positive integer N such that G(zp, Tm,Tm) < € for all m,n > N.

Definition 1.6. [8] A G- metric space (X,G) is called G-complete if every G- Cauchy sequence is G-
convergent in (X, G).

Every G- metric on X defines a metric dg on X given by
deg = G(z,y,y) + Gy, z,z) for all z,y € X.
Lemma 1.7. [8] If (X,G) is a G - metric space, then G(z,y,y) = 2G(y,x,z) for all z,y € X.
Lemma 1.8. [8] If (X, G) is a G- metric space, then G(z,z,y) = G(z,x,2) + G(z,2,y) for all z,y,z € X.

Nadler [13] initiated the study of fixed points for multi-valued contraction mappings. There are many
works about fixed point for multivalued mappings (cited in [7, 2, 3, 4, 5]) and weakly Picard maps (see in
[15, 16, 17]).

We shall denote the set of all nonempty closed subset of X by P, (X). Also, we shall denote the set of
fixed points of a multifunction 7" by Fiiz(T'). Let X be a nonempty set and consider the space RY" endowed
with the usual component-wise partial order. We denote by M,, ,,(R") the set of all m x m matrices with
positive elements and by I the identity m X m matrix. A matrix A € M, ,,(R") is said to be converges to
zero whenever A\ — 0.

Theorem 1.9. [1}] Let A € My, (RT). The following are equivalent:

(i) A" — 0.

(ii) The eigen values of A are in the open unit disc, i.e., | A |< 1, for all X € C' with det(A— \I) = 0.
(i4i) The matriz (I — A) is non-singular and (I — A) "' =T+ A+ A%+ ...+ A" + ...

(iv) The matriz (I — A) is non-singular and (I — A)~! has non negative elements.

(v) A"q — 0 and gA™ — 0, for all ¢ € R™.

By using Theorem 1.9(v), we have —A converges to zero whenever A is converges to zero. Again,
Theorem 1.9 implies that (I 4 .A) is invertible and (I +.4)~1 < (I — A)~L
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2. Main Result

Theorem 2.1. Let (X,G) be a complete G— metric space, a matriz A € My, ,»(RT) converges to zero and
T:X x X — Py(X) a multivalued operator. Suppose that for each x,y,z, 2",y 2" € X,

I+ A YHYGC(x,T(x,2"), T*(z,2)) + G, T(z,z), T*(z',x))] < (I — A H[G(z,y,2) + G(z',y, 2]

implies that for each w € T(xz,2'),u' € T(2',x),v € T(y,y'),v" € T(y,y) there exist w € T(z,2'),w €
T(Z,z) such that

G(u,v,w) + G, v, w') < A[G(x,y,2) + G2y, 2)]. (2.1)
Then T has a coupled fized point.

Proof. For each (z,2') € X x X,
I+ A YG(x, T(x,2), T*(z,2") + G, T(2', ), T*(
< (I—AYG@, T(x, o), Tz, 2")) + G, T (2, x), T?(

)]
ND)-

Let (zo, () € X x X and take 1 € T'(zo,z(), 2} € T(xy,x0), 22 € T(x1,2)), 25 € T(2),x1). U xg =21 = 22
and z(, = 2} = 2}, then (x0, z{) is a coupled fixed point of T'. Let any one of zg, z1,z2 and z{, x|, z}, be not
equal to other, from (2.1), there exist z3 € T'(z2,25), 25 € T(xh, x2) such that

G(x1, 19, w3) + G2, 2, 25) < A[G(x0, 71, 72) + G(xh, ), 5)]. (2.2)

/
T, x
/
T, x

If 1 = 29 = x3 and 2} = zf, = 2% then (z1,2]) is a coupled fixed point of T. Let any one of z1,z2,z3
and 2}, %, 2% be not equal to other, from (2.1) and (2.2), there exist x4 € T'(zs5,2%),2) € T(ak,x5) such
that

G(xg, w3, 14) + G(ah, 25, 7)) < A[G(z1,72,73) + G(2], 25, 24)]
< APG(wo, 21, 22) + G(xh, 2, 7h)). (2.3)
Now by induction, we construct sequences {xp}n>0, {2}, }n>0 in X such that z,41 € T(zn,27,), 2}, €
T(x),, xy,) and
G(xm Tn+1, l‘n+2) + G('r;w 33;14,-17 x;1+2) < An[G('rO? Z1, 1‘2) + G(xlm -r/la $/2)] (2'4)
for all n > 0. From Theorem 1.9, for all m,n € N, n < m and by (G3) and (G5) we obtain
G(Zp, Ty i) + G, 2, 20,

n»mi’m

IA

G(Tn, Tnt1, Tnt1) + G(Tnt1, Tny2, Tnt2) + G(Tnt2, Tnts, Tnys)

