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Abstract

In this paper, we prove the existence of optimal coincidence point and best proximity point in b-fuzzy
metric space for two mappings satisfying certain contractive conditions and prove some proximal theorems
which provide the existence of an optimal approximate solution to some operator equations which are not
solvable. We also provide an application to the fixed point theory of our obtained results.
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1. Introduction and Preliminaries

Introduction Zadeh [15] introduced the concept of a fuzzy set A in a universal set X by a mapping
f:A—[0,1]. Kramosil and Michalek [9] defined fuzzy metric space which was further modified by George
and Veeramani [5] with the help of a continuous t—norm.

On the other hand, Bakhtin [2] introduced the notion of b-metric spaces which can be viewed as a
generalization of metric space ( see also,[3] ). Sedghi and Shobe [14] combined the concepts of fuzzy set
and b-metric space to introduce a b-fuzzy metric space. They obtained a fixed point result of a continuous
mapping. Hussain, Salimi and Parvaneh [8] derived some new fixed point results of mappings defined on
triangular partially ordered fuzzy b-metric spaces. They also studied the relationship between parametric
b-metric and fuzzy b-metric. In 2016, S. Nadban [10] studied the concepts of fuzzy quasi b-metric and fuzzy
quasi pseudo b-metric spaces. In 2017, Dosenovic,Javaheri and Shobe [4] proved coupled coincidence fixed
point theorems in complete b-fuzzy metric spaces.

Consistent with [1] [11], [12], [13] and [14], we recall the following definitions:
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Definition 1.1. [13] A binary operation * : [0,1] x [0,1] — [0, 1] is said to be continuous t-norm if for any
a,b,c,d € [0,1] , the following conditions hold:

1) * is associative and commutative;
2) x is continuous;
3) axl=uaq;
4) a*b < c¢xd whenever a < ¢ and b < d.
Three examples of a continuous t-norm are a * b = a - b (usual product t-norm); a * b = min (a,b)
(Minimum t-norm) and a * b = max{a + b — 1,0} (Lukasiewicz t-norm).

Definition 1.2. [14] Let X be a nonempty set, * a continuous ¢ — norm and b > 1 a given real number.
A fuzzy set M on X x X x (0,00) is said to be a b—fuzzy metric if for any z,y,z € X and t,s > 0, the
following conditions hold:

(bM1) M (z,y,t) > 0;
(bM2) M (z,y,t) =1 if and only if x = y;

(
(,
(bM4) M(mzt+s)>M(w yi5) * M (y,25)

(

(bM5) M (x,y,-) : (0,00) — [0, 1] is continuous.

The quadruple (X, M, x,b) is called a b—fuzzy metric space. Note that a b— fuzzy metric is a fuzzy
metric if we take b =1 but the converse does not hold in general ([14]).

Definition 1.3. [14] Let f : R — R be a function. Then f is called b-nondecreasing if any z,y € R, z > by
implies that f (z) > f (y).
Sedghi and Shobe [14] proved the following Lemma:

Lemma 1.4. [1]] Let (X, M,*,b) be a b-fuzzy metric space. Then M(x,y,-) : (0,00) — [0,1] is b-
nondecreasing. Also,
M (z,y,b"t) > M(z,y,t) for all n € N.

Remark 1.5. In general, a b-fuzzy metric is not continuous but M is a continuous function on X? x (0, 00)
[6].
Let us recall some topological properties of b-fuzzy metric space studied by Sedghi and Shobe [14] .
Let (X, M,*,b) be a b-fuzzy metric space. An open ball B (x,r,t) with center g € X and radius
0 < r < 1is defined by

B(z,rt)={ye X : M (z,y,t) >1—r}, wheret > 0.

A set Ain X is called an open set if for any = € A, there exits t > 0 and r € (0, 1) such that B (z,r,t) C A.
A collection of all such sets is a topology 7 induced by the b-fuzzy metric M.

