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Abstract

This paper deals with the study of coupled fixed point theorems for ¢-pseudo-contractive set-valued
mappings without using the mixed g-monotone property on the closed ball of partial metric spaces. Gener-
alizations of some well-known results concerning existence and location of coupled fixed points are obtained.
These coupled fixed point theorems are applied for obtaining the existence results for an elliptic system.
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1. Introduction and preliminaries

In the study of nonlinear differential equations or differential inclusions, the topological methods are
used to give us the qualitative information about the existence, localization, stability, and multiplicity of
solutions. The topological degree and fixed point theorems are the most topological techniques used, which
are closely connected. In the present paper, we are interested in coupled fixed point theorems for set-valued
mappings on complete partial metric spaces which have an importance in the last decades.

Recall that the partial metric is an interesting distance function introduced by Matthews [28]. The
motivation behind introducing the concept of a partial metric space is to present a version of a Banach
contraction principle to solve some problems in computer science.

Recently, Benterki presented a fixed point theorem [8, Theorem 3.2] for p-pseudo-contractive set-valued
mappings in the framework of partial metric spaces about a location of a fixed point with respect to an initial
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value of the set-valued mapping by using Bianchini-Grandolfi gauge functions. Note that a nondecreasing
function ¢ : J — J is called a Bianchini-Grandolfi gauge function or (c)-comparison on J (being a connected
interval on R* containing 0) if

o0
= Z ©"(t) is convergent for all ¢t € J,

where " denotes the n-th iteration of the function ¢ and ¢%(t) =t, i.e.,

QOt)=t, o' (t) =p(t), @*(t)=p(p(t),...,o"(t) =" (1))
Then the theorem reads as follows:

Theorem 1.1 ([8]). Let (X,p) be a complete partial metric space, and consider a point T € X, nonnegative
scalar v > 0 and a set-valued mapping ¢ from the closed p-ball B,(T,r) to the closed subsets of (X,p). Let
@ : RT — RT be an increasing and continuous function such that ¢ is a Bianchini-Grandolfi gauge function
on interval J and ltil%l o(t) = 0. If there exists o € J such that the following two conditions hold:

(a) p(T, ¢(T)) < a, where s(w)
(b) dp((x) N By(T, 1), d(y)) <

(
then ¢ has a fized point x* in By(Z,r). If ¢ is a single-valued mapping and p(T,T) + 2r € J, then z* is the
unique fized point of ¢ in B,(T,T).

Sp( )+T" L
o (p(z,y)), Yo,y € By(T,1),

This theorem generalizes and extends several known results in the literature (see e.g., [2, 4-6, 13, 14,
18, 22, 25-28, 30, 33]). In the last ten years, several authors studied a coupled fixed point results for single-
valued and set-valued mappings on various spaces with or without mixed g-monotone (mixed monotone)
property (see e.g., [3, 7, 9, 15, 17, 19-21, 23, 24, 31, 32, 37-39]). Note that the mixed g-monotone property
is given by the following:

Definition 1.2. Let (X, <) be a partially ordered set and F : X x X — 2% be a set-valued mapping. We
say that F' has a mixed g-monotone property if for any x1,z2,y1,y2 € X we have

g(x1) = g(x2) = Yur € F(x1,11), Jug € F(x2,y1),u1 < ug

and
9(y1) 2 9(y2) = Vo1 € F(xy,y1),Fva € F(x1,y2),v1 = vo.

The notion of a coupled fixed point was first initiated by Guo and Lakshmikantham in [16] and then
studied by Bhaskar and Lakshmikantham in [15]. They study coupled fixed points for a mappings having
the mixed monotone property (i.e., for g = Id the identity function) in a metric space endowed with partial
order under contractive conditions and proved the following theorem.

Theorem 1.3 ([15]). Let (X,d, <) be a partially ordered complete metric space and let F' : X x X — X be
a continuous mapping having the mized monotone property. Assume that there exists a A € [0,1) such that
A
A(F(2,9), F(u,0)) < 5 (dau) +dly, ), Vg v e X
with < uw and y = v. If there exist xg,yo € X such that xo < F(x0,y0) and yo = F(yo, o), then there exist
x*,y* € X such that x* = F(z*,y*) and y* = F(y*,z*), i.e., F' has a coupled fixed point.

