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Abstract

In this paper, we will consider the coupled fixed point problem for a multi-valued operator satisfying a
contraction condition with respect to the excess functional in b-metric spaces. The approach is based
on a fixed point theorem for a multi-valued operator in the setting of a b-metric space. On one hand,
we will consider the problem of the existence of the solutions and on the other hand, data dependence,
well-posedness, Ulam-Hyers stability and limit shadowing property of the coupled fixed point problem are
discussed. Some applications to a system of integral inclusions and to a multi-valued periodic boundary
value problem are also given. (©)2016 All rights reserved.
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1. Introduction

Nadler’s contraction principle [15] is an extension to the multi-valued case of the classical Banach’s con-
traction principle. There are many applications of these results, mainly in the theory of operator equations
and inclusions, see [3, 4, 6, 10, 20]. On the other hand, several theorems were given for the so-called coupled
fixed point problem ([5, 9, 14]). In the multi-valued setting, this problem is as follows:

Let (X,d) be a metric space and P(X) be the family of all nonempty subsets of X. If G : X x X —
P(X) is a multi-valued operator, then by definition, a coupled fixed point problem for G means to find a
pair (z*,y*) € X x X satisfying,

e G(z*,y"),
{reaun) (1)
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The purpose of this paper is to give new fixed point results and new coupled fixed point theorems for
multi-valued operators satisfying a contraction type condition with respect to the excess functional. We
will consider here the context of a b-metric space. Our results are new even for the case of metric spaces
and they extend some theorems given in [8, 18, 19] and other papers in the literature. Some applications to
integral and differential inclusions are also given.

2. Preliminaries
We will recall first the definition of a b-metric space.

Definition 2.1 (Bakhtin [1], Czerwik [7]). Let X be a nonempty set and let s >1 be a given real number.
A functional d : X x X — Ry is said to be a b-metric with constant s, if all the axioms of the metric take
place with the following modification of the triangle inequality property:

d(z,z) < sld(z,y) +d(y,2)], for all v,y,z € X.
Under the above hypotheses, the pair (X, d) is called a b-metric space with constant s.

In the framework of a b-metric space, a set Y C X is said to be closed, if for any sequence (zy)nen in Y
which converges (with respect to d) to an element x, we have x € Y. The notions of bounded or compact
sets are defined in a similar way to the case of usual metric spaces. For example, the set Y C X is said to
be bounded, if its diameter,

(V) := sup d(z,y),
z,yeY

is finite, while Y is compact, if every sequence sequence (z,)neny C Y has a convergent subsequence in Y.
Let (X,d) be a b-metric space and P(X) be the set of all subsets of X. We denote
PX) ={Y e P(X) | Y # 0}, Py(X) :={Y € P(X) | YVisclosed }, Pog(X) == {Y € P(X) |

Y is bounded and closed }, Pe,(X) :={Y € P(X) | Y is compact }.

Let (X,d) be a b-metric space. If T : X — P(X) is a multi-valued operator, then = € X is called fixed
point for T, if and only if 2 € T'(z). We denote by Fixz(T') the fixed point set of T" and by SFiz(T') the set
of all strict fixed points of T, i.e., the elements € X such that T'(x) = {z}.

If X,Y are two nonempty sets and 7' : X — P(Y), then we will denote by,

Graph(T) :={(z,y) € X xY :y € T(x)},

the graph of T'. In the context of a b-metric space (X, d) the following generalized functionals are used in
the main sections of the paper.

1. The gap functional generated by d:
Dy: P(X)x P(X)—Ry,D4(A,B) =inf{d(a,b) | a € A,b € B}.
2. The excess generalized functional:
pa: P(X) x P(X) = Ry U{+o0}, pa(A, B) = sup{Dy(a, B)|la € A}.
3. The Hausdorff-Pompeiu generalized functional :
Hy: P(X) x P(X) = Ry U {+0o0}, Ha(A, B) = max{pa(A, B), pa(B, A)}.

4. The Pompeiu generalized functional:

H : P(X) x P(X) Ry U {+o0}, Hf(A.B) i= {pa(A. B) + pa(B. A}
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Definition 2.2 ([18]). Let X be a nonempty set, let 7 <” be a partial order on X and d be a b-metric on
X with constant s > 1. Then the triple (X, <,d) is called an ordered b-metric space if,

i. 7 <7 is a partial order on X.

ii. d is a b-metric on X with constant s > 1.
iii. If (n)nen is @ monotone increasing sequence in X and z, — z* € X, then z, < z*, for all n € N.
iv. If (yn)nen is @ monotone decreasing sequence in X, and y, — y* € X, then y,, > y*, for all n € N.

Definition 2.3 ([18]). Let (X, <) be a partially ordered set. Then, the partial order < induces on the
product space X x X the following partial order,

for (z,y), (u,v) € X x X, (z,y) <p (u,v) &z <,y > 0.

Definition 2.4 ([19]). Let (X, d) be a b-metric space and G : X x X — P(X) be a multi-valued operator.
Then by definition, a coupled fixed point for G is a pair (z,y) € X x X satisfying,

e {JE50n 2

We will denote by CFiz(G) = {(z,y) € X x X|z € G(x,y) and y € G(y,x)} the coupled fixed point set of
G.

Lemma 2.5 ([19]). Let (X,d) be a b-metric space with constant s > 1, A, B € P(X) and q > 1. Then, for
every a € A, there exists b € B such that pg(A, B) < qd(a,b).
3. Fixed point theorems

In this part, we will present some fixed point theorems for a multi-valued operator in b-metric spaces.
See also [2, 11, 12, 17] for related results.

Definition 3.1. Let (X,d) be a b-metric space with constant s > 1. A multi-valued operator
T:X — Pyq(X) is called H-contraction with constant k if,

1. there exists a fixed real number 0 < k < 1 such that, for every x,y € X, we have,
Hy (T(x),T(y)) < kd(z,y),
2. for every xz € X and y € T'(x) we have,

Da(y, T(y)) < H™(T(x),T(y))-
For the case of metric spaces see [16].