A sequence {z,} in (X, M, *,b) converges to a point z in X if and only if for each ¢t > 0, M (z,,x,t) — 1
as n — oo. Furthermore, a sequence {z,} in (X, M, *,b) is called the Cauchy sequence if for each 0 < € < 1
and t > 0, there exists ng € N such that

M (xp, Tm,t) > 1 —€

for all n,m > ng.

A b-fuzzy metric space X is said to be complete if every Cauchy sequence in X is convergent.

A subset A in X is said to be F-bounded if there exists t > 0 and 0 < r < 1 such that M (z,y,t) > 1—r
for all z,y € A.
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Lemma 1.6. [14] Let (X, M, *,b) be a b-fuzzy metric space.

(1) If a sequence {x,} in X converges to a point x in X, then x is unique.

(ii) If a sequence {x,} in X is convergent, then {x,} is a Cauchy sequence.

A set A in X is said to be closed if for each b-convergent sequence {z,} in A with z,, — =, we have
x € A

Definition 1.7. Let A and B be two nonempty subsets of a b-fuzzy metric space (X, M, *,b) . Define:
Ag(t) = {r€A: M(z,y,t) =M (A, B,t) for some y € B},
By(t) = {yeB: M (z,y,t) =M (A, B,t) for some z € A},

where

M (A, B,t) = sup{M (a,b,t):a € A, b€ B}.

A distance of a point z € X from a nonempty set A is defined by

M (z,A,t) =sup M (z,a,t), where t > 0.
a€A

Definition 1.8. [12] A point z in A is said to be optimal coincidence point of a pair (g,7") of mappings
T:A— Bandg: A— Aif
Mgz, Tx,t) = M(A, B,t),

holds.

Lemma 1.9. [11]/Let T : A — B. If for any t > 0, A (t) # ¢ and T (Ao (t)) C By (t). Then, there exist a
sequence {x,} in Ag (t) such that

M (241, Tn,t) = M (A, B,1).

Definition 1.10. [11]A sequence {z,} in Ay (t) satisfying M (241, Txn,t) = M (A, B,t) is called proximal
fuzzy Picard sequence starting with xg € Ay (¢) .

Definition 1.11. [11] A set Ag(t) is fuzzy proximal T-orbitally complete if and only if every Cauchy
proximal fuzzy Picard sequence in Ag (t) starting with some xg € Ag (t) converges to an element of A (¢).

Definition 1.12. [12]Let A, B be nonempty subsets of a fuzzy metric space (X, M, x). A set B is said to be
fuzzy approximately compact with respect to A if for every sequence {y,} in B, if M (x,y,,t) = M (x, B, t)
for some z € A, then x € Ay (t).

Definition 1.13. [12]Let A be a nonempty subset of a fuzzy metric space (X, M, *). A mapping g: A — A
is said to be fuzzy isometry if for any x,y € A and t > 0, we have

M (gz,gy,t) = M (z,y,t) .

Definition 1.14. [12]Let A be a nonempty subset of a fuzzy metric space (X, M, *). A mapping g: A — A
is said to be fuzzy expansive if for any =,y € A and t > 0, we have

M (gz, gy, t) < M (z,y,t).

Definition 1.15. [7] A sequence {t,} of positive real numbers is an s-increasing if there exists ny € N such
that
the1 >t + 1, for all n > nyg.
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Definition 1.16. [12] A fuzzy metric space (X, M,«) is said to satisfy property-T if for an s-increasing
sequence {t,}, we have

o0
H M (z,y,t,) > 1 — € for all n > nyg.
n>ngo
Suppose that 7 : (0,1] — [0, 00) such that
C1 7 is continuous and decreasing.
C2 n(t) =0 if and only if t = 1.
C3 for any r,s € (0,1] with 7 x s > 0, we have n(r x s) < n(r) + n(s), where x is any continuous t-norm.

Q={n:(0,1] — [0,00) such that n satisfies (C1), (C2) and (C3)}.
Define 7 : (0,1] — [0,00) by n(t) =1 — 1 and take, * = A. Then n € Q # ¢.