The aim of this paper is to present the local version of coupled fixed point results for p-pseudo-contractive
set-valued mappings on complete partial metric spaces without using the mixed g-monotone property. It
yields that several results are obtained as special cases. As an application, we establish the existence of
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solutions (not necessary positives) for the following nonlinear elliptic system

—u"(t) = f(t,u(t),v(t)) — A. te(0,1),
=0"(t) = f(t,v(t),u(t)) — A, te(0,1), (1.1)
u(0) =u(1) =0 =v(0) =v(1),

where f be a continuous real function and A is a nonnegative real constant.

The paper is organized as follows. In this Section we recall some preliminary facts that we need in the
sequel, in Section 2 we prove our results and give some related corollaries, and in Section 3, we establish the
existence of solutions for nonlinear elliptic system (1.1).

First, we recall some basic concepts about partial metric space.

Definition 1.4. Let X be a nonempty set. A function p: X x X — R is said to be a partial metric on X
and then the pair (X, p) is called a partial metric space if for any z,y, z € X, the following conditions hold:

(P1) p(z,2) =ply,y) =plz,y) &z =y;
(P2) p(z,z) < p(a,y);
(P3) p(z,y) = p(y, );
(Pa) plz,y) +p(z,2) <pla, 2) +p(z,y).
Thus, a metric space is precisely a partial metric space for which each self distance p(z,x) = 0.
Example 1.5. The following functions p; (i € {1,2}) define a partial metric for each X
p1(r,y) = max{z,y}, z,y€ X =RT,
pe(z,y)=lzr—yl+c¢, z,y€e X =R and ¢>0.
Let (X, p) be a partial metric space. Then
e the closed p-ball of radius r centered at x is denoted by ﬁp(w, ), where

By(z,1) ={y € X : p(z,y) < p(z,z) +1};

e a sequence {x,} converges to a point z € X if and only if p(z,x) = hrf p(z, xy);
n—-+0oo

e a sequence {x,} is called a Cauchy sequence if hnlL p(Tn, Tm) exists (and is finite);
n,m—-+00

e the partial metric space (X, p) is said to be complete if every Cauchy sequence {x,} in X converges,

with respect to 7,, to a point z € X such that p(z,z) = hn}r P(Tn, Tm).
n,m—

If p is a partial metric on X, then the function p* : X x X — R™ given by
p’(z,y) = 2p(x,y) — p(z,z) — p(y,y)
is a metric on X.

Lemma 1.6. Let (X,p) be a partial metric space.

(a) {zn} is a Cauchy sequence in (X,p) if and only if it is a Cauchy sequence in the metric space (X, p®).
(b) A partial metric space (X,p) is complete if and only if the metric space (X, p®) is complete.

Let (X, p) be a partial metric space and let CP(X) be the family of all nonempty and closed subsets of
the partial metric space (X, p), induced by the partial metric p. For x € X and A, B € CP(X), we define

plz, A) = inf {p(z,a), a € A},
and
5P(A7 B) = Sup{p(av B)va € A}a

with the convention

p(z,0) = +o0, 6,(0,B) =0. (1.2)
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Definition 1.7. Let (X, p) be a partial metric space, B C X be a subset and ¢ : Bx B — CP be a set-valued
mapping. An element (z*,y*) € B x B is called a coupled fixed point of ¢ if

{ z* € ¢p(a*,y*) N B,
y* € ¢(y*, x*) N B.

A point (z*,2*) € B x B is called a fixed point of ¢ if z* € ¢(a*, x™).

Note that if (z*,y*) is a coupled fixed point of ¢, then (y*,z*) is coupled fixed point too.

2. The main results
In this section, we state and prove our main result.

Theorem 2.1. Let (X,p) be a complete partial metric space, T € X, and r > 0 be a nonnegative scalar.

We consider a set-valued mapping ¢ : By(T,r) X By(T,r) = CP(X). Let ¢ : Rt — R be a increasing and

continuous function such that ¢ is a Bianchini-Grandolfi gauge function on interval J and lif(f)l o(t) =0. If
t

there exists a € J such that the following conditions hold:

(a) p(@,8(Z,7)) < a, where s(a) < p(T,T) +r;

(b) 0p(d(a,y) N By(Z,7), d(u,v)) < p(max{p(z,u), p(y,v)}), Vz,y,u,v € By(T,7),

then ¢ has a coupled fized point (z*,y*) in By(T,r) x Bp(Z,7). If ¢ is a single-valued mapping and p(zT,T) +
2r € J, then (z*,y*) is the unique coupled fized point of ¢ in By(T,r) X By(T, ).