Definition 3.2. Let (X, <) be a partially ordered set and A, B € P(X). We will denote:
a) A<y B< Vac A, Vb€ B we have a <X b,
b) A <,r B< Vae€ A, 3b € B such that a < b.

Remark 3.3. Notice that, if A, B,C € P(X), then A <y B and B <4 C implies A <y C. The same property
also holds for <.

Definition 3.4. Let (X, <) be a partially ordered set and T': X — P(X) be a multi-valued operator. We
say that T is strong increasing (respectively strong decreasing) on X, if for every z,y € X with x <y, we
have that T'(x) <g T'(y) (respectively T'(z) >s T'(y)).

The first result of this section is a fixed point theorem in an ordered b-metric space.
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Theorem 3.5. Let (X, =,d) be a complete ordered b-metric space with constant s > 1. Let T : X — Py(X)
be a multi-valued operator strong increasing with respect to” < ”. Suppose that,

1

i) there exists k € (0, 7> such that pa(T(z), T (y)) < kd(x,y), for all x,y € X with z <y,
s

it) there exists an element xy € X such that xo <.,k T(x0).

Then the following conclusions hold,

a) Fiz(T) # (0 and there exists a sequence (Tn)nen C X of successive approzimation of T starting from
xg € X which converges to a fized point of T.
b) In particular, if d is continuous b-metric on X, then

sk™
1— sk

Proof. a) Let zp € X such that g <, T'(x¢). By ii) we get that there exists x1 € T'(zg) such that xy < x;.
Using Lemma 2.5 we obtain that, for any ¢ > 1, there exists zo € T'(x1) such that,

d(z1,x2) < qp(T(0), T (1)) < qkd(z0,x1).

Since x1 € T(xg), x2 € T(x1), v9 = o1 and T is a strong increasing multi-valued operator, we obtain that
1 =2 3. By Lemma 2.5 we get that there exists x3 € T'(x3) such that,

d(x2,23) < qp(T(21), T(x2)) < qkd(z1, z2) < (qk)*d(z0, 1)

d(zp,x") < d(zg,x1),Yn € N* and x; € T(x).

By induction, we obtain a sequence (zy,)nen in X with the following properties:

1) zpt1 € T(xy), for all n € N,
2) xp =X Xpy1, for all n € N,
3) d(xn, xnt1) < (¢k)"d(zo,x1), for all n € N.

1
Let 1 <g< R we show that (x,)nen is a Cauchy sequence. Indeed, we have,
s

d(wp, xn+p) < sd(wp, Tpy1) + Sgd(xn—i-la Tpy2) + .+ Sp_ld(xnﬂv—la $n+p)
< s(qk)"d(zo, 1) + 53 (gk)" M d(zo, z1) + ... + P71 (qk)" P d(zg, x1)

o1 — (sqk)? n
Hence,
s(qk)"
d(Tn, Tpip) < 1 kd(mo,xl) — 0, asn — o0, VYpe N (3.1)
— sq

This implies that the sequence (z,)nen is Cauchy in X. Since (X, d) is a complete b-metric space, there
exists z* € X such that x,, — z*. Moreover x,, < z*, for all n € N. Then, we have,

[d(z*, 2p41) + Da(@n41, T(2"))]
[d(z", 2pt1) + pa(T(n), T'(x7))]
[d(z", Tpt1) + kd(zy, 7))

D(z*,T(z"))

N
»

VAN VAN

s
s
Hence D(z*,T(2z*)) — 0 as n — oo. Since T" has closed values, we obtain that z* € T'(z*).
(b) By (3.1), letting p — oo and ¢ N\ 1, we get that,

sk™

d(zn,x*) <
(n, 27) 1— sk

d(xo,1),Vn € N*.
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Remark 3.6. If we only assume that X is a nonempty set, < is a partially ordering on X and d is a complete
b-metric with constant s > 1, then the conclusions of the above theorem hold, if additionally, the graph of
T is closed in X x X.

The second result is a fixed point theorem in a b-metric space under a contraction type condition on the
whole space. In this case, we do not need a monotonicity condition on the multi-valued operator.

Theorem 3.7. Let (X,d) be a complete b-metric space with constant s > 1 and T : X — P,(X) a multi-

1
valued operator for which there exists k € (0, 7> such that,
s

pa(T(x), T(y)) < kd(z,y), for all z,y € X.

Then:

a) Fiz(T) # (0 and there exists a sequence (Ty)nen C X of successive approzimations of T starting from
any (xo,x1) € Graph(T) which converges to a fized point z* of T.

b) In particular, if d is a continuous b-metric, then
sk™
1—sk
¢) If additionally SFix(T) # 0, then Fiz(T) = SFix(T) = {z*}.

d(xn, x*) S

d(xo,:l:l),vn e N*.

Proof. a) Let 9 € X and x; € T'(xg) be arbitrary chosen. By Lemma 2.5 we have that for any ¢ > 1, there
exists xo € T'(x1) such that,

d(z1,22) < qp(T(x0), T(21)) < qkd(z0,21).

Repeating the same argument n—times, we get a sequence of successive approximations for T starting from
(xo,21) € Graph(T) such that, for each n € N, we have,

d(xnaanrl) < (qk)nd(x07x1)7 fO’I“ all n € N.

1
Now, we will prove that (z,),en is a Cauchy sequence on X. Indeed, for 1 < g < s we have,
S

o1 — (sqk)P

T~ sqh d(xo,z1) — 0, as n — oo.

d(n; Tnip) < 5(qk)

This implies that the sequence (z,)nen is Cauchy and hence it is convergent in (X,d) to some z* € X.
Then,

D(z*,T(z")) < sld(z", xn+1) + Da(ni1, T(x¥))]
sld(x™, zpt1) + p(T(xy), T(x"))]

sld(x*, xpt1) + kd(zp, z%)] = 0, as n — oo.

ININ A

Thus, Fiz(T) # 0.
b) If the b-metric d is continuous, then by,

1 — (sqk)P

d
1— sqk (w0, 21),

d(xm xn-l—P) < 8(qk)

letting p — oo and g \, 1, we obtain the following desired estimation,

sk™
1 - sk

d(xp,x*) < d(xo,1),Vn € N*.
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c) Let y* € SFixz(T). We consider another y € SFiz(T) such that y # y*. Then,

d(y,y") = p(T(y), T(y")) < kd(y,y").