Definition 1.17. A sequence {t,} of positive real numbers is said to be eventual increasing if there exists
ng € N such that for all n > ng, we have t,11 > t,.

Example 1.18. Let t, = €", for all n € N. It satisfies both the definitions of s-increasing sequence and
eventual increasing. That is,

ther = €T >€e" + 1 and tyy > ty.
Remark 1.19. Every s-increasing sequence is increasing sequence but the converse is not true.

Following is the counter example to prove this.

Example 1.20. Let t,, = —e™", which is an increasing sequence but it is not s-increasing.
ty = —e V=1
t1 = —e'=-036
ty = —e ?=-0.1353
Hence,
tnt1 2 tn + 1.

Definition 1.21. A mapping T : A — B is said to be b-fuzzy proximal contraction of type-I with respect
to n € Q, if there exist a k € (0, 1) such that for any z,y,u,v € A and t > 0, we have

M (u,Tz,t) = M(A, B,t)

M(v,Ty,t) = M(A, B,t) } = n[M (u,v,t)] < kn[M (z,y,t)].

Definition 1.22. Let T: A — B and g : A — A. A pair (T, g) is said to be b-fuzzy )—generalized proximal
contraction pair with respect to n € Q if there exist a k € (0, 1) such that for any z,y,u,v € A and t > 0,
we have

e A B | = 1IM (gu.g0,0)] < k[0 0]

Definition 1.23. A mapping T : A — B is said to be b-fuzzy proximal contraction of type-II if there exists
k € (0,1) such that for any z,y,u,v € A, and ¢t > 0, we have

M (u, Tz, t) = M(A, B,t) "
M(U’Ty’t):M(A;B,t) :>M(U,U,t)ZM xay,E .

Definition 1.24. Let T : A — B and g : A — A. A pair (T,g) is said to be b-fuzzy general proximal
contraction if there exists k € (0,1) such that for any z,y,u,v € A and t > 0, we have

M (gu,Tz,t) = M(A, B,t) ;
> - .
M(gv,Ty,t):M(A,B,t) :M(gu’gv’t)—M :L"y’k
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2. Main Result

Theorem 2.1. Let (X, M,*,b) be a complete b-fuzzy metric space, B a fuzzy approrimately compact with
respect to nonempty closed subset A in X. Suppose that a pair of mapping (g,T) is b-fuzzy Q—generalized
prozimal contraction where T : A — B and g : A — A is a fuzzy expansive mapping. If T (Ag (t)) C By (t)
and ¢ # Ao (t) C g(Ag (t)) for each t > 0. Then, there exists an element x* € A such that M (gz*, Tx* t) =
M (A, B,t).

Proof. Let xy be an arbitrary element in Ag(t). As T (Ao (t)) C By (t) and A (t) C g(Ap (1)), we may choose
an element 1 € Ag (t) such that
M (gl’l, Txo,t) =M (A, B,t) .

Also since Txy € T (Ao (t)) € By (t), and Ag (t) C g(Ao (1)), it follows that there exists an element zo €
Ay (t) such that the following equation holds:

M (gxo,Tx1,t) = M (A, B,t).
Continuing this way, we can obtain a sequence {x,} in Ay (t) such that it satisfies:
M (gzp, Txp—1,t) = M (A, B,t) and M (9xpt1,Txn,t) = M (A, B,t), (2.1)

for each positive integer n and for k € (0,1). As {g,T'} is b-fuzzy Q—generalized proximal contraction, we
have

n [M (gLUn, gdTn+1, t)] S k’l’] [M (xn—h Ln, t)] )
for all n > 0. As g is fuzzy expansive and 7 is a decreasing mapping on [0, 00), we obtain that
n [M (xm Tn+1, t)] < kn [M (mn—la Ly t)] :
Thus,

n [M (xn,xn+1,t)] k’l? [M (mn—l’xmt)]

k277 [M (xn—Qa Tn—1, t)]

(VAN VAN VAN VAN

kE"n[M (xo,1,t)], for each t > 0.