Proof. If T € ¢(7,T) or ¢ = 0 the proof is finished. So we assume that T ¢ ¢(z,7) and ¢ # 0. We consider
the Cartesian product X x X endowed with the partial metric

5((337 y)v (uvv)) = max{p(x,u),p(y, U)}

and then (X x X, p) is a complete partial metric. We consider a set-valued mapping

¢ By((x,T),r) = CP:= CP x CP

defined by

d(z,y) = (¢(z,v), 9(y, 7)) -

Now, we check that ¢ satisfies all assumptions of Theorem 1.1 on the closed p-ball B;((z,T),r). Before
starting, we need to prove the following two claims.

Claim 2.2. B,(z,r) x B,(z,r) = B;((Z,7),7).

(z,r) C Bp((z,T),r), by contradiction, we assume that there exists (a,b) €

Proof. Since B,(T,7) (T,
B; B,(z,r), ie.,

By{(7.7).1)\ By (7.r) x
p((a,b), (z,7)) < p((z,7), (Z,7)) +r and max{p(a,@),p(b,T)} > p(T,T) +r.
Then we have

p((Z, ), (Z,7)) + r = p(T,T) + r < max{p(a,T),p(b,T)} = p((a,b), (Z,T)) < p((z,7), (Z,T)) + r,
which is a contradiction and hence equality holds. O

Claim 2.3. ﬁ((a,b),qg(u, v)) < max{p(a, p(u,v)),p(b, p(v,u))}.
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B(a;b), ¢(u,v)) = inf  P((a,b),(c,d))
(c,d)€d(u,v)

= inf max{p(a,c),p(b,d
D) ooy PP ) P(b D)}

< max{ce(i;(liv)p(a, c), de;rgqf’u)p(b, d)}

= max{p(a, ¢(u7 U))ap(ba ¢(U7 U))}
First, observe that

p((z,7), (Z(fa 7)) < max{p(7, ¢(7, 7)), p(T, ¢(7, 7))} < @

and s(«a) < p(z,7) + r = p((z, ), (7,Z)) + r. That is, condition (a) of Theorem 1.1 holds.
Further, for any z,y,u,v € B,(T,r) we obtain

O5(b(x,y) N B((7,7), 7), $(u,v)) = sup{B((a, b), $(u,v)) : (a,) € d(x,y) N By((Z, ), 7)}
< sup{max{p(a, (u, ), p(b, (v, u))} : (a,b) € d(w,y) N By((%, ), )}

{5p(¢($ay)ﬂBp(($a r),¢(u,v)), if pla,é(u,v)) = p(b, ¢(v,u)),
Sp(0(y, 2) N Bp((T,7), p(v, u)), else

< p(max{p(z,u),p(y,v)}) = ¢(P((z,y), (u, v))),

that is, condition (b) of Theorem 1.1 is fulfilled. Hence, all conditions are satisfied and then there exists a
fixed point (z*,y*) € ¢(z*,y*) N By((z,7), 1), i.c.,

{ﬁewﬁwﬂﬂ%@M,
y* € d(y*, ) N By(z, 7).

N

If ¢ is a single-valued mapping, then 5 is also a single-valued mapping and since p(Z,T) + 2r € J, ie.,
p((%,7), (z,%)) + 2r € J, then (z*,y*) is the unique fixed point of ¢ and we have

{ a* = ¢(x*,y*) N By(T,7),

y* = ¢(y*7 .CU*) N Bp(fv 7“),

and the proof is completed. O
Remark 2.4.

1. If p is a partial metric on X, then

p1((z,9y), (u,v)) = max{p(x,u),p(y,v)} and p2((z,y), (v, v)) = p(z,u) + p(y,v)

are two equivalent partial metrics on X x X such that p1 < p2 < 2p1.
2. If p(a+b) = (a) + ¢(b) for each a,b € RT, then the condition (b) from Theorem 2.1 is equivalent to:
() 3,(6(w,y) N Bp(@, 1), 6(u,)) + 36y a") N By(@,r),6(v),u)) < plmax{p(a, u), ply, v)}+
max{p(z’,v'), p(y',v')}).

Then from Theorem 2.1 and Remark 2.4, we can obtain some corollaries.
Corollary 2.5. Let (X,p) be a complete partial metric space, T € X, and r > 0 be a nonnegative scalar.