1
Thus, since k < " < 1, we obtain that d(y,y*) = 0 and so SFiz(T) = {y*}. Let 2* € Fiz(T) with z* # y*.
We have,
d(z*,y") = Da(a™, T(y")) < pa(T ("), T(y")) < kd(z",y").
1

Since k < 5 < 1, we obtain that d(y*,z*) = 0. Thus y* = 2* and Fiz(T) = {z*}. Therefore, SFiz(T) =
Fix(T) = {z*}. O
Remark 3.8. If we assume that,

pd(T(x)’T(y)) < kd($ay)a for all T,y € Xa
then by reversing the values of x and y we get that the following condition also holds,

pa(T(y), T(x)) < kd(z, ), for all 2,y € X.
Thus, by adding the above two relations we get that,

H](T(z),T(y)) < kd(z,y), for all z,y € X.

Thus, we get the assumption (1) in Definition (3.1). Of course, the reverse implication do not takes place.

Remark 3.9. The above results generalize some theorems given in Wang [21] for the case of usual met-
ric spaces. Moreover, some extensions of the above results for different types of multivalued generalized
contractions (Reich type, Cirié¢ type, ., see [17]) can be given by applying the same method.

4. Coupled fixed point theorems

We will start this section by recalling some useful notion and results.

Definition 4.1 ([18]). Let (X, <) a partially ordered set and G : X x X — P(X). We say that G has the
strict mixed monotone property with respect to the partial order ” < 7, if the following implications holds:
1. xg 211 = G(l’o,y) <st G(xlvy)v Vy € X.
2. yo = y1 = G(z,y0) <st Gz, 1), Vo € X.

Remark 4.2. Let (X, d) be a b-metric space with constant s > 1 and Z := X x X. Then the functional
d: 7Z x Z — Ry defined by,

d((z,y), (u,v)) < d(z,u) + d(y,v), for all (z,y), (u,v) € Z,

is a b-metric on Z with the same constant s > 1 and if (X, d) is a complete b-metric space, then (Z,d) is a
complete b-metric space, too.
Moreover, for z,y € X, A, B,U,V € P(X), we have,

DJ((iC,y),A X B) = Dd(xaA) + Dd(yaB)7
pi(U x V,Ax B) = pa(U, A) + pa(V, B),
HJ(U x V,Ax B) < Hy(U, A) + Hy(V, B)

and
HY(U x V,Ax B) = Hf (U, A) + Hf (V, B).

Additionally, by the properties of the gap functional Dy, if (z,y) € X x X and A, B € Py(X), then,
D;((x,y), A x B) =0 if and only if (z,y) € A x B.
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The first main result of this section is the following theorem.

Theorem 4.3. Let (X, <,d) be an ordered b-metric space with constant s > 1 such that, the b-metric d is
complete. Let G : X x X — P(X) be a multi-valued operator having the strict mized monotone property
with respect to” =7 and G has closed graph. Assume that:

1
(i) there exists k € (0, 7> such that,
s

pa(G(x,y), G(u,v)) + pa(G(y, x), G(v,u)) < k[d(z,u) + d(y,v)], V& < u and y = v,
(ii) there exist (xo,yo) € X x X and (x1,y1) € G(x0,y0) X G(yo, o) such that xo < x1 and yo = yi.
Then, the following conclusions hold:
(a) there exist x*,y* € X and there exist two sequences (Tpn)nen and (Yn)nen in X with,

{ ITpt1 € G(fEnayn)y
Un+1 € G(ym xn)>

for all n € N such that ©,, — =*, Yy, — y* as n — o0 and
{ z* € G(z*,y*),
y* € G(y*, x¥).

(b) If in addition, the b-metric d is continuous, then we have the following estimation holds,
sk™
1-—sk
Proof. (a) We denote by Z = X x X. Let (z,y0) € Z and (z1,y1) € G(0, yo) X G(y0, zo) such that zo < z;

and yo = y1. Using Lemma 2.5 we obtain that for any ¢ > 1, there exists (z2,y2) € G(z1,y1) X G(y1,21)
such that,

d(@n, z*) + d(yn, y*) <

[d(z0,21) + d(yo,y1)], for alln € N.

{ d(x1,22) < qp(G(z0,%0), G(71,91)),
d(y1,y2) < ap(G(yo, x0), G(y1, 1))

Then,
d(21,z2) + d(y1,y2) < q[p(G(zo,y0), G(z1,91)) + p(G(yo, z0), G(y1,21))]
< qkld(zo,x1) + d(yo, y1)]-

From Lemma 2.5, we get that there exists (z3,y3) € G(z2,y2) X G(y2,x2) such that,

{ d(wa,z3) < qp(G(z1,91), G(72,2)),
d(y2,y3) < ap(G(y1,21), G (y2, 72)).

Now we want to prove that (x1,y1) <, (x2,y2) which is equivalent to show that z; < x2 and y; > y2. From
xo = 1 we have that G(xg,y) <s G(z1,y), for all y € X. If we take y = yo, then we obtain,

G(wo,y0) <st G(w1,90). (4.1)
From yo = y; we have that G(z,yo) <g G(z,y1), for all z € X. If we take x = x1, then we obtain,
G(w1,y0) <st G(w1,91). (4.2)

From (4.1) and (4.2) we obtain that G(xo,vy0) <st G(z1,y1). Thus, 1 < x9. From xy < x1, we have that
G(y,x0) >s G(y,x1), for all y € X. If we take y = o, then we obtain,

G(yo, z0) =st G(yo, 1) (4.3)
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From yo = y1 we have that G(yo, z) >s G(y1, ), for all z € X. If we take z = ¢, then we obtain,

G(yo,71) >st G(y1,71). (4.4)
From (4.3) and (4.4) we obtain that G(yo,x0) >st G(y1,21). Thus, y1 > y2. Then,
d(z2,z3) + d(y2,y3) = qlp(G(z1,91), G(22,92)) + p(G(y1,21)) + G(Y2, ¥2)]
< gkld(x1, x2) + d(y1,y2)]
< (qk)?[d(z0, 1) + d(yo,y1)]-

By this procedure, we obtain two sequences (2, )nen and (yn)nen in X with the following properties:
(1) &y, < xpy1 and Yy, > Yny1, for all n > 0.
(2) zpy1 € G(xn, yn) and yp+1 € G(Yn, xy), for all n > 0.