+o A+ G(Tm—1, T, Tm) + G(f’?;w :E;'L—i-l’ 517;1-1—1) + G(l‘;z-i-lv 1';14-27 xfn—}—?)
+G (T 0y Trygs Tpps) + oo+ Q@5 1, Ty, Ty)

< G(Tny Tnt1, Tnt2) + G(Tnt1; o2, Tnts) + G(Tn2, Tnts, Tnta)

o A G(Tm—1, Ty Tit1) + G (T, T3 1, Ty yn) + G40, Ty 0, Ty 3)
TG (0, Ty 3 Tppa) + o+ G(@ 1, Ty, Tpy)

< (AT AT A2 e A G (20, w1, 12) + G2, 7, 7h)]
< AN+ A+ A AT G (w0, w1, w2) + Glap, 1, 45)]
< AT = A) G (o, w1, 2) + Glah, 21, 25)],
that is,
[G(zn, Tm, Tm) + G(2,, 2, 2),)] — 0 as n — oo.

Hence {, }n>0, {*], }n>0 are Cauchy sequence in the complete G— metric space (X, G). Choose (z*,2"*) €
X x X such that z,, — z* and ], — 2™ as n — co. We claim that (z,2') € (X x X)\ ({z*}, {z"*}),

G(2*,T(z,2'), T(z,2")) + G(a"™,T(z,2"), T(z,2'))] < AG(z*,z,z) + G(z™*, 2, 2')]. (2.5)
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Let (z,2') € (X x X)\ ({z*},{«™*}). Choose a natural number N such that

1
(Glon, 2, 2%) + Glap, 2", 2)] < 7[Gla, 2", 27) + Gla', ", 2]

for all n > N. Hence, for each n > N we have

G(acn,T(xn,x'n),T(xn, n))—i—G(l‘ T(ZL’n, n) T(xn,$;1)) < G(xmxn-l-hxn-i-l)+G(x/mx;z+17$;z+1)
< G(l’n,.’ﬁ*,.’l)*)+G($*,$n+1,$n+1)
+G(l’:m xl*a ‘/El*) + G($l*a :E;L—Hv :L‘;H-l)
< G(zp,x", x*) +2G(zp41, 2", 2%)
+G (), 2™, ™) + 2G (x4, 2™, ™)
< 0feat ") + O 2, 2"
S G(x’ *) + G(;U/’ $,*7x/*)
1
G ") + O 2" )
<

G(z,z*,2%) + G(2', 2™, 2™)
—[G(Jl‘n,l‘*,l‘*) + G(l‘%,l‘/*,aj‘,*)]
G(xn, T(xn, 2)), Tz, 7)) + G2}, T(2n, 2),), T(Tn, 2),)) < Glap,z*,2°) + Gz, 2™ ™).

n

Thus
(I + A7 G (@n, T(xn, 7)), T (n, ) + G, T(wn, 27,), T(2n, 7,))]
< (I = A7 G(@n, T(n, 2), T (w0, 27,)) + Gy, T(wn, 7,), T (xn, 2),))]
< (I -A) G2,z x) + G, ', 2]
for n > N.

Since xy41 € T(xpn,2y,) , 241 € T(27,,2y), by using (2.1), for each n > N there exist u, € T(z,2") and
u,, € T(2', ) such that

G (Un, Tnt1, Tny1) + Gy, 2l g, 2 ) < A[G(2n, 2, 2) + Gz, 2, "))

Hence

G(oni1, T(x,2"), T(2,2') + Glan10, T, 2), T(2', 2)) < AlG(n, 2, 7) + G, 2, )]

and so

lim [G(zni1, T(z, "), T(z,2") + Gz}, 1, T(2',2), T(2,2))] < lim [G(2n, z, ) + G(z;,, 2, 2')].

n—oo n—o0

Thus
G(z*, T(x,2"), T(x,2") + G(", T2, x), T(a', ) < A[G(z", z,x) + G(z", 2, 2")]

for all (z,2") € (X x X)\ ({z*}, {=™*}).
Now we show that for each (z,2') € X x X and u € T'(z,2') , v’ € T(a’,z) there exist v € T(a*,2"),
v € T(z™,x*) such that

G(u,v,v) + G, v, v') < A[G(x, 2", 2%) + G2, 2™, 2™)].
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If z, — «* and 2}, — 2 we have nothing to prove. Let x # z* and 2’ # z/*. By definition of
G(z*, T(z,2"), T(z,2")) , Gz, T(a',z), T(2',x)) and for each n > 1 there exist y, € T(z,2’) and y,, €
T(«',x) such that

G(x*, yn, yn) + G(@"™, v, y),) < G, T(z,2),T(z,2)) + Ga"™,T (', z), T (2, z))
1
—I—E[G(x,az*,x*) + G2, 2™, 2™)).

