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Abstract

n .
Let P(z) = > a;z’ be a polynomial of degree n such that a, > a,—1 > ... > ap > 0, then according to
j=0
the Enstrom-Kakeya Theorem all the zeros of P(z) lie in |z| < 1. Aziz and Mohammad have shown that
under the same condition on coefficients the zeros of P(z) whose modulus is greater than or equal to ——

n+1
are simple.In this paper, we extend the above result to the polar derivative.
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1. Introduction and Preliminaries
n .
Let P(z) = ) ajz’ be a polynomial of degree n, then concerning the distribution of zeros of P(z),

7=0
Enestrom and Kakeya proved the following result:

Theorem 1.1. Let P(z) =

n .
a;z’ be a polynomial of degree n such that
§=0
Ap > Ap_1 > ... > ag > 0.
Then P(z) has all its zeros in |z| < 1.

Regarding the multiplicity of zeros of a polynomial, A.Aziz and Mohammad[l] proved the following result:
n .
Theorem 1.2. Let P(z) = ) a;2’ be a polynomial of degree n such that
Jj=0

Ap = Ap_1 > ... > ag > 0.

Then all the zeros of P(z) of modulus greater than or equal to nL_H are simple.
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In [2] A.Aziz and Mohammad gave a generalisation as well as a refinement of Theorem (1.2) as follows:
n .
Theorem 1.3. Let P(z) = a;z’ be a polynomial of degree n > 1 such that for somet > 0,
=0
ta; > aj-1,j =2,3,...,n

t(n—1)

n

ap may be real or complex number. Then all the zeros of P(z) of modulus greater than or equal to are

simple.

In literature, there exist generalizations and extensions of Theorem (1.2) and Theorem (1.3)(see [3], [6]).
Let a be a complex number. If P(z) is a polynomial of degree n, then the polar derivative of P(z) with
respect to a, denoted by D, P(z) is defined by

Do P(2) =nP(z)+ (o — 2)P'(2)

Clearly D,P(z) is a polynomial of degree at most n — 1 and it generalizes the ordinary derivative in the

sense that
. D.P(z)
lim ———~
a—00 6]

— P/()

Ramulu and Reddy [8] found the bounds for the zeros of D, P(z) under certain conditions on its coefficients.
In fact they proved:

Theorem 1.4. Let P(z) =

n .
a;z’ be a polynomial of degree n such that

7=0
nag < (n—1)a; < (n—2)ag < ... <3ap-3 < 2ap-2 < ap_1.
Then all the zeros of DyP(z) lie in

2] < Gp—1 — NGQ + |na0].

an—1

Theorem 1.5. Let P(z) =

n .
a; 2’ be a polynomial of degree n such that

7=0
nag > (n—1)a; > (n —2)ag > ... > 3ay—3 > 2ap-2 > ap_1.
Then all the zeros of DyP(z) lie in

2] < |nag| + nag — -1

Gp—1

In literature, there exist generalizations and extensions of Theorem (1.4) and Theorem (1.5)(see [5], [9]).

2. Main Result

In this paper, we obtain a region in which the zeros of polar derivative are simple. In fact we prove the
following;:

Theorem 2.1. Let P(z) = ajzj be a polynomial of degree n. Let o € R such that

n
j=0

(n = 1) [naan + an—1] > (n —2) [(n — Daan—1 + 2a,_2] > ... > 3[4aas + (n — 3)as]
> 2 [3aas + (n — 2)ag] > [2aas + (n — 1)aq] .
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Then all the zeros of Do P(z) whose modulus is greater than or equal to

(n —1) [naay + an—1] — [2aas + (n — 1)a1] + [2aaz + (n — 1)aq |
(n — 1)|naay, + an—1]

are simple.

n .
Proof: Let P(z) = ) aj2z’ be a polynomial of degree n, then
j=0

Do P(2) = (naan + an—1)2""" + ((n — 1)aan_1 + 2a,_9)2" >
+ oo+ (Baaz + (n — 2)ag)2* + (2aaz + (n — 1)a1)z + (aa; + nag).
So
DLP(2) = (n—1)(naay + an—1)z""2 + (n — 2)((n — Daan—1 + 2an_2)2""> + ...
+23aaz + (n —2)az)z + (2aaz + (n — 1)aq).
Now consider the polynomial
Q(z) = (1 - 2)DyP(2)
That is
Q(z) = (1 — 2){(n —1)(naa, + an_1)2""2 + (n — 2)((n — Daan_1 + 2an_2)2" "> + ...
+23aaz + (n —2)az)z + (2aas + (n — 1)a1)}
which implies
Q(2) = (n — 1) (naay + an_1)2""2 4+ (n — 2)((n — 1)aan_1 + 2an_2)2""> + ...
+2(3aaz + (n — 2)az)z + (2aaz + (n — 1)ay) — (n — 1) (naay + an—1)2"""
—(n=2)((n —1Daay,_1 + 2an_2)2""2 — ... = 2(3aas + (n — 2)as)2>
— (2aaz + (n —1)ag)z