We consider a set-valued mapping ¢ : By(T,r) X B,(z,r) = CP(X). Let ¢ : Rt — R* be a increasing and
continuous function such that ¢ is a Bianchini-Grandolfi gauge function on interval J and lig)l o(t) =0. If
¢

there exists o € J such that the following conditions hold:
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(a) p(@,0(7,7)) < a, where s(a) < p(
(b) 5p(¢(x,y) me(I',’I“),gf)( )) < (
then ¢ has a coupled fized point (z*,y*) in By(Z,r) x Bp(Z,7). If ¢ is a single-valued mapping and p(zT,T) +
2r € J, then (z*,y*) is the unique coupled fized point of ¢ in By(T,r) X By(T, ).

T,T) +r;
5(p(x,u) + p(y,v))), Vo, y,u,v € By(T,r),

| . .
Proof. We use the inequality 5P2 < p1, Remark 2.4, and the increasingness of ¢ to complete the proof. [

Corollary 2.6 (Bhaskar and Lakshmikantham version). Let (X, p) be a complete partial metric space, and
constder a point T € X, and nonnegative scalars r > 0 and 0 < A < 1. We consider a set-valued mapping
¢ : By(T,7) x Bp(T,r) = CP(X). Let the following two conditions hold:

(a) p(f’ d)(T? f)) < (p(f, f) + 7")(1 - )‘)7
_ \ _
(b) (Sp(d)(x7 y) N Bp(fa T), ¢(u7 U)) < i(p(xv ’LL) + p(y7 U))v V:U’ y: ua v € Bp(fy T)-
Then ¢ has a coupled fized point (x*,y*) in By(T,r) X Bp( r). If ¢ is a single-valued mapping, then (x*,y*)
is the unique coupled fized point of ¢ in By(T,r) x B,(T, )

Proof. We apply Corollary 2.5 for ¢(t) = At which is a Bianchini-Grandolfi gauge function on J = [0, 4+00)

t
and s(t) = T Taking o = (p(Z,T) +r)(1 — X) € J, we complete the proof. O

Notice that the condition (b) from Corollary 2.6 can be re-written, by using Remark 2.4, as follows:
(b") Sp((@,y) N By(@,7), ¢(u,v)) + p(d(y, ©) N By(T, 1), $(v, u)) < Ap(w,u) + p(y, v)),

and then we get the local version of [3, Theorem 2.1] for set-valued mappings on partial metric spaces as
follows.

Corollary 2.7. Let (X,p) be a complete partial metric space, and consider a point T € X, and nonnegative
scalars v > 0 and k,l > 0 such that 0 < k+1 < 1. We consider a set-valued mapping ¢ : B,(T,r) X
B,(z,r) = CP(X). Let the following two conditions hold:

(a) p(7,¢(z, 7)) < (p(z, %) +r)(1 — (k+1)); -
(b) ép(op(z,y) N By(z,7), d(u,v)) < Ip(z,u) + kp(y,v), Vo,y,u,v € By(T,r).

Then ¢ has a coupled fized point (z*,y*) in By(Z,r) x Bp(T,r). If ¢ is a single-valued mapping, then (x*,y*)
is the unique coupled fized point 0f¢ in Bp(T,r) x By(T, r)

,7), and we get

(@
(I+ k) (p(z,u) + p(y,v))
Ap(z,u) +p(y,v))-

We complete the proof by applying Corollary 2.6. O

Proof. For A =1+ k < 1, we are using Remark 2.4 for any z,y,u,v € B,

Sp(@(w,y) N Bp(T, 1), $(u, v)) + 0p(¢(y, ) N By(T, 1), $(v, 1))

<
<

3. Application

In this section, we consider X = C([0,1]) the space of continuous real functions defined on I = [0, 1] and
d: X x X — R" a metric defined by

(s, v) = [u = vl] = sup fu(t) —v(t)].

We set the partial metric

p(u,v) = d(u,v) + ¢ = sup lu(t) — v(t)| +¢, >0,
tel
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and since p®(z,y) = 2p(z,y) — p(x,x) — p(y,y) = 2||x — y||, so by Lemma 1.6, (X, p) is complete since the
metric space (X, | - ||) is complete. We apply our main results to study the existence of solutions for the
following elliptic system with Dirichlet boundary conditions

_u//<t) = f(tvu(t)vv(t)) - A te (07 1)7
—v"(t) = f(t,v(t),u(t)) — A, te(0,1), (3.1)
u(0) = u(1l) =0 =v(0) = v(1),

where f:(0,1) x X x X — R is a continuous function and A > 0. The existence of solutions for Dirichlet
boundary value problems has been studied extensively. For examples, see [1, 10, 34-36] for a single variable
and [11, 12, 29] for system of two variables.