(3) d(n, Tnt1) + d(Yn, Ynt1) < (gk)"[d(20, 1) + d(yo, y1)]-
Let d: Z x Z — R4 be a functional defined by,

d((x,y), (u,v)) = d(z,u) + d(y,v), for all (z,y), (u,v) € Z.
Consider zg = (z9,%0) € Z and z, = (zn,yn) € Z, then the relation (3) is equivalent with,
A((Tns Yn), (Tnt1,yn11)) < (gk)"d((x0, 0), (21, 91)) &
& d(zn, 2ns1) < (gk)"d(20,21), for all n € N.

1
We choose 1 < ¢ < s and we must to show that z, = (z,yn) € Z is a Cauchy sequence on (Z,d). We
s

have,
J(zna Zner) < SCZ(Zm Zn+1) + 52d(zn+17 Zn+2) + ...+ Sp_ld(zn+p717 Zner)
< s(qk)”d(zo, z1) + 82(qk‘)"+1d~(zo, z21) + ...+ sp_l(qk)”+p_1J(ZO, 21)
< s(qk)"[1 + sqk + ... + (sqk)P~Yd(z0, z1)
1 — (sqk)” - s(qk)" -
= s(qgk)" ———-— d
s(ak) 1 — sqk 0,21) 1 — sqk (20,21)

Hence,

- s(gk)™ - .

d(zn, Zn+p) < d(z0,21) — 0 as n — oo, Vp € N*. (4.5)

1— sqk

Thus (zp)nen is a Cauchy sequence in Z. Since (Z,d) is a complete b-metric space, there exists
z* = (z*,y*) € Z such that lim,_,~ 2, = 2*, therefore lim,,_, o x, = 2* and lim,, o0 Yy, = y*.
Now, we will prove that (z*,y*) € Z is a coupled fixed point of G i.e.,

{ a* € G(z*,y),
y* e G(y*, x¥).
Consider T : Z — P,(Z) a multi-valued operator defined by,
T(z,y) = G(z,y) x G(y,z), ¥(z,y) € Z.
By definition of d we have that,
Dj(z*,T(2")) = Dg((=",y%), G(z",y") x G(y",z"))
= Dq(z",G(z",y")) + Da(y™, G(y",2"))
<sld ﬂ?* 37n+1) + Da(n+1, G(2", y")] + s[d(Y", yn+1) + Da(yn+1, G(Y", 2")]

(2"
( )l
sld(z”, Tny1) + A", Ynt1)] + s[p(G (@0, yn), G(2",y")) + p(G(Yn, zn), G(y*, 27))]
sld(x*, xps1) + d(y*, yne1)] + skld(zp, 2°) + d(yn, y*)] = 0 as n — oo.

I/\ I/\I
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Since G has closed values, we obtain that 7" has closed values too. As a consequence, z* € T'(z%), i.e.,
(x*,y*) € G(z*,y*) x G(y*,z*). This means that z* € G(z*,y*) and y* € G(y*, z*).
(b) Using (4.5) we have,

d(zns 2ntp) = (T, Yn), (Tntps Yntp)) = A(Tns Tntp) + d(Yns Yntp)

s(gk)"

< d d .

<1 qu[ (20, 1) + d(yo, y1)]
1

Since d is a continuous b-metric and 1 < g < s is arbitrary chosen, letting p — co and ¢ \ 1, we get,
s
. . sk™
d(l'n?x ) + d(ynay ) < 1— Sk[d($0’$1) + d(y07y1)]7 fO?" all n € N.

O

Remark 4.4. Notice that the contraction condition (i) from Theorem 4.3 can be re-written, using the
functional H™, as follows:

H(T(z,y),T(u,v)) < 2k(d(z,u) +d(y,v)), ¥(z,y), (u,v) € X x X with (z,y) <p (u,v).

Remark 4.5. If instead of the hypothesis that the triple (X, <,d) is a complete ordered b-metric space, we
only assume that X is a nonempty set, = is a partially ordering on X and d is a complete b-metric with
constant s > 1, then the conclusions of the above theorem hold, if additionally, the graph of G is a closed
set.

The following result is about the uniqueness of the coupled fixed point.
Theorem 4.6. In addition to the hypotheses of Theorem (4.3) we suppose that,

(i) there exists (z*,y*) € X x X such that,

(ii) for any solution (Z,y) of the coupled fized point problem (P1) we have T < z* and y§ > y*
or (an) Sp (x*vy*)

Then, we obtain that the coupled fixed point problem (P1) has an unique solution.

Proof. Let (z*,y*) € X x X such that,

with (Z,7) <p (z*, ). B
We denotes by Z = X x X and consider the functional d : Z x Z — R defined by,

d((:n,y), (u7v)) - d(m,u) + d(yﬂ})'
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Then,
d((@,7), (z*,y")) = Dy((@.9), G(z*, y*) x G(y*, z*))
= Dq(z,G(z",y")) + Da(y, G(y*, "))
< p(G(@.7),G@",y")) + p(G(H,7),G(y", 27))
< kld(z, 2") +d(7,y7)]
= kd((Z,7), (z",y")).
Thus (1 — k:)cz((f, Y), (*,y*)) < 0, which means that d((f, Y), (z*,y*)) =0 and (7,7) = (z*, y*). O

Theorem 4.7. We suppose that all the hypotheses of Theorem (4.6) take place and x* < y* or y* < z*
where (x*,y*) is the unique coupled fized point of G. Then x* = y* i.e G(z*,2*) = {z*}.