Q(2) = —(n — 1) (naan + ap_1)2" L+ {(n — 1)(naa, + an_1) — (n — 2)((n — V)aa,_1 + 2a,_2)}2" >
+{(n—2)((n — a1 + 2a,_2) — (n — 3)((n — 2)aa,_2 + 3a,_3)}2" > + ...
+ {3(4aas + (n — 3)az) — 2(3aaz + (n — 2)az) }2% + {2(3cas + (n — 2)az)
— (2aaz + (n — 1)a1) }z + {2aaz + (n — 1)a; }.
Therefore

QU > [(n— D(na + an DI|"" — (|1~ 1)(naan +an 1) — (1~ 2)((0 — Daan 1 + 2an )|z
+1(n —2)((n — Vaan_1 + 2a,_2) — (n — 3)((n — 2)an_2 + 3a,_3)||2|" > + ...
+ 3(4aay + (n — 3)az) — 2(3aaz + (n — 2)az)||2?| + |2(3aas + (n — 2)az) — (20az + (n — 1)ay)||z|
+ [2aaz + (n — 1)ay|}

which implies

Q=) > (n = D[naan + an1]z[*~> [!zl — ((n = Dlnaan + an—1]) " {|(n — 1)(naay + ay_1)
—(n=2)((n — Daap—1 +2an—2)| + |(n —2)((n — 1)aa,—1 + 2a,—2)
— (n=3)((n — 2)an_2 + 3an_3)||2| 7" + ... + [3(4aay + (n — 3)as) — 2(3cas + (n — 2)ay)||z|~ Y
+ 12(3aas + (n — 2)ag) — (20az + (n — )ay)| 2|~ + [2aaz + (n — Day||z|” "2},
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Now if |z] > 1, then ﬁ <1,

1Q(2)] > (n—1)|naay, + an—1| []z] — ((n - 1)|naa, + an_l‘)*l{’(n — 1)(naay, + an—1)

—(n—2)((n — Daap—1+ 2an—2)| + |(n —2)((n — Daay—1 + 2an—2) — (n — 3)((n — 2)aa,—2
+3an—3)| + ... + [3(4aays + (n — 3)as) — 2(3aas + (n — 2)az)| + |2(3cag

+(n—2)az) — (2aas + (n — Day)| + |20a2 + (n — 1)a1]}}
that is

1Q(2)| > (n — 1)|naay, + an_1||z|" > []z| — ((n = 1)|naa, + an,1|)_1{(n — 1)(naay, + an—1)

—(n—=2)((n — Daap—1 +2ap—2) + (n —2)((n — Vaap—1 + 2an-2) — (n — 3)((n — 2)aa,—2 + 3an—3)
+ ...+ 3(4aas + (n — 3)az) — 2(3aas + (n — 2)az) + 2(3aas + (n — 2)az) — (2aaz + (n — 1)ay)

+ 2003 + (0~ 1y}
1Q(2)| > (n — 1)|naan + an_1|2|" 2 [|z] — ((n - 1)|naa, + an_l\)_l{(n — 1)(naay + an—1)
— (2aaz + (n — 1)aq) + [2aag + (n — 1)a1|}}.
Hence, |Q(z)| > 0 if

(n —1)(naay, + an—1) — 2aag + (n — 1)ay) + [2aaz + (n — 1)aq|
(n —1)|naay, + ap—1|

2| >

This shows that all the zeros of @(z) whose modulus is greater than 1 lie in

(n —1)(naan + an—1) — (2aaz + (n — 1)ar) + [2aas + (n — 1)a1|'

z| <
2l = (n — 1)|naa, + ap—1]

