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Abstract

In this paper, we define the best proximity point for Presi¢ type non-self mappings and prove some best
proximity point theorems in complete metric spaces. (©2016 All rights reserved.
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1. Introduction

There are several generalizations of the Banach contraction principle. One such generalization is given
by Presi¢ [5, 6] in 1965. Ciri¢ and Presi¢ [1] generalized the Presié¢ type mappings in 2007 and proved
some fixed point theorems. Now let us assume that A, B be two nonempty subsets of a metric space and
T:A — B. Clearly T(A) N A # () is a necessary condition for the existence of a fixed point of T. Now
if T(A) N A = (), then to find an element z € A such that d(z,Tx) = d(A, B) which called best proximity
point, is the idea of best proximity point theorems. The existence and convergence of best proximity points
has generalized by several authors such as Prolla[7], Reich[8], Sadiq Bashal9, 10], Vertivel et al.[11] and
Omidvari et al.[2, 3, 4] in many directions. In this paper we prove some best proximity point theorems for
Presié¢ type non-self mappings in complete metric spaces.

2. Preliminaries

Let A, B be two non-empty subsets of a metric space (X,d). The following notations will be used
throughout this paper:

d(y, A) :=inf{d(x,y) : z € A},

d(A, B) = inf{d(z,y) : x € A and y € B},
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Ag={zxr € A:d(z,y) = d(A, B) for some y € B},

By ={y € B:d(z,y) = d(A, B) for some z € A}.

We recall that z € A is a best proximity point of the non-self mapping 7' : A — B if d(z,Tx) =
dist(A, B). Tt can be observed that a best proximity reduces to a fixed point, if the underlying mapping is
a self-mapping.

Definition 2.1. [12] Let (A, B) be a pair of nonempty subsets of a metric space X with A # (). Then the
pair (A, B) is said to have the weak P-property, if and only if
’ U0y = d(x1,x2) < d(y1,1y2),
d(x27y2> - d(AvB)7 ( ! 2) o (yl y2)
where x1, x5 € Ag and y1,y2 € By.

It is clear that, for any nonempty subset A of X, the pair (A, A) has the weak P-property.
Presi¢[5, 6] introduced a kind of mappings called Presi¢ type mappings and proved the following theorem.

Theorem 2.2. [5, 6] Let (X,d) be a complete metric space, k a positive integer and T : X* — X a
mapping the following contractive type condition:

k
d(T(z1, 22,23, ..., 25), T(x2, 23, . .., Tpy Tpy1)) < qu'd(xi,ﬂ:i+1), (2.1)

i=1
for every z1,...,xx41 in X, where q1,qa,...,qr are non-negative constants such that Z?Zl g < 1. Then
there exists a unige point x in X such that T(x,x,...,x) = x. Moreover, if x1,22,...,x) are arbitrary

points in X and forn € N,
Tn+k = T(l’n, Tn+1s--- 7xn+k—l)>
then the sequence {x,}°° | is convergent and
limx,, = T(lim z,, limz,, ..., limz,).
In 2007, Ciri¢ and Presi¢[1] generalized the Presi¢ type mappings and proved the following theorem.

Theorem 2.3. [1] Let (X,d) be a complete metric space, k a positive integer and T : X* — X a mapping
the following contractive type condition:

d(T(xl,:Eg,:Ug, cooy ), Tz, x5, . .. ,:Ek,l‘k+1)) < Amax{d(z;,zi+1): 1 <i <k} (2.2)
where X € (0,1) is a constant and x1,...,Tk+1 are arbitrary elements in X. Then there exists a point x in
X such that T(z,x,...,x) = x. Moreover, if x1,xa,...,x) are arbitrary points in X and for n € N,

Tk = T(Tns Tngts - - s Tntk—1),

then the sequence {x,}5° | is convergent and
limx,, = T(lim 2, im x,, ..., limz,).
If in addition we suppose that on diagonal A C X¥,
d(T(u,...,u),T(v,...,v)) < d(u,v), (2.3)

holds for all u,v € X, with u # v, then x is the unique point in X with T(x,z,...,x) = .
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3. Main Result

We first define a new kind of the best proximity point.

Definition 3.1. Let A and B be two non-empty subsets of a metric space (X, d). Let k be a positive integer
and T : A¥ — B a non-self mapping. x € A is said to be a best proximity point of T if,

d(z,T(z,...,z)) = d(A,B).
Theorem 3.2. Let A and B be two non-empty closed subsets of a complete metric space (X,d) such that

Ay # @ and (A, B) has the weak P-property. Let k be a positive integer and T : A¥ — B a non-self
mapping satisfies the following condition:

(a) T(Af) C Bo.
(b) There exists X € (0,1) such that
d(T (w1, 22, .., 2k), T (22, ..., Tk, Tpy1)) < Amax{d(z;, zi41) : 1 <1 < kY, (3.1)
where x1,%2, ..., %11 are arbitrary elements in A.
Then T has a best prozimity point in A. Moreover, if on diagonal A C AF,
d(T(u,...,u),T(v,...,v)) < d(u,v), (3.2)
holds for all u,v € A, with u # v, then T has an unique best proximity point in A.
Proof. Choose (x1,x9,...,x) € A’g. Since T(A’g) C By, there exists xx11 € Ag such that
d(wkH,T(a:l,xg,...,xk)) =d(A, B).
Again since (xg, ..., Tk, Trpi1) € A’g, there exists xx19 € Ag such that
d(azk+2, T(z1,..., Tk, xk+1)) =d(A, B).
Continuing this process, we can find a sequence {z,} in Ay such that
d(@ptkr T (Tns Tpgts - - -, Tnsk—1)) = d(A,B)  for all n € N. (3.3)

We will prove the convergence of sequence {z,} in A. (A, B) satisfies the weak P-property, therefore from
(3.3) we obtain for all n € N,

d($n+k, xn-{—k—l—l) S d(T(ﬂS’n, Tn+1y--- 75Cn+k_1), T(l’n+1, ey Tntk—1, l’n+k)) . (34)

Put ay, = d(xp, xp41). We will prove by induction the following inequality;

an < KO for all n € N, (3.5)
where 6 = \¥ andK:max{%,%,...,% i

Obviously, 0 < 0 < 1 and (3.5) is true for n =1, ..., k. Now let

oy < Kgnaan-i-l < K9n+17 s Qg1 < K9n+k_17
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be the induction hypotheses. Then by the definition of 7" and the induction hypotheses and using (3.4), we
have

Qnik = A(Tntk, Tniks1)
< d(T(@n, Tpgts - Tnska1), T(@ng1s - -+, Tt ke 15 Tk
< Amax{a;:i=mn,...,n+k—1} (3.6)
< dmax{K@#':i=n,...,n+k—1}

= MKO" = Kotk

and this complete the inductive proof. Now let m,n € N such that m > n. By using (3.5), we receive that
d(wn,zm) < 7 (i wiga)
< XL KO
< KO"YE 0

Ko
1-6

Therefore {z,} is a Cauchy sequence in A. Since X is a complete metric space and A is a closed subset of
X, there exists x € A such that lim, ,. x, = x. Then for any n € N, we have

d(a:, T(x,.. )) (x, Tpyk) + d(wn+k, T(Tpn, Ty, -- - ,xn+k_1)) + d(T(acn, gLy ooy Tpak—1), (2. .., x))
(, Tpik) + d(A, B)+d( (x, ..,a;,:c),T(x,...,x,xn))

(T .,x,xn),T(x,...,xn,xn+1))+...

(T Ty Ty Tply « - vy T ki—2)s LTy T 1, - - - ,:UnJrk,l))

< d(x,xpik) + d(A, B) + Md(z, z,)

+ Amax{d(z,zp), d(Tn, Tnt1)} + ... + Amax{d(z, x,),d(Tn, Tnt1), ..., d(Tpik—2, Tnik—1)}-

d
d
d

+ IA A

Letting n — oo in the above inequality, we obtain that d(z,T(z,...,z)) = d(A, B). Also, we received that
d(lim @, T(lim 2y, . .., limz,)) = d(A, B).

Now suppose (3.2) holds. we show that x is unique. Let 2* € A be a best proximity point of 7" such that
x # x*. Since (A, B) has the weak P-property and (3.2) holds,

d(z,2*) < d(T(z,...,z),T(z%,...,2")) < d(z,z"),
which is a contradiction. Hence z is an unique element in A and this completes the proof of theorem. [J

Remark 3.3. Theorem 3.2 is a generalization of Theorem 2.3 if A = B = X.

The following result is an immediate consequence of Theorem 3.2.

Corollary 3.4. Let A and B be two non-empty closed subsets of a complete metric space (X,d) such that
Ay # @ and (A, B) has the weak P-property. Let k be a positive integer and T : A¥ — B a non-self
mapping satisfies the following condition:

(a) T(Af) C By.
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(b) There exist non-negative constants qi,qa,--.,qx such that Ele q <1 and

k
d(T(z1, 22,3, ..., 2), T(x2, @3, . .., Tpyy Tpy1)) < Z qid(xi, Tiy1),
i=1

where x1,%2, ..., %11 are arbitrary elements in A.

Then T has a best proximity point in A. Moreover, if on diagonal A C AF,

d(T(u, cou), T(v,. .. ,v)) < d(u,v),

holds for all u,v € A, with u # v, then T has an unique best proximity point in A.

Proof. Put A\ = Ele gi.- Obviously T satisfies in (3.1) and this completes the proof of corollary. O

Example 3.5. Let X = R with the usual metric. Given A = {—2,2},B={-1,1} and T : A2 — B by

It is clear that, for any A € (

r+y -
4 b _y7
T(x,y) = .
X
4y+1, T # Y,

1
5 1), the non-self mapping 7" satisfies in the conditions of Theorem 3.2 and

d(—2,T(-2,-2)) =d(2,T(2,2)) = d(A, B).
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