Now, we consider the following conditions.

1. There exist a constant C' > 0 and K (\) a positive continuous function defined for A > C.
2. There exists an increasing and continuous function ¢ : RT — R™ such that ¢ is a Bianchini-Grandolfi
gauge function on interval J and lig)l o(t) = 0.
t

3. There exists a € J such that s(a) < ¢+ K(M).
4. Hf(aouo) - AH < 8(0[ - C).
8@(maX{|CL - CL/|, |b - b/’} + C) - 867 (CL, b) 7é (a/7 bl)v
_ AN <
5. |f(t7a7b) f(taavb” ~ { 0’ (a,b):(a’,b’)
lal, '], b, [ < K(A)-

for all t € I, and

Theorem 3.1. For a fized ¢ > 0, suppose that conditions (1)-(5) hold. Then (3.1) has at least one solution
(u*,v*) in (C%((0,1)) N C([0,1]))? such that max{||u*||, |[v*]|} < K()\). Moreover, if ¢+ 2K()\) € J, then
the solution (u*,v*) is unique.

Proof. Tt is well known that (u*,v*) € (C?((0,1)) N C([0,1]))? is a solution of system (3.1) if and only if
(u*,v*) € C(]0,1]) x C([0,1]) is a solution of the following nonlinear integral system

1
J
9 (3.2)
J
0

where G(t, s) is the Green function of the second-order Sturm-Liouville boundary value problem

—2"(t) =0, te(0,1),
{ 2(0) =0, 2(1)=0. (3.3)

It is known that

and then for all t € I, we have

1
/G(t, $ds = S1(1—1),
0

1 1
which implies that sup [ G(t,s)ds = 3" Let us define a sample set-valued mapping A : X x X — X by
tel 0

1
A(u,v)(t) = /G(t,s)[f(s,u(s),v(s)) — Nds for all u,v € X.
0
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Thus the existence of solutions to system (3.2) is equivalent to find the coupled fixed point to nonlinear
operator A.

Now, we check that A satisfies all assumptions of Theorem 2.1 on the closed p-ball of radius K(\)
centered at Ox, the null function of X is denoted by B,(0x, K(\)).

First, the use of assumptions (1)-(4) give the following

p(0x,A(0x,0x)) = Sup 0x(t) — A(Ox, 0x)(t)| + ¢

1
/G (s,0x(s),0x(s)) — Alds| + ¢

U)

0

1
/Gts |f(s,0x(s),0x(s)) — A|lds+¢c
0

eh

8(a — 8
176,0,0) = A o< HOZITE

and s(a) < ¢+ K(A) = p(0x,0x) + K(A). Thus the condition (a) of Theorem 2.1 is satisfied.
Let z,y,u,v € By(0x, K(\)), then we have two cases. The first one is if A(x,y) ¢ B,(0x, K (\)), then
according to convention (1.2) we have

Sp(A(z,y) N Bp(0x, K(N)), A(u,v)) = 0 < p(max{p(z,u), p(y, v)})-
So we assume that A(x,y) € B,(0x, K(\). From condition (5), we have
Op(A(z,y) N By(0x, K (X)), A(u,v)) = p(A(x,y), Au, v))
= sup|A(z, y)(t) = A(u,0) ()] +

<

o =

= sup
tel

—

G(t,8)(f(s,2(5),y(s)) = [(s,u(s),v(s)))ds| + ¢

G(t, ) [f(s,2(5),y(s)) = f(s,uls),v(s))| ds + ¢

G(t, s)(8p(max{|z(s) — u(s)|, |y(s) —v(s)|} +¢) — 8c)ds + ¢

o O~ _ 3

1

( /G ds | (8p(max{[lz —ul, [ly —v[l} +¢) —8¢) + ¢
0

L

< Bp(max{[lz —ul|, [ly — v[|} +¢) - 8¢) +

OO

< p(max{p(z,u), p(y,v)}).

Thus all conditions are satisfied and then A has a coupled fixed point (u*,v*) in B,(0x, K(\))xB,(0x, K()\)),
i.e., max{p(u*,0x),p(v*,0x)} < p(0x,0x) + K () & max{||u*|], |[[v*||} < K(\). Since A is a single-valued
and if c+2K(\) € J, ie., p(0x,0x) + 2K () € J, then (u*,v*) is unique. O
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