Proof. From Theorem 4.6 we have that there exists (z*,y*) € X x X such that,
{ G(x*,y*) - {x*}7
Gly* =) ={y"}.
Let z* <y* then (z*,y*) <, (y*,2*). We will prove now that G has a unique fixed point.

dat, ") = (e y") +dly"a”)]

— ;[Dd(l’*, G(y*,x")) + Da(y*, G(2*,y"))]

1 1

< P(G(a"y7), Gly",27)) + 5p(G (Y7, 27), G(a",y7))

1
< Hld(",y7) + dy*, 2°)] = kd(a®, ).
Thus (1 — k)d(z*,y*) < 0 and we get to the conclusion that d(z*,y*) =0, i.e., 2* = y*. O

If the contraction condition withe respect to the excess functional is assumed for every elements z,y € X,
then no monotonicity assumptions are needed for G. Hence, we get the following result.

Theorem 4.8. Let (X,d) be a complete b-metric space with constant s > 1. Let G : X X X — Py(X) be a
multi-valued operator for which there exists k € (0,1) such that,

pd(G(x7 y)a G(ua ’U)) + pd(G(yv I), G(U, u)) < k[d(xa u) + d(y7 U)] ,\V/($, y)v (uv 1)) € X xX.
Then, the following conclusions hold:
(a) CFix(G) # 0 and for any initial point (xg,yo) € X X X, the sequences (Tn)nen and (Yn)nen defined
by,

{ Tn+l € G(xnvyn)y
Yn+1 € G(yna xn)a

converge to ¥ and respectively to y* as n — oo where,
z* € G(z*,y*),
y* € G(y*, x¥).
(b) In particular, if the b-metric d is continuous, then we have the following estimation:

sk™

dna* dnv*g
(@n, @) +d(yn,y*) < 77

[d(z0, 1) + d(yo, y1)]-
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(c) If additionally, there exists a pair (u*,v*) € X x X such that,

then CFix(G) = {(z*,y*)}.
Proof. We denote by Z = X x X and consider the functional d : Z x Z — R, defined by,
d((z,y), (u,v)) = d(z,u) + d(y, v).

Then, d is a b-metric on Z with the same constant s > 1. Let T : Z — P(Z) defined by
T(x,y) = G(z,y) x G(y, =) for all (x,y) € Z. The multi-valued operator T is a contraction (with respect to
pg) on (Z,d). Let z = (x,y), w = (u,v) € Z. Then, we have,

pi(T(2), T(w)) = pg(G(z,y) x G(y, ), G(u,v) x G(v,u))
= pa(G(z,y), G(u,v) + pa(G(y, ), G(v,u)))
< kld(z,u) + d(y,v)] = kd(z, w).

Thus, by Theorem 3.7 we have that there exists (z*,y*) € Z such that (z*,y*) € T(a* y*) ie
(x*,y*) € G(z*,y*) x G(y*,2*). Thus CFiz(G) # 0. Using Theorem 3.7 we also obtain that there ex-
ists a sequence (2, )neny C Z of successive approximation for T starting from any point (zo, z1) € Graph(T),
which converges to a fixed point (z*,y*) of T, i.e., (zn,yn) — (2%,y*) as n — oo. From Theorem 3.7, we
have that,

sk™

dnv* dna*g
(20, 27) + dlgn,27) < T

[d(z0, 1) + d(yo,y1)], ¥n € N,

or equivalently
- sk™
d(xTL?yn)v (x*ay*) < 1— Skd((xo’ yO)a (wl,yl)),Vn eN.

(b) Let (u*,v*) € Z such that,

This means that {(u*,v*)} = G(u*,v*) x G(v*,u*) and {(u*,v*)} = F(u*,v*). Thus, SFiz(T) # 0. From
Theorem 3.7 we have that Fix(T) = SFiz(T) = {(z*,y*)}, which means that 7" has a unique fixed point
in Z. In conclusion, G has also a unique coupled fixed point in Z. O

In the next part of this section, we will present some proprieties of the coupled fixed point problem (P1).
The first one is the data dependence problem for the coupled fixed point problem (P1).

Theorem 4.9. Let (X,d) be a complete b-metric space with constant s > 1 and let G : X x X — P.y(X),
S: X x X — P(X) be two multi-valued operators. We suppose that:

1
(i) there exists k € (0, g> such that,

pd(G({L‘,y),G(U,U)) + pd(G(y,:L‘),G(U,U)) < k:[d(x,u) + d(ya U)]? V(:c,y), (U7U) € X xX,

(ii) there exists (x*,y*) € X x X such that,
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(7ii) there exists (u*,v*) € X x X such that,
ut e S(u*,v*),
vt e S(v*,u),
(iv) there exists n > 0 such that pg(G(x,y),S(x,y)) <n, for all (z,y) € X x X.

Then
2sm

1— sk’
where d((x,y), (u,v)) = d(z,u) + d(y,v), Y(z,y), (u,v) € X x X.

pj(CFiz(S), CFiz(G)) <

Proof. Let (u*,v*) € X x X such that,
u* € S(u*,v*),
vt e S(v*,u),
and (z*,y*) € X x X such that,
{ G(l‘*,y*) = {SC*},
Gy, z") ={y"}.
We denote by Z = X x X and consider the functional d: X x X — R, defined by,

d((z,y), (u,v)) = d(:n,u) + d(@/av)vv(wa y)v (u,v) € Z

We have,
d((u*,v"), (2*,y")) = Dgl(u*,v*), G(z*,y") x G(y*,2*))
= Dq(u*, G(z%,y")) + Da(v*, G(y*, 27))
= Dg(G(z",y"),u") + Da(G(y", "), v7)
< slpa(G(2™,y%), G(u®, v")) + Da(G(u”, 0"), u”)]
+slpa(G(y", "), G(v",u")) + Da(G(v", u"),v")]
< slpa(G(2™,y"), G(u™, 07)) + pa(G(y", 27), G(v", u"))]
+ slpa(G (", 07), S(u®, 07)) + pa(G (07, u7), S(v7, u™))]
< skld(z™,u™) + d(y*,v")] + 2ns
Then,
~ 2
@y (") < g
2
Thus, D;((u*,v*), CFiz(G)) < 1 —nZk Since (u*,v*) € CFix(S) are arbitrary chosen, we obtain that,
, , 251
pj(CFix(S), CFiz(G)) < Tk

The second problem we intend to study is the well-posedness of the coupled fixed point problem.