Hence we have

Gz, T(z,2"), T(z,2')) + G(',T(2',2), T(z',x)) < G(x,yn,yn) + G, y,,v,)
< G(:L’,{L‘*,:L'*) + G(l‘*aynayn)
< G(z,z*,2") + G(2*,T(x,2"), T(z,2")) + lG(x,x*,a@*)
n

FOW, 2", ) + G T, 2), T 2) + ~Gla! 2"
From (2.5),
(I + A O, T, 2!), T(w, ) + G, T 2), TG @) < Glaat,a) 4 (1 + A G, 2)
+G(a!, 2", ) + %(I + A)7IG (! 2, 2

for all n > 1.

Thus
(I4+ A7 HNG(x, T(x,2'), T(z,2")) + G, T(2,z), T (2, x))] G(x,z*, 2%) + G2/, 2", 2™)

(I — A7 HG(x, z*, %) + G2, 2", 2™)).

VANV

Now by using (2.1), for each u € T'(z,2'), v’ € T(2',z), there exist v € T'(z*, 2"*), v' € T(2"*, 2*) such that
G(u,v,v) + G, v, v) < A[G(z, 2%, 2%) + G(2', 2%, 2™)].
Since xpy1 € T(xp, x,) and 2, | € T(x),, ) for all n > 1, there exist v, € T'(z*,2"™) and v, € T'(2"*, z*)
such that
G(v,xp, Tpy1) + G(v',a:;l,x;LH) < A[G(xp, z*, 2%) + G(z),, 2™, 2")].
Hence
G(Unv ZL'*, :L'*) + G(’U;w l’l*, .’L‘/*) < G(Unv Ln+1; xTLJrl) + G($n+17 .’13'*, .’L’*)
+G(U;w $;z-i—lv m;z—i-l) =+ G($;z+17 lj*a .T/*)
AG(zp, 2", 2%) + G(xpt1, 2%, %)
+AG(z),, 2™, 2™) + G, 1, 2™, ™)

IN

for all n > 1. Therefore v, — z* and v], — z'*.
Since v, € T(z*,2'*) and v}, € T(a™,2*) for all n > 1 and T'(z*,2’*) is a closed subset of X x X,
x* € T(z*, 2"*) and 2™ € T'(z"*, z*). O

Theorem 2.2. Let (X, G) be a complete G— metric space, a matriv A € My, m(RT) converges to zero and
T:X x X — Py(X) a multivalued operator. Suppose that for each x,y,z, 2",y 2" € X,

(I—|—A_l)max{G(ac,T(:):,x'),Tz(a:,x')),G(m’,T(w',:):),TQ(x',:):))} <(I- A_l)max{G(w,y,z),G(m',y',z')}
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implies that for each w € T(xz,2'),u' € T(2',x),v € T(y,y'),v" € T(y,y) there exist w € T(z,2'),w €
T(Z, z) such that

G(r,y,2),G(x, T(x,2), T(x,2")),
Iy Gy, T(y, ) T(y, y)) G(Z,T(Z,Z,),T(Z,Z/)),
max{G(u,v,w), G(u,v",w)} < Amax )
(Gl Gt v w)) < G, ), G, Tl ), T ), (20
G\ T, y), T y), G\ T(,2),T(<,2))

Then T has a coupled fized point.

Proof. For each (z,2') € X x X,
I+ A YHYG(x, T(x,2), T*(z,2")) + G2, T(«,z), Tz, x))]
< (I —AYHG(x,T(x,2), Tz, 2)) + G/, T(2, z), T (2, 2))]).
Let (zo,z() € X x X and take 1 € T'(zo,z(), 2} € T(xy,x0),x2 € T(x1,2)), 25 € T(2),x1). U 2o =21 = 29

and z{, = =} = x4 then (xo, z{) is a coupled fixed point of T'. Let any one of zg, z1, z2 and z(, z}, x4, be not
equal to other. From (2.6) there exist x5 € T'(x2,2%), 25 € T(x), x2) such that

T
T

G(wo, 1, %2), G(x0, T (w0, 7p), T(20, 20)),
(21, T (21, 2), T (21, 21)), G (2, T2, x5), T (22, 73)),
(z(, 2, b)), G(x0, T (5, 20), T(x(, T0)),
(@), T2, 21), T(2}, 21)), G (5, T(x, v2), T(25, 22))

Q

max{G(z1,z2,23), G(2], vh, v%)} < Amax o

G

G ) ) 7G ) ) 7G ) ) 7G 7 M
nmw%mma%%wxmm{“”””@”””“”””“””ﬂm>

(20, 7, 75), Gz, @1, 1), G2, 7, ), G (@5, o5, 73)

max{G(z1,z2,23), G(2], 2h, v4)} < Amax{G(xg,x1,12), G(z(, 2}, 25)}. (2.8)