On taking limit as n — oo on both sides of the above inequality, we have

lim U(M ($n7xn+lat)) =0.

n—oo

Now we show that {z,} is a Cauchy sequence. Suppose that there exists some ny € N with m > n > nyg
such that,

m—1 m—1
t a;t a;t
P D)= (zfzb)M("‘Zb))
it
= 1 M nyms L
77( * (3} x ; b))
m—1 ait
< ]‘ M Ty Y1y 71
< (1) +n( <x z ; b))
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m—1
where {a;} is a decreasing sequence of positive numbers satisfying > a; = 1. Moreover, we obtain that
=n

=n

m—1
ait
77(M (.Tn,l'm,t) S U(M <xm$mv Z b>)

ant api1t
S 77(M (xnu$n+1vl)2> * M <l‘n+1,5{,‘n+27b;1) *
A1t
coex M <$m_1,:cm, le>)
ant ansit
< U(M xnaxn-i-l;ﬁ )+77(M $n+1’xn+2’b72 )+
amflt
-4 T](M (Zﬂml,l‘m, b2>)
ant n At
S knn(M (x07x17l)2))+k +177(M (x()7{1}‘17b—"2_]'>)+
m— A1t
o4k 177(M <£L'0,:L‘1,b2>)'
Hence
ant n A1t
n(M (xn,xm’t) = knn(M <$ijlvl)2)) tk +177(M <x07x17 ngl >)
A1t
. km*ln(M <;1;0, x1, 1721> ). 22)

Assume that
ant Gnt1t Am—11
ma‘x{n(M x()yxl)bﬁ )777(M x07x1)b72 )7 777(M x07x17672 )}:n(M(x07x17qt))7

for some g € {75 : n <i <m —1and b > 1}, then the inequality (2.2) becomes

(M (2, T, t) < K"n(M (20,21, qt)) + K" (M (x0, 21, qt)) + -+ + K™ 'n(M (0, 21, qt))
< (KR K (M (20,21, qt))

_ k‘n(l +k+---+ km_n_l)n (M (.%'(],1‘1, qt))

kTL
M
1_k77( (:I:O?xl?qt))a

that is, for all n € N,

n
1— k"

On taking limit as n — oo on both sides of the above inequality, we have

(M (2, Tm, t) <

(M (zg,x1,qt)) .

n,Mm—00
By the continuity of 77, we have
lim M (x,, Tm,t) = 1.
n,Mm—00
Thus, {x,} is a Cauchy sequence in a closed subset A of a complete b-fuzzy metric space (X, M, *,b). Hence
there exists some x* € A such that

lim M (z,,2%,t) =1, for all ¢t > 0.

n—-+0o
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Note that,
M (gx*,B,t) > M (gz*, Tx*,t) = M (A, B,t) > M (gx*, B,t).

As g is continuous and the sequence {x,} converges to z*, we obtain that
M (gz*, Ty, t) — M(gx*, B,t).

If, we consider Tz* = y,, (say) in B. Since {Tx,} C B, and B is a fuzzy approximately compact with respect
to A, {T'z,,} has a subsequence which converges to some y in B, therefore M (gz*,y,t) = M (A, B,t), and
hence gz* € Ap (t). As Ag C g (Ap) implies that gu = ga* for some u € Ay (t), we have

M (gu,Tx*,t) = M (A, B,t) = M (9zp+1, Txpn,t), Vn € N.
As {g,T} is b-fuzzy Q2—generalized proximal contraction and g is fuzzy expansive mapping, we have
N (M (u, 2nt1,1)) < 0 (M (gu, grny1,1)) < kn (M (2%, 2n,1)) .
Taking limit as n — oo on both sides of the above inequality, we obtain that
0 (M (u,2,1)) < kn (1)
and hence M (u,x*,t) = 1 which implies u = z*. Thus
M (gz*,Txz*,t) = M (gu, Tz*,t) = M (A, B,t),

gives that z* is the optimal coincidence point of the pair {g,T}. If there is another optimal coincidence
point y* # z* of the pair {g, T} in Ag (¢), then we have

M (gx*,Tx*,t) = M (A, B,t) and M (gy*, Ty*,t) = M (A, B,t).