Definition 4.10. We consider the coupled fixed point problem (P1). By definition, (P1) is well-posed for
G with respect to Dy if:

(i) CFiz(G) = {w*}, where w* = (u*,v*) € X x X,
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(ii) if there exists a sequence wy, = (un,v,) € X x X with,

Dd(UmG(unavn)) — 0,
Dgi(vn, G(vn,up)) — 0,

then d(un,u*) + d(vp,v*) = 0 as n — oo.

Theorem 4.11. We suppose that all the hypotheses of Theorem (4.8) take place. Then the coupled fized
point problem (P1) is well-posed for G with respect to Dy.

Proof. Since the multi-valued operator G satisfies the hypotheses of Theorem 4.8, we get that G has a
unique coupled fixed point, i.e., CFiz(G) = {w*} where w* = (u*,v*) € X x X. Then we have,

{ G(u*,v*) € {u"},
G(v*,u*) € {v*}.

Let wy, = (up,vy) C X x X, with,

as n — 0o. Then we have,

d(Up, z*) + d(vn,v") = Dg(un, G(u™,v")) + Dg(vn, G(v*,u"))
< s[Dg(un, G(un, vn)) + pa(G(up,vy), G(u*,v"))]
+ 5[Dg(vn, G(vn, un)) + pa(G(vn, un), G(v*, u"))]
< sk[d(up, u™) + d(v, v*)] + $[Dg(tn, G(tn, vy)) + Da(vp, G(vpun))].

Hence,

d(Up, u™) + d(vy,v") < [Di(tn, G(tn,vy)) + Di(vn, G(vn,up))] — 0 as n — oo.

1— sk

Now we will present the Ulam-Hyers property of the coupled fixed point problem.

Definition 4.12. Let (X, d) be a b-metric space with constant s > 1 and let G : X x X — P(X) be a
multi-valued operator. Let d be any b-metric on X x X generated by d. Let us consider the system of

inclusions,
z € G(z,y),
4.6
{ y € Gy, z), (4.6)
and the inequality,
Dy(z,G(z,y)) + Da(y, G(z,y)) <, (4.7)

where € > 0 and (z,y) € X x X.

By definition, the system of inclusions (4.6) is called Ulam-Hyers stable if and only if, there exists a
function ¥ : Ry — Ry increasing, continuous in 0 with ¢(0) = 0, such that for each ¢ > 0 and for each
solution (u*,v*) € X x X of the inequality (4.7), there exists a solution (z*,y*) € X x X of (4.6) such that,

d(u®,v") +d(v*,y*) < () & d((«",y7), (u”, 0")) < Y(e).

Theorem 4.13. Let G : X x X — Py(X) be a multi-valued operator which verifies the hypotheses of
Theorem (4.8). Then the system of inclusions (4.6) is Ulam-Hyers stable.
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Proof. From Theorem 4.8 we have that G has a unique coupled fixed point (z*,y*) € X x X such that,

{ G(x*,y") € {a"},
Gy ") € {y" -
Let € > 0 and (u*,v*) € X x X be a e-solution of the coupled fixed point problem (4.6), i.e., a solution of
the inequality (4.7). Then, we have Dy(u*, G(u*,v*)) + Dg(v*, G(v*,u*)) < €. Hence, we get,
d(u*,x*) + d(v*,y") = Dg(u*, G(z*,y")) + Dg(v6x, G(y*, ™))
< s[Da(u”, G(u”,v%)) + pa(G(u”, v7), G(2", y7))]
x

+ 8[Da(v”, G, ")) + pa(G (0", u?), Gy™, 27))]
< sk[d(u™, ™) + d(v*,y")] + s[Da(u*, G(u*,v*)) + Dg(v*, G(v*,u™))].
Thus,
du*,x*) + d(v*,y*) < . —Ssk ‘€.

Therefore, if we consider ¢ : Ry — R, given by ¥(t) = ¢t (with ¢ = > 0), we can conclude that the

1—sk
system of inclusion (4.6) is Ulam-Hyers stable. O

For the next result, we need the following theorem (known as Cauchy’s Lemma).

Lemma 4. 14 (Cauchy’s Lemma). Let (an)nen and (by )nEN be two sequences of non-negative real numbers,

such thatZap<+oo and hm b, = 0. Then, hm (Za" —p ):0.
p=0

Using the above result and the global existence result for the coupled fixed point problem (see Theorem
4.8), we can prove the limit shadowing property of the coupled fixed point problem (P1).

Definition 4.15. Let (X,d) be a b-metric space with constant s > 1 and G': X x X — P(X) be a multi-
valued operator. Let d be any b-metric generated by d. By definition, the coupled fixed problem (P1) has
the limit shadowing property if, for any sequence (z,, yn)nen in X x X for which,

Dd((l‘n+1,yn+1),G(ZL‘n,yn) X G(Yn,Tn)) — 0 as n — oo,

there exists a sequence (U, vy )nen in X X X such that,

d((xna yn)7 (Un, 'Un)) — 0, as n — oo.

Theorem 4.16. Let (X,d) be a b-metric space with constant s > 1 and G : X x X — Py(X) be a multi-
valued operator which verifies all the hypotheses of Theorem (4.8). Then, the coupled fized point problem
(P1) has the limit shadowing property.