If 21 = 29 = x3 and 2} = z, = 2% then (z1,2]) is a coupled fixed point of T. Let any one of x1, 2,23
and 2, 24, 2% be not equal to other, from (2.1) and (2.8) there exist x4 € T'(z5, %), 2, € T'(x%, x5) such that
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G
G

T1,T2, 1‘3) G(xl’ T(l‘l, :Cll)v T(:Ela xll))v
('T2’ ‘T2)v T(l’g, x/Q))’ G(x?n T(l’g, .Tg), T(x37 .Tg))

(

(22,

(2, 2, 2%), G2}, T(2h, x1), T(2}, 21)),
(5

G(

max{G(za, z3,24),G(2h, 24, 7))} < Amax

Q

Gy, T(wh, 2), T(wh, 22)), G, T(wh, ), T(wh, 3))
< Amax{ T1,T2,T3), G($1,$2>$2)aG($2>$3,$3)70(1‘3,ﬂ34,9€4)}
N G2, 29, 23), G(2, 75, 75), G(xh, 23, 23), G (w3, w4, 7))
< Amax{G(z1,z2,23), G(x), ), x5)}
max{G(zo, x3,24), G(2h, 25, 2)} < A*max{G(zo,z1,x2), G(xf, x],25)}. (2.9)

Now by induction we construct sequences {, }n>0, {27, }n>0 in X such that z,1 € T(zy,,7,), ., €
T(x},, x,) and

maX{G(xnv Tn41, $n+2)a G(l{m w;ﬁ—lv x;H—Q)} < A" maX{G(:UOa x, 1‘2), G(l‘{), xllv 33,2)} (210)

which gives

G(Tn, Tnt1, Tny2) < A"G(w0, 21, 72) (2.11)
and

G(‘/E/nvx;l—i-l’x%—i-ﬂ S AnGG(xé)’lilla‘/Eé) (2‘12)
for all n > 0.

From Theorem 1.9, for all m,n € N, n < m and by (G3) and (G5) we obtain

(A" + AT A2 e AT max{ G (w0, a1, w2), G2, €, 5)}
AT+ A+ A% 4+ Ay max{G(zo, 21, 22), G(xp, 27, 25) }
AY(I — A) " max{G(xg, x1,29), G(zf, 2}, 25)}

max{G(Tn, Tm, Tm), Gz}, 20, 2.)}

ININ A

that is, max{G(xzo, x1, x2), G(z(, 2}, z5)} — 0 as n — oc.
Hence {, }n>0, {*], }n>0 are Cauchy sequence in the complete G— metric space (X, G). Choose (z*,2"*) €
X x X such that z,, — z* and ], — 2™ as n — co. We claim that (x,2') € (X x X)\ ({z*}, {z"*}),
max{G(z*,T(z,2"), T(z,2")), G(z™*, T(z,2'), T(x,2"))} < Amax{G(z*, z,x), G(z", 2, 2")}. (2.13)

Let (z,2") € (X x X)\ ({z*}, {z"*}). Choose a natural number N such that
1
max{G(xn,z*,2*), G(z), 2", ")} < 1 max{G(x,z*,2*), G(z', 2%, 2"*)}

for all n > N. Hence, for each n > N we have

max{G(zp, T(xp, x)), T(xp, 2})), G2, T(xp, 20), T(xp, 2)))} < max{G(x,z*, z%), G2/, 2", 2™)}
—max{G(x,, ", ), Gz, 2™*, 2™}
max{G(zp, T(xpn, z)), T(xn, 2})), G2, T(xp, 2)), (2, 2,))} < max{G(z,,z* %), G(z), 2™, ")}
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Thus
(I + A~ max{G(zn, T(xn, 2},), T(2n, 27,)), G2, T(xn, 7)), T (2n, 2,)) }
< (I = A max{G(@n, T(xn, 2),), T (20, 2},)), G2y, T(xn, 7)), T (20, 2,))}
< (I- A)_l max{G(zp,z,x), G(z,, 2’ 2")}

forn > N. Since xp41 € T(zy, x,) , ), 1 € T(27,, ), by using (2.1) for each n > N there exist u,, € T'(z,2’)
and u), € T(2', ) such that

Gt 01, @41) + Gt 2y, 1) < AlG(2n,2, ) + Glay, o',
Hence
max{G(zp41,T(x,2'),T(x,2")), Gz}, .1, T(z',z), T(z',z))} < Amax{G(zy,z,z),G(z}, 2’ 2")}
and so

lim max{G(zpt1,T(z,2"), T(z,2")), G(a) 1, T(2',2), T (2, x))} < nh%rgo max{G(zn,z,x),G(z), 2’ 2")}.

n—oo

Thus
max{G(z*, T(z,2"), T(x,2")), G(", T(2', ), T(2', x))} < Amax{G(z",z,2),G(z"™,2',2)}

for all (z,2") € (X x X)\ ({z*}, {=™*}).
Now we show that for each (z,2') € X x X and u € T'(z,2') , v’ € T(a’,z) there exist v € T'(a*,2"),
v € T(x*, 2*) such that

max{G(u,v,v),G(u',v',v)} < Amax{G(z,z*, 2*), G(z', ", 2")}.