Since {g, T} is b-fuzzy Q—generalized proximal contraction and g is fuzzy expansive, so

n(M(z*,y*t) < n(M(g9z*, gy*,t))
< kn(M(z%,y", 1))
< n(M(z*,y" 1)),

gives a contradiction. Hence the result. O

Example 2.2. Let X =R x [-1,1] and d : X x X — [0,00) be a b— metric defined by

d((z1,11), (x2,92)) = (|21 — 22| + |11 — 12)*.

Let A = {(x,1) : € R} and B = {(z,—1) : x € R}. It is known that (X, Mg, A) is a complete b-fuzzy
metric space (1.2), where My is a standard b-fuzzy metric induced by d. Note that

t
Md(Avat):m

Note that Ag (t) = A and By (t) = B. Define a mapping 7 : A — B as:

x
T (z,1) = (g,—1)
and g: A — A as:
g(a,1) = (32.1).
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Clearly g is fuzzy expansive mapping. Also the pair (g, T') satisfies T' (A (t)) € By (t) and Ag (t) = g (Ao (¢)) .
If we take u = (x1,1), v = (x2,1) € A, then x = (x3,1) and y = (z4,1) € A satisfy

M (gu, Tz, t) = M (A, B,t), and
M (gv,Ty,t) = M (A, B,t),

provided that x1 = 7 and xg = Gt for z1, 29, 23 and 24 € R.

If we choose )
n(t):Z—l and k € (0,1),
then
n[M (gu, gv,t)] < kn[M (z,y,1)],

holds true. So all the conditions of the Theorem (2.1) are satisfied. Moreover, (0, 1)is the unique optimal
coincidence point in the set Ay (¢) of the pair (g,7) .

Corollary 2.3. Let (X, M,x*,b) be a complete b-fuzzy metric space, and T' : A — B a b-fuzzy proximal
contraction of type-I with T (Ag (t)) € By (t) for each t > 0. If B a is fuzzy approzimately compact with
respect to nonempty closed subset A in X. Then, there exists an element z* € A such that M (z*,Tx*,t) =
M (A, B,t).

Proof. The result follows from the Theorem (2.1) if we take g = I4 (an identity mapping on A). O

Corollary 2.4. Let (X, M, *,b) be a complete b-fuzzy metric space, B a fuzzy approrimately compact with
respect to nonempty closed subset A in X. Suppose that a pair of mapping (g,T) is b-fuzzy Q—generalized
proximal contraction where T : A — B and g : A — A is a fuzzy isometry mapping. If T (Ao (t)) € Bo (t)
and ¢ # Ao (t) C g(Ao (t)) for each t > 0. Then, there exists an element * € A such that M (gx*, Tz*,t) =
M (A, B,t).

Proof. Every fuzzy isometry g : A — A is fuzzy expansive mapping such that
M(z,y,t) = M(gz, gy,t)
rest of the proof is on the same lines as 2.3. O

Theorem 2.5. Let (X, M,*,b) be a complete b-fuzzy metric space, B a fuzzy approrimately compact with
respect to nonempty closed subset A in X. Suppose that a pair of mapping (g,T) is b-fuzzy Q—general
prozimal contraction where T : A — B and g : A — A is a fuzzy expansive mapping. If T (Ag (t)) C By (t)
and ¢ # Ao (t) C g(Ao (t)) for each t > 0. Then, there exists an element * € A such that M (gz*, Tx*,t) =
M (A, B,t).

Proof. Let xy be an arbitrary element in Ay (t). As T (Ao (t)) C By (t) and A (t) C g(Ag (1)), we may choose
an element x1 € Ay (¢) such that
M (gx1,Txo,t) = M (A, B,t).