Proof. By Theorem 4.8 we get that CFixz(G) = {z*,y*} and for any initial point (ug,vg) € X x X, there
exist two sequence (up)n,n and (vy)py in X with up41 € G(up,vy) and vy41 € G(vn,uy) for all n € N
such that (up)neny — =%, (Un)neny — ¥* as n — oco. We denote Z = X x X and consider the functional
d:Z x Z — R, defined by,

J((w,y), (u7v)) = d(m,u) + d(yﬂ})'

We know that if d is a b-metric with constant s > 1 then d is a b-metric with the same constant s. Let
(Zn, Yn)nen be a sequence in Z such that,

DJ((xn—i-layn—i-l)vG(xnvyn) X G(yn,xn)) — 0 asn — oo.
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This also means that,
Dy((Zn+1, G(Tn,Yn)) + Da(Yn, G(Yn, Tn)) — 0, as n — oo.
Thus,

J(($n+173/n+1), (un+1>vn+1)) < S[J((xn+layn+l)> (2%, y%)) + d((a:*,y*), (un+1>vn+1))]-
Next, we can write,

CZ((xn-l-lvyn-&-l)v ( ))

((xn-i-lyyn-i-l) G(a:*,y*) X G(y*vx*))
Da(@nt1, G(2,y")) + Da(yn+1, G(y", 7))

< s[Dg(Tn1, (xnvyn)) + pa(G (20, yn), G(z™,y"))]

+ 8[Da(Yn+1, G(Yn, n))] + pa(G(Yn, 2n), G(y*, 7))

< s[Da(n+1,G(Tn, Yn)) + Da(Yn+1), G(Yn, zn))] + Sk[d(‘rm z*) + d(Yn, y")]

= $[Da(@n+1, G(Tn, Yn)) + Da(Yn+1, G(Yn, Tn))| + ((xm Yn)s (2%,97))

< sk{s[Da(zn, G(Tn-1,Yn-1)) + Da(Yn, G(Yn—1, Tn— 1))] +s/€d((ajn,1,yn,1),(:L‘*,y*))}
+ 8[Da(Tnt1, G(@n, Yn)) + Da(Yn+1), G(Yn, Tn))]

<

SVA

IN

S (sk)" P[Da(xp+1, G(xp, Yp)) + Da(Yp+1, G(Yp, Tp))] + (Sk)anN((fUm o), (z*,y"))

|I
o

By Cauchy’s Lemma we obtain that,
n
§ Z sk)" P[Da(wpt1, G(2p, Yp)) + Da(yp+1, G(Yp, xp))] = 0 as n — .
p=0

Thus we obtain that, .
d((xn+17yn+1)7 (:L‘*,y*)) — 0 asn — oo.

Then, )
d((xn+1a yn+1)7 (unJrla Un+1)) — 0 as n — oo,

and so, we get the final conclusion,

d(xpn, upn) + d(yn,vn) — 0 as n — oo.

O
5. Applications
The purpose of this section is to give some applications of the previous results.
Let us consider first the following system of integral inclusions,
¢
t) € [ K(s z(s),y(s))ds + g(),
0 for t €[0,T], (5.1)

t
y(t) € [ K(s,y(s), z(s))ds + g(t),
0
where g : [0,7] — Rand K : [0,7] x R" x R" — P(R™) are operators satisfying some appropriate conditions.
A solution of the above system is a pair (z,y) € C([0,T],R™) x C(]0,T],R") satisfying the above relations
for all t € [0,T]. We consider X := C([0,T],R"™) endowed with the partial order relation,

x<cy<x(t) <yt), forall t € [0,T],
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b

where ” <7 is the component wise ordering relation on R". We will also denote by |- | a norm in R™.
We also consider (for p € N, p > 2 an even number) the following functional,

d(z,y) i= max (@ (t) = y(t)” e "],

Notice that d is a b-metric, for any 7 > 0 arbitrary chosen. Indeed, it is easy to check that the first conditions
are satisfied for all z,y € X. We show that the triangle’s inequality is verified too. Using Holder’s inequality
we obtain that,

(x(t) — y(£))P < 24 [((t) — 2(8)" + (2(t) — y(£))P] - e ™ -

e (2(t) = 2())7e™ + ((t) = y(®)"eT™) - e

— 2% (dw,2) + dly, 2)) - <,

2
2

IN

1 1
with —4+ —=1.
p g
After a multiplication with e~™ and taking then maximum over ¢ € [0,7] we get that,
d(z,y) < 2271 (d(x, 2) + d(2,y))-

Notice also that the triple (X, <,d) is an ordered metric space.
Now, we can prove the following existence result.

Theorem 5.1. Consider the integral system (5.1). We suppose that:

(i) g:[0,T] — R is a continuous function and K : [0,T] x R” x R™ — R™ is Lebesgue measurable in the
first variable and jointly H\|- continuous in the last two variables.
(i) K is integrably bounded, i.e., there exists a mapping r € L'[0,T] such that for each (s,u,v) € [0,T] x
R™ x R™ and for any w € K(s,u,v), we have |w| < r(t), a.e. t € [0,T].
(iii) K(s,-,-) has the strict mized monotone property with respect to the last two variables, for all s € [0,T].
(iv) There exist o, 3 € L1([0,T],Ry) such that, for each s € [0,T], we have,

p(E (s,2,9), K (5,u,v)) < als)la —ul + B(s)ly — vl Va,y,u,v € R,

with (x <u, y>v) or (x <wu, y <w).
(v) There exist xo,yo € C[0,T] and two measurable selections fz, 4, : [0,T] = R™ of K(-,z0(-),y0(-)) and
fuozo 10, T] = R™ of K(-,y0(-),z0(-)), such that,

zo(t) < g(t) + [ K(s,20(s),50(5)) fao,y0(s)ds,

(5.2)

o O

K (5,50(5),20(5)) fyo,a0 (5)ds,
K (s,20(5), Y0(8)) fao,y0 (8)ds,

K(s,20(8), Y0(8)) fyo o (5)ds,

for all t € [0,T].