Since the zeros of Q(z) whose modulus is less than or equal to 1 already lie in

(n — 1)(naay, + an—1) — (2aaz + (n — 1)a1) + [2aaz + (n — 1)aq|

z| <
12l = (n —1)|naa, + an—1|

)

it follows that all the zeros of Q(z) lie in

(n —1)(naa, + an—1) — 2aag + (n — 1)ay) + [2aas + (n — 1)aq ]|
(n —1)|naa, + an—1] ’

2] <

Thus all the zeros of D/ P(z) lie in

2] < (n — 1)(naay, + an—1) — (2aaz + (n — 1)a1) + [2aaz + (n — 1)aq|
- (n —1)|naay, + an—1| '
In another words, all the zeros of D, P(z) whose modulus is greater than or equal to

(n —1)(naan, + an—1) — (2aaz + (n — 1)a1) + [2aaz + (n — 1)ay |
(n —1)|naay, + ap—1|

are simple.
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n .
Corollary 2.2. Let P(z) = ) a;z’ be a polynomial of degree n such that
7=0

(n—1ap—1 >2(n—2)apn—2 > ...>3(n—3)az > 2(n — 2)az > (n — 1)a;.
Then all the zeros of DoP(z) = nP(z) — zP'(z) whose modulus is greater than or equal to

|CL1’ —a1 + ap—1

[y

are simple.

n .
Corollary 2.3. Let P(z) = ) a;2’ be a polynomial of degree n such that
§=0

(n—1)ap—1 >2(n—2)ap—2>...>3(n—3)ag > 2(n —2)ag > (n— 1)a; > 0.

Then all the zeros of DyP(z) = nP(z) — zP'(z) whose modulus is greater than or equal to 1 are simple.

Theorem 2.4. Let P(z) = Y a2’ be a polynomial of degree n. Let o € R such that

n
j=0
(n—1) [naa, + an—1] < (n—2)[(n — 1)aan—1 + 2an_2] < ... < 3[daas + (n — 3)asg]
< 2[3aas + (n — 2)ag] < [2aag + (n — 1)aq] .
Then all the zeros of Do P(z) whose modulus is greater than or equal to

[2aas + (n — 1)ag] + [2aas + (n — 1)ay| — (n — 1) [naay, + an—1)
(n —1)|naay, + an—1|

are simple.

n .
Proof:Let P(z) = > ajz’ be a polynomial of degree n, then
=0

D,P(z) = (naay, + an_l)z"_l + ((n — Daay—1 + Qan_g)z"_2 + ... + Baas + (n — 2)a2)22
+ (2aaz + (n — 1)a1)z + (aay + nag).

So

D! P(2) = (n — 1)(naa, + a,_1)z""2 + (n — 2)((n — Daan_1 + 2an_2)2" > + ...
+2(3aas 4+ (n — 2)az)z + (2aag + (n — 1)ay).

Now consider the polynomial

Q(z) = (1 - 2) D, P(z)
That is

Q(2) = (1 = 2){(n — D(naay, + a;-1)z""2 + (n = 2)((n — Vaan—1 + 2an—2)z""> + ..
+2(3aaz + (n — 2)az)z + (2aaz + (n — 1)ag)}

which implies

Q(z) = (n—1)(naa, + an,l)z”_2 +(n=2)((n—1Daa,—1 + 2an,2)z"_3 + ...+ 2(8aag + (n — 2)az)z

+ (2aag + (n — 1)a1) — (n — 1) (naan + an—1)2""" — (n — 2)((n — 1)aan_1 + 2a,_2)z
—2(3aaz + (n — 2)as)2? — (2aas + (n — 1)ay)z

n—2
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or

Q(2) = —(n — 1)(naa, + an_1)2""" + {(n — 1)(naa, + an_1) — (n —2)((n — Daan_1 + 2an_2)}2"2
+{(n—2)((n — Daan_1 + 2a,_2) — (n — 3)((n — 2)an_2 + 3a,_3)}2" > + ...
+ {3(4aas + (n — 3)az) — 2(3aaz + (n — 2)az) }2% + {2(3aas + (n — 2)az)
— (2aaz + (n — 1)a1) }z + {2aas + (n — 1)a1 }.

Therefore
1Q(2)| = |(n = D) (naay + ap-1)||2" 1 = {|(n = 1) (naa, + ap-1) = (n = 2)((n — Daan—1 + 2a,—2)||2["
+(n —2)((n — Vaan_1 + 2an_2) — (n — 3)((n — 2)an_2 + 3an_3)||z|" 3 + ...