Also since Ty € T (Ao (t)) € Bo (t), and Ag (t) C g(Ap(t)), it follows that there exists an element o €
Ay (t) such that the following holds:

M (gxo,Tx1,t) = M (A, B,t).
Continuing this way, we can obtain a sequence {x,} in Ag (¢) such that it satisfies:
M (gzpn, Txp—1,t) = M (A, B,t) and M (gxpi1,Txn,t) = M (A, B,t), (2.3)

for each positive integer n and k € (0,1). As {g, T} is b-fuzzy Q—general proximal contraction, we have

t
M(g$nvg$n+1at) 2 M <l’n1,$n, k’> .
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As g is fuzzy expansive, we obtain that

t

M (xnvxn-l—lat) > M(-fn—lvxTw E)

Thus,

t
M($n7$n+1,t) > M <$n—17xn7 k) > M

>

<

S
TN TR

3

s'»

g

3

¢

| ~
~——

t
T, T1, k:”) , for each t > 0.

Suppose that n < m, for some m,n € N. Let a; = where i € N. Note that {a;} is a decreasing

1
i(i+1)
o0
sequence of positive numbers satisfying > a; = 1. Now we show that {z,} is a Cauchy sequence. Suppose
i=1
that there exists some ng € N with m > n > ng such that

t R at = ait
M (.’En,wm,t) 2 M (l'n;xny B - Z g) * M (xn,xma Z g)
i=n i=n

m—1 ait
= M Tny Tm, Z T

i=n

ant Apat A1t

> M <$n7xn+17an> * M (xn+1axn+2v7z_21> xecox M <xm_1,xm, 77;)21 >

ant any1t am—1t
> M<l'07x17b2kn> *M<:U0’xl’b2k-n+l> *M<$0’$1’()2km_1>

t t

> M M :
= <$°’x1’[ ( +1)]b2k:") e <x0,x1,[ (ml)]bzkm1>

> T (0ot )

Now, if we write ¢, = then limy, oo (tp41 —tn) — o0 as n — oo. Therefore {t,} is an

¢
[n(n+1)]b2k™ >
s—increasing sequence and satisfying the property-T and hence there exist some ng in N and € > 0 such

o0
that [] M (xo,x1,t;) > 1 — € for all n,m > ng. Thus, M (z,, zy,t) > 1 — € for all n,m > ng. So, {z,} is
n=ng
a Cauchy sequence in a closed subset A of a complete b-fuzzy metric space (X, M, *,b) . Hence there exists

some z* € A such that lim, oo M (z,,z*t) = 1 for all ¢ > 0. Note that
M (gz*,B,t) > M (gz*,Tz*,t) = M(A, B,t) > M (gz*, B, t).

If, we consider T'z* = y,, (say) in B.As g is continuous and the sequence {x,} converges to z*, we obtain
that
M (gx*,Txp,t) — M (gx*, B,t) when n — oo.

Since {Tz,,} C B, and B is a fuzzy approximately compact with respect to A, {T'z, } has a subsequence which
converges to some y in B, therefore M (gz*,y,t) = M (A, B,t), and hence gx* € Ay (t). As Ay C g (Aop)
implies that gu = gz* for some u € Ay (t), we have

M (gu,Tx*,t) = M (A, B,t) = M (9zp+1, Txpn,t), Vn € N.
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As (g,T) is b-fuzzy Q1—general proximal contraction and ¢ is fuzzy expansive mapping, we have

t
M(U, 'I:n-i-lvt) 2 M(guhgxn-i-ht) Z M (m*azna k) .

Taking limit as n — oo on both sides of the above inequality, we obtain that
M (u,x*,t) > 1,
and hence M (u,z*,t) = 1 which implies that v = 2*. Thus
M (gz*,Tz*,t) = M (gu, Tz*,t) = M (A, B,t),

gives that z* is the optimal coincidence point of the pair (g, T"). If there is another optimal coincidence point
y* # x* of the pair (¢,7) in A (t), then we have

M (gx*,Tx*,t) = M (A,B,t) and

M (gy*,Ty*,t) = M (A,B,t).