If 2, — z* and z, — 2™ we have nothing to prove. Let x # z* and 2/ # z'*. By definition of
Gx*, T(x, o), T(z,2")) , Ga™*,T(a',z), T(2',x)) and for each n > 1 there exist y, € T(z,2’) and y], €
T(2',x) such that

max{G(z*, Yn,yn), Gy, y)} < max{G(z*,T(z,2"),T(x,2")), G2, T (2, z), T(z',x)})
—|—l max{G(z,z*, z*), G(z', 2™, 2™*)}.
n

Hence from 2.13, we have

(I + A) ' max{G(z,T(z,2"), T(x,2)),G(',T(2',z), T(z',z))} < max{G(z,z* z*),G(a, 2, 2*)}
+%(I+A)_1 max{G (2, 2", "), G(z, z*,

for all n > 1. Thus
(I+ A)_l max{G(z, T (x,2"), T(z,2")),G(z', T(2',x), T(2',x))} max{G(z,z*, z*), G(2', 2*, 2"*)}
(I — A) ' max{G(z,z*,z*), Gz, z*, 2")

Now by using (2.1) for each u € T'(x,2'), v’ € T(2', z) there exist v € T(x*, 2'*), v € T'(2"*, 2*) such that

<
<

max{G(u,v,v), G(u',v',v")} < Amax{G(z,z*, z*), G(a', 2*, 2"*)}.
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Since xpy1 € Ty, x,) and x| € T(x),,xy,) for all n > 1, there exist v, € T(z*, ™) and v;, € T'(2"*, z*)
such that

maX{G(v,xn,:z:nﬂ),G(v',x;L,x;zH)} < Amax{G(zp,z*, 2*), G(x), 2™ 2™)}.

n’

Hence

max{G (v, z*, 2%), G(v,, 2, 2™)} < max{G(vn, Tpi1, Tni1) + G(Tni1, 2, 2%), G(v), x;LH, :E;H_l) + G(x;LH,:
é Ama’X{G($n’ $*7 l'*) + G('anrl’ $*7 l'*), G(I';w IL‘/*, xl*) + G(x;H—l’ :E/*v .fL',*
for all n > 1. Therefore v, — x* and v, — z’*.

Since v, € T(z*,2’*) and v}, € T(a™,2*) for all n > 1 and T'(z*,2’*) is a closed subset of X x X,
x* € T(x*,2™) and 2™ € T(2™,z*), that is, G(zn, Tm, Tm) — 0 as n — oo.
Hence {z,}n>0 is Cauchy sequence in the complete G— metric space (X, G). Choose z* € X such that
xp — ¥ as n — co. We claim that x € X \ {z*},
O
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Theorem 2.3. Let (X,G) be a complete G— metric space, a matriz A € My, ,»(RT) converges to zero and
T:X xX = Py(X) a multivalued operator and F : R" — R an increasing sublinear continuous function
such that F(0) =0 and F(t) > 0 for all t = (t;)7~, € R" where

RT = {(t1,....tm) : t; >0, for i=1,2,3,...,m}. (2.14)

Suppose that for each x,y,z, 2",y , 2" € X,

(I + A Y F(max{G(u,v,w), G, v, w)}) < (I — A F(max{G(z,y,2), G2,y 2")})

implies that for each u € T(x,2'),u’ € T(2',z),v € T(y,y'),v" € T(y,y) there exist w € T(z,2'),w" €
T(Z,z) such that

G(z,y,2),G(x, T(z,2"), T(z,2')),
A, G(y,T(y,y’),T(y,y/)),G(Z,T(Z,Z’),T(z,z/)),
F(max{G(u,v,w),G(u',v,w")}) < AF | max Gy ). Gl T (e 2). T(a ). (2.15)
G\ Ty, y),TW ), G, T(¢,2),T(<,2))

Then T has a coupled fixed point.