+ 13(4aay + (n — 3)az) — 2(3cas + (n — 2)as)||2?| + [2(3aaz + (n — 2)az) — (20az + (n — 1)a1)]||
+ [2cag + (n — 1)aq|}

which implies

Q)] = (n = 1)|naan + any|2]"~* [!z\ ~ ((n = Dlnaa, + an-1) " {|(n — 1)(naay +an-1)
—(n=2)((n — Daan—1 + 2an,—2)| + |(n —2)((n — Vaap—1 + 2a,—2)
—(n=3)((n = 2)an_2 + 3a,_3)||2|* + ... + [3(4aay + (n — 3)az) — 2(3aaz
+(n = 2)ag)|]z| " + 2(3aaz + (n — 2)az) — (2aa + (n — V)ay)|[z|~"~?
+ 200 + (n = ay|2| ==}

Now if |z] > 1, then é <1, so

|Q(2)] > (n — 1)|naay, + an—1]| [\z| — ((n — 1)|naa, + an,1|)_l{|(n — D (naay, + an—1)

—(n—=2)((n —1N)aap—1 + 2an—2)| + |(n —2)((n — 1)aan—1 + 2an—2)
—(n—=3)((n — 2)aan—2 + 3an—3)| + ... + |3(4aas + (n — 3)az) — 2(3aaz + (n — 2)az)|

+12(3aaz + (n — 2)az) — (2aas + (n — 1)a1)| + [2aas + (n — 1)a1\}]
that is

|Q(2)] = (n— 1)|naay, + an—1| “z| — ((n - 1)|naa, + an—ﬂ)_l{(" —2)((n — 1)aan—1 + 2a,—2)

— (n—1)(naay, + an—1) + (n —3)((n — 2)aan—2 + 3an—3) — (n — 2)((n — 1)aan—1 + 2ap—2) + ...
+2(3aaz + (n — 2)az) — 3(4aays + (n — 3)asz) + (2aaz + (n — 1)ay) — 2(3aas + (n — 2)asz)

+ 2aa; + (n — Da |}
|Q(2)] > (n — 1)|naay, + an—1]| Uz| — ((n = 1)|naa, + an,1|)_1{(2aa2 + (n—1)a1) + [2aas + (n — 1)aq|
— (n —1)(naa, + an_l)}} .
Hence |Q(z)| > 0 if

(2aag + (n — 1)ay) + |2aaz + (n — 1)ag| — (n — 1) (naay, + an—1)

z| >
12l 2 (n — 1)|naay, + an—1|
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This shows that all the zeros of Q(z) whose modulus is greater than 1 lie in

(2aag + (n — 1)ay) + |2aaz + (n — D)ag| — (n — 1) (naay, + an—1)

z| <
12l = (n —1)|naa, + an—1|

Since the zeros of Q(z) whose modulus is less than or equal to 1 already lie in

(2aag + (n — 1)ay) + |2aa2 + (n — 1)ag| — (n — 1) (naay, + an—1)

z| <
= (n — 1)|naay, + an—1|

)

it follows that all the zeros of Q(z) lie in

(2aag + (n — 1)ar) + 2aaz + (n — 1)ag| — (n — 1) (naa, + an—1)
(n —1)|naay, + an—1|

2] <

Thus all the zeros of D/ P(z) lie in

(2aaz + (n — 1)a1) + [2aag + (n — Dag| — (n — 1) (naay, + an—1)
(n —1)|naa, + an—1|

2] <

In another words, all the zeros of D, P(z) whose modulus is greater than or equal to

(2aag + (n — 1)ay) + [2aaz + (n — Dag| — (n — 1)(naay, + an—1)
(n — 1)|naay, + an—1|

are simple.

n .
Corollary 2.5. Let P(z) = ) a;z’ be a polynomial of degree n such that
§=0

(n—1ap—1 <2(n—2)ap—2 < ..<3(n—3)az <2(n—2)az < (n—1)a;.
Then all the zeros of DoP(2) = nP(z) — 2P'(z) whose modulus is greater than or equal to

la1]| + a1 — apn—1

|an—1]

are simple.

n .
Corollary 2.6. Let P(z) = ) a;z’ be a polynomial of degree n such that
§=0

(n—1)ap—1 <2(n—2)ap—2 < ... <3(n—3)ag <2(n—2)az < (n—1)a; > 0.

Then all the zeros of DyP(z) = nP(z) — 2P'(z) whose modulus is greater than or equal to 1 are simple
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