Since (g,T) is b-fuzzy Q2—general proximal contraction and g is fuzzy expansive, we have
* * * * * * t
M (2%, y*,t) > M (92", gy ,t)ZM(x Y k)

which gives

t
M(.I'*,y*,t) Z M (x*,y*7 k) 3

a contradiction. Hence the optimal coincidence point of the pair (g, T) is unique. O

Example 2.6. Let X =R x [—1,1]. Suppose that d: X x X — [0,00) is defined by

d((x17y1)7 (x27y2)) = (‘xl - 1.2’ + ‘yl - y2‘)2

which is a b-metric on X. Let A = {(z,1) : z € R} and B = {(z,—1) : © € R}. Note that (X, My, A) is a
complete b-fuzzy metric space (1.2), where My is a standard b-fuzzy metric induced by d. Note that

My (A, B,t) = —— Ay (t) = A and By (¢)

B.
t+4’

Define a mapping T : A — B by T'(z,1) = (%,—-1) and g : A — A by g(z,1) = (2z,1). Clearly g is
fuzzy expansive mapping. T (Ag(t)) € By (t) and Ay (t) = g (Ao (t)). Elements u = (z1,1), v = (z2,1),
x = (x3,1) and y = (24, 1) in A satisfy

M (gu,Tx,t) = M (A, B,t),
M (gv,Ty,t) = M (A, B,t),

provided that x; = % and 29 = %t. Also,

t
M(gu7gvvt> Z M <x7y7 k) )

holds true for all k > 2. Thus all the conditions of Theorem (2.5) are satisfied. Moreover (0,1) is the unique
optimal coincidence point of the pair (g,7") in Ay ().
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Corollary 2.7. Let (X, M,*,b) be a complete b-fuzzy metric space, B a fuzzy approximately compact with
respect to nonempty closed subset A in X. Suppose that a mapping T is b-fuzzy prozimal contraction of
type-II, where T : A — B. If T (Ao (t)) C By (t) for each t > 0. Then, there exists an element x* € A such
that M (z*,Tz*,t) = M (A, B,t).

Proof. The result follow from the Theorem (2.5) if g = I4 (an identity mapping on A). O

Corollary 2.8. Let (X, M, *,b) be a complete b-fuzzy metric space, B a fuzzy approzimately compact with
respect to nonempty closed subset A in X. Suppose that a pair of mapping (g,T) is b-fuzzy Q—general
prozimal contraction where T : A — B and g : A — A is a fuzzy isometry mapping. If T (Ao (t)) C By (t)
and ¢ # Ag (t) C g(Ap (t)) for each t > 0. Then, there exists an element z* € A such that M (gx*, Tx*,t) =
M (A, B,t).

3. Application

As an application of our results, we prove some new fixed point theorems as follows. We start with the
following fixed point theorem:

Theorem 3.1. Let (X, M,*,b) be a complete b-fuzzy metric space, let T : X — X be a mapping satisfying

i) n[M (Tz,Ty,t)] < kn[M (z,y,1)].
ii) T is continuous.

Then T has a fixed point * € X and {T"z(} converges to z*.

Proof. Let A = B = X, first we will prove that T is b-fuzzy proximal contraction of type-I. Let x,y, u,v € X,
satisfy the following conditions:
M(u,Tx,t) = M(A, B,t),
{ M(v,Ty,t) = M(A, B,t).

Since M (A, B,t) =1, so we have u = Tz and v = T'y. Since T satisfies condition (i) hence
n(M(u,v,t)) = n(M(Tz, Ty, t)) < kn(M(z,y,t))

which implies that T is b-fuzzy proximal contraction of type-I with respect to n € Q. If we choose y = Tz,
then
M(A,B,t) = M(y,Tx,t) = M(Txz,Tx,t).

Set B is approximative compact with respect to A, the conditions of Corollary 2.3 are satisfied, so there
exists * € X such that M (z*,Tz*,t) = 1 = M (A, B,t), which implies that Tz* = x*. O
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