Proof. For each (z,2') € X x X,

(I + A F(max{G(z,T(z,2"), T*(z,2")), G(«', T(z',x), T*(a', 2))}) < (2.16)

([ - A_l)F(max{G(x, T(.%', 33'/>, T2($, .’I/)), G(xla T(xla x)v TQ(xlu .’E))})

Let (zo,z() € X x X and take 1 € T'(zo,2(), 2} € T(x),x0),x2 € T(x1,2)), 25 € T(a),x1). U 2o = 21 = 22
and z(, = =} = x4 then (xo, z{) is a coupled fixed point of T. Let any one of zg, z1,z2 and z(, z}, x4, be not
equal to other. From (2.6), there exist x3 € T'(xg,xh), x4 € T'(2h, x2) such that
G(J:Oa X1, 1"2)7 G(l'[), T(LUO, 'TE)): T(LUO, I6))7
G(‘Tla T(‘Tla xll)ﬂ T(‘Tla xll))7 G(a:Qa T(‘T27 xIQ)? T(x27 xIZ))a
G(x67 x,17 xl2)7 G(CC(), T($67 .’L'()), T($67 .’L'())),
G(.%'Il, T<x/17 171), T(x/h 371)), G(x/Za T(x/27 372), T(x/27 322))

F(max{G(z1,z2,23), G(z], 74, 24)}) < AF | max (

If 2y = 29 = x3 and 2} = zf, = 2% then (z1,2]) is a coupled fixed point of T. Let any one of 1, z2, 3
and 2}, =4, 2% be not equal to other, from (2.1) and (2.8) there exist x4 € T(z5, %), 2 € T(x%, x5) such that

F(maX{G(xQ’ L3, .’1’;4), G(x,% -Tg, ‘Til)}) AF(maX{G(xl’ L2, .’1’;3), G(xlla 'T/2a ‘Té)})

<
< .AZF(InaX{G(.To,I1,$2),G($6,$/1,$/2)}). (2.18)

Now by induction we construct sequences {,}n>0, {Z, }n>0 in X such that x,41 € T(zn,27,), 2], €
T(x), xy,) and

F(maX{G(xm Ln+1, xn+2)’ G(x;w xilrfl’ ‘T;1+2)}) < A"F(max{G(mo, L1, x2)7 G(%a xllv xl2)}) (2‘19)
for all n > 0. Since A converges to zero,
F(maX{G(xn, Tn+1, ‘TTH-?)’ G(x/na x;ﬁ—lv x/n+2)}) — 0.

We claim that
max{G(xp, Tni1, Tnio), G, x;H, x;HQ)} — 0.

If
maX{G(:rm Tn+1, Z’n_:,_g), G(x;w x;ﬂ-l? $;1+2)} —0
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is not true, then there exists v € R’ such that for each £ > 0 there is an integer number ny > k such that

/

maX{G<wnk » Tng+1, xnk+2)7 G(x%k » L4150 x;k+2)} >7-

Hence,
0 < F(y) < Fmax{G(zn, Tn+1, Tnt2), G(25, Ty 115 Tnya) }) — 0.

This contradiction shows that
max{G(xpn, Tni1, Tni2), Gz, 37;1+1a x;1+2)} — 0.
Now, from sublinearity of F' Theorem (1.9), for all m,n € N, n < m and by (G3) and (G5) we obtain
F(max{G(@n, Tm, Tm), G(@h, Ty 2),)}) < A — A) T F(max{G (2o, 21, 22), G(a), 21, 25)})

that is
F(max{G(xp, Tm, m), G(x), 20 2} )}) — 0

as n — oo and so

max{G(Tn, Tm, Tm), G(x,, z},,2,)} — 0.

n»<mi’'m

If z, — «* and 2}, — 2 we have nothing to prove. Let x # z* and 2’ # z/*. By definition of
G(z*,T(xz,2"),T(z,2")) , G2, T(a',z),T(2',x)) and for each n > 1 there exist y, € T(z,2’) and y,, €
T(«', ) such that

max{G(z*, yn,yn), G, 9, yh)} < max{G(z*,T(x,2'),T(x,2")), G, T (2", z), T(z',x)})

1
+—max{G(z, 2", z*), G(2', 2", 2")}.
n

Hence from (2.13), we have

(I+A)_lmaX{G(x,T(w,a:'),T(:):,x')),G(w’,T(w',x),T(x’,x))} < max{G(z,x*,2*),G(2, 2", 2")}
+%(I+A)_1 max{G (2, 2", "), G(z, z*,

for all n > 1. Thus

I+ A1 max{G(z, T (x,2"),T(z,2")),G(z', T(2',x), T(2',x))} max{G(z,z*, z*), G(x', 2*, 2"*)}

<
< (I —-A) ' max{G(z,2*,2*),G(z, 2, ")

Now by using (2.1) for each u € T'(x,2’), u' € T(2/, ) there exist v € T'(z*,2"*), v/ € T'(2"*, 2*) such that

max{G(u,v,v), G(u',v',v")} < Amax{G(z,z*, z*), G(a', 2*, 2*)}.
Since xpy1 € T(xp, x,) and 2, | € T(x),, xy,) for all n > 1, there exist v, € T(z*, ™) and v;, € T'(2"*, z*)
such that
max{G(v, Zn, Tnt1), GO, 27, 27, 1)} < Amax{G(zy, 2", z*), G(a,, 2", 2)}.

Hence
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maX{G(vna x*u x*)7 G(valw x/*a .13,*)} rnax{G(vn, Tn+1; xn-f-l) + G($n+1, :L’*, LIZ*), G(v;w x;erlv ;L+1) + G( ;L+17 '

<
< Amax{G(zp, 2%, 2") + G(wni1, 2", 27), Gy, 2", 2"™) + G(x],4, 2™, 2"

for all n > 1. Therefore v, — x* and v, — 2’*.

Since vy, € T(a*,2™) and v], € T'(2"*,2*) for all n > 1 and T'(z*,2™) is a closed subset of X x X, so
x* € T(x*, 2™) and 2™ € T(2™,2*). That is G(xp, Tm, Tm) — 0 as n — oo.

Hence {z, }n>0, {x], }n>0 are Cauchy sequence in the complete G— metric space (X, G). Choose (z*,2"*) €
X x X such that z,, — 2* and ], — 2™ as n — co. We claim that (x,2') € (X x X)\ ({z*},{z"*}),

F(max{G(z*,T(z,2"), T(z,2")), Gz, T(z,2'), T(x,2"))}) < AF (max{G(z*, z,z), G(z*, 2, 2') }{2.20)
Let (z,2") € (X x X) \ ({z*}, {z"*}). Choose a natural number N such that
1
mae{ G 2, 2). Glaa”, ")) < S max(Ge.2*,a), O, 2" 2"}

for all n > N. Hence, for each n > N we have

F(max{G(zp, T(xpn,x)), T(xpn,2})), G(x),, T(xp, 2),), T(xp,2)))}) < F(max{G(zp,z*, z%),G(z), 2™, 2™)}).

n

Thus
(I +A) 7 F (max{G(wn, T(wn, 23), T(2n, 27,)), G2, T (2, a7,), T(@n, 2,))})
< (I = A)7F (max{G(zn, T(wn, 27,), (ﬂfm ), G (@, T(wn, z3,), T(2n, 27))})
< (I-A7'F (max{G(zy,z,z),G(z,, 3, z")})

for n > N. Since zp11 € T(xp, ) , a:;LH € T(z),,xy), by using (2.1) for each n > N there exist
up, € T(z,2') and u), € T'(2/,x) such that

F(maX{G(Un,$n+1, :I}n+1), G(u;wx;z—l—lvx;z—&—l)}) S AF(max{G(mn,x,m), G(.I;.L,CL',,Q?,)}).
Hence
F(max{G(zp+1, T(2,2"),T(z,2")), G(x)41, T(2',2), T(2',2))}) < AF(max{G(zn, v, z), G(x),, 2", 2")})

and so

lim F(max{G(zni1,T(z,2"),T(x,2")),G ()1, T (2, 2), T(2',2))}) < lim F(max{G(zy,z,z),G(z),, 2", z)}).

n—oo n—o0

Thus F(max{G(z*,T(z,2'),T(z,2')), Gz, T(2',z), T(2',2))}) < AF(G(max{G(z*,z,x),G(z"* 2/, 2")})
for all (z,2") € (X x X)\ ({z*}, {=™*}).

Now we show that for each (z,2') € X x X and u € T'(z,2') , v’ € T(a’,z) there exist v € T'(a*,2"),
v' € T(2"™,2*) such that

F(max{G(u,v,v), G(u/,v',v)}) < AF (max{G(x,z*, z*), G(z', 2", 2™)}).

From (2.20),
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(I + A 'F(max{G(z,T(x,2"), T(z,2")), G(z', T (2, x), T(z',2))})

< F(max{G(z,T(z,2"), T(z,2")), G2, T(2',2), T(z',2))})
+%(1 + A F(max{G(z, T(z,2'), T(x,a')), G(«', T(«', ), T(«', 2))})
for all n > 1.
Thus
(I 4+ A 'F(max{G(z,T(z,2"), T(z,2')),G(z', T (', x), T(z,z))})
< F(max{G(z,z*, %), G2, 2*, 2)})
< (I - A 'Fmax{G(z,z*, %), G(z,2*, 2™)}).

Now by using (2.15), for each u € T(x,2’), v’ € T(2',x) there exist v € T'(z*,2™) , v' € T(a™, z*) such
that

F(max{G(u,v,v), G(u',v',v")}) < AF (max{G(x,z*, 2*), G(z', 2", 2™)}).
Since xp41 € T(xp, x),), ),y € T(27,,x,) for all n > 1, there exist v, € T(z*,2™), v, € T(2™*, x*) such

that

F(maX{G(v,g:n,an),G(v LU $n+1)}) S AF(maX{G(x,CC*7$*),G(I‘l,ﬂf/*,fﬁ/*)}).

Hence
F(maX{G(Uml‘*,IL‘*),G(U;,{L‘/*,Q?,*)}) < F(maX{G(UmwnJrl’anrl)vG(U xn—&-la n—‘,—l)})
P (max{ G 1, 2", 2"), G 1,2, 2™)})
< AF(max{G(zp,z*, 2*),G(x), 2™ 2™)})

+F(max{G(zn41, 2%, %), Gz, 1,2, 2™)})

for all n > 1. Therefore v, — 2* and v}, — x'*.
Since v € T'(x*,2"*) ,v' € T(2™*,2*) for alln > 1 and T'(x*, 2’*) is a closed subset of X x X, z* € T'(z*, 2*)
and z'* € T'(z™*, z*).
O

3. Acknowledgement

The fourth (corrsponding) author Dr Saurabh Manro is thankful to the National Board of Higher Math-
ematics for Post-Doctorate Fellowship.

References

[1] M. Abbas, T. Nazir, S. Radenovic, Some periodic point results in generalized metric spaces, Applied Mathematics
and Computation, 217 (2010), 4094-4099. 1

[2] N.A. Assad, W.A. Kirk, Fized point theorems for setvalued mappings of contractive type, Pacific Journal of
Mathematics, 43 (1972), 553-562. 1

[3] S.H. Hong, Fized points of multivalued operators in ordered metric spaces with applications, Nonlinear Analy-
sis,72(2010),3929-3942. 1

[4] S.H. Hong, Fized points for mized monotone multivalued operators in Banach Spaces with applications, Journal
of Mathematical Analysis and Applications, 337(2008), 333-342. 1

[5] S.H. Hong, D. Guan, L. Wang, Hybrid fized points of multivalued operators in metric spaces with applications,
Nonlinear Analysis, 70 (2009), 4106-4117. 1



A. Gupta, T. Singh, R. Kaur, S. Manro, Commun. Nonlinear Anal. 7(1) (2019), 36-49 49

[6]

M. Kikkawa, T. Suzuki, Three fized point theorems for generalized contractions with constants in complete metric
spaces, Nonlinear Analysis, 69 (2008), 2942-2949. (document)

D. Klim, D. Wardowski, Fized point theorems for set-valued contractions in complete metric spaces, Journal of
Mathematical Analysis and Applications, 334 (2007), 132-139. 1

Z. Mustafa, B. Sims, A new approach to generalized metric spaces, Journal of Nonlinear and Convex Analysis,
7(2)(2006), 289-297. 1, 1.1, 1.2, 1.3, 1.4, 1.5, 1.6, 1.7, 1.8

Z. Mustafa, H. Obiedat, F. Awawdeh, Some of fized point theorem for mapping on complete G-metric spaces,
Fixed Point Theory and Applications, 2008(2008), Article ID 189870,page 12. 1

7. Mustafa, W. Shatanawi, M. Bataineh, Fized point theorems on uncomplete G-metric spaces, Journal of Math-
ematics and Statistics, 4(4)(2008), 196-201. 1

Z. Mustafa, W. Shatanawi, M. Bataineh, Fzistence of fized point result in G-metric spaces, International Journal
of Mathematics and Mathematical Sciences, 2009(2009), Pages 10, Article ID 283028. 1

Z. Mustafa, B. Sims, Fized point theorems for contractive mappings in complete G-metric space, Fixed Point
Theory and Applications, 2009(2009), Pages 10, Article ID 917175. 1

S.B. Nadler, Multi-valued contraction mappings, Pacific Journal of Mathematics, 30 (1969), 475-478. 1

L.A. Rus, Principles and Applications of Fized Point Theory, Editure Dacia, Cluj-Napoca, 1979 (in Romania).
1.9

I.A. Rus, The theory of a metrical fixed point theory : theoretical and applicative relevance, Fixed Point Theory,
9(2) (2008), 541-559. 1

I.A. Rus, A. Petrusel, A. Santamarian, Data dependence of the fized point set of multivalued weakly Picard
operator, Nonlinear Analysis, 52 (2003), 1947-1959. 1

I.A. Rus, A. Petrusel, M.A. Serban, Weakly Picard operator: equivalent definitions, applications and open prob-
lems, Fixed Point Theory, 7(1)(2006), 3-22. 1

W. Sintunavarat, P. Kumam, Weak condition for generalized multi-valued (f,, B)-weak contraction mappings,
Applied Mathematics Letters, 24(4)(2011), 460-465.



	1 Introduction and preliminaries
	2 Main Result
	3 Acknowledgement