Then, there exists at least one solution (z*,y*) of the system (5.1).
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Proof. We will work in the b- metric space (X, d), with X = C([0,T],R™) and

d(z,y) = tgfg%[(w(t) —y(t)Pe™™ = [|(z — v)?||5-

We can prove that all the assumptions of Theorem 4.3 are satisfied. For this purpose, we define
S: X xX — P(X), (z,y) > S(z,y) given by,

t
S(x,y) :={s € X with s(t) := g(t) + /fm,y(S)dSIfx,y € SK(a()w()}
0

where Sge(. 2(.),4(.)) denotes the set of all measurable selections of the multi-valued operator

s — K(s,z(s),y(s)). Notice that, by (¢), for each measurable mappings x,y : [0,7] — R, the multi-valued
operatorK (-, z(+),y(-)) is Lebesgue measurable (see, for example, [18]). Hence, by Kuratowski and Ryll-
Nardzewski selection theorem, we obtain that Sk(. () (.)) is nonempty for every z,y € X and by (ii), we
have that Sg(.x()y()) € L'([0,T],R"). Thus, S is well defined. Then, the system (5.1) can be written as a
coupled fixed point problem for S as follows,

x € S(z,y),
{ y € S(y, ). 54

We will show that S satisfies all the assumptions of Theorem 4.3. We will show first that S has closed
values. Indeed, let z,y € X and let (s,) be a sequence in S(x,y) with s, — s in (X,d). We have to show
that s € S(z,y), i.e., there exists fi, € Sk(. 2(.)y(.)) Such that,

t
) =90+ [ Fryfo)is
Since s, € S(x,y), there exists fé@ € SK(-z()y(-)) such that,
t
sn(t) = g(#) +/ f)(s)ds, for n e N, € [0,T).
0
Since (sy,) pointwise converges to s in X, for all ¢, we have s, (t) — s(t). Since,
t
salt) € 9(0) + [ K(s.a(s).(s))ds, t€ 0.7).
0

(here the multi-valued integral is in the sense of Aumann [13]), using the fact that the set g(t)+fg K(s,z(s),y(s))ds
is closed (in fact it is compact, see [13]) we get that,

s(t) € g(t) —i—/o K(s,x(s),y(s))ds, t € [0,T].

Thus, there exists fy, € Sk (. 2(.),y(.)) sSuch that,

)

s(t) = g(t) —i—/O fay(s)ds.

1
In the next step, we show that there exists k € R* with k < —, such that,
s

p(S(x,y), 5(u, v)) + p(S(y, x), S(v,u)) < kld(z, u) + d(y, v)],
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for all (x <wand y>v) or (u <z and v > y).
For this purpose, let (for example) x < u and y > v. First, we will prove that for each w € S(z,y), there
exists z € S(u,v) such that,

d(w, z) < k(d(z,u) + d(y,v)).
Without the loss of generality, we can suppose that,
p|_|(K(s,x,y),K(s,u,v)) < 04(8)’1' - u’ + B(S)’y - 'U’, fOT' ((13, y) 7é (U7U)'

If w € S(z,y), then there exists fry € Sk(.z()y()) such that,

t
w(t) =g(t) + /K(s,m(s),y(s))fz,y(s)ds, for a.e. t €10,T).
0

Since f,.,(t) € K(t,z(t),y(t)) for t € [0,T), we can find r € K (t,u(t), v(t)) such that,
| foy(t) =] < a(t)|2(t) — u(t)] + B()|y(t) —v(t)|, for t €[0,T].
Thus, if we define the multi-valued operator Q(t) := F(t, u(t), v(t)) N R(t), where,
R(t) := {r[|fey(t) — 7| < a(®)|z(t) — u(®)] + B@)]y(t) — v(@)]}-

Then, Q(t) is nonempty for ¢t € [0,7] and @ is measurable (as an intersection of two measurable multi-
valued operators). Thus, ) has measurable selections and let f,,(t) € Q(t), for t € [0,7] such that
Juw € K(t,u(t),v(t)) and

oy () = fun(®)] < a(®)]z(t) —u(®)] + B(1)|y(t) —v(@)].

Define now,

K(s,2(s),y(s)) fuu(s)ds, ¥t € [0,T].

N
—~
~
~—
I
=)
—~
~
~—
+
O\ﬂ
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Obviously, z € S(u,v) and the following estimations holds,

jw(t) — 2O < [ [ K(s,2(5),y(s)| fay(5) = fun(s)]]”

IN

L o o _
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After a multiplication with e and taking then maximum over ¢ € [0, 7] we get that,

p—1

e~ wlla + I~ oPlls)

[|(w = 2)"||5 <

where
t

k.= max{trerﬁ%(/l((s,x@),y (s)ds) p,tEIfg%] /K s, x( (s)ds)P}.
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Hence, we get that,
2Pk
pT
Now, from this proof and the analogous inequality obtained by interchanging the roles of x and y and
respectively u and v, we can prove that for each z € S(y, x), there exists w € S(v,u) such that,

d(w,z) < (d(z,u) + d(y,v)).

2P~ 1k
d(z, w) < —(d(x,u) + d(y, ).
pT
Thus,
2Pk
Mﬂ%wﬁWwD+Mﬂ%@ﬁ@wDS;ﬂﬂ%@+ﬂ%@k
i i . 2Pks 2Pk )
Since 7 > 0 is arbitrarily, we choose 7 > b hus p— < 5 and so all the assumption of Theorem 4.3 are
T
satisfied. 0

Now we can give an application of the previous result using the system of differential inclusions with
periodic values. Lets consider the following system:

{ 2 (t) € F(t,z(t),y(t)), z(0) = 20, (5.5)
y'(t) € F(t,y(t), (1)), y(0) = 2°. :

where 2° € R” and F : [0, 7] x R® x R® — P(R") is an operator satisfying some appropriate conditions.
We can observe that the system (5.5) is equivalent with the following system of integral inclusions:

ftF(s,fL‘(s),y(s))dS +2° t€0,T),
% (5.6)
({F(s,y(s),x(s))ds +2% t€]0,T).

By applying Theorem 5.1 to the above system, we immediately obtain the following existence result.

Theorem 5.2. Consider the integral system (5.5). We suppose that:

(i) F:]0,T] x R" x R™ — R" is upper semicontiunous and Lebesgue measurable in the first variable and
Jointly H|.|- continuous in the last two variables.
(ii) F is integrably bounded, i.e., there exists a mapping v € L'[0,T] such that for each (s,u,v) € [0,T] x
R™ x R™ and for any w € F(s,u,v), we have |w| < r(t), a.e. t € [0,T].
(iii) F(s,-,-) has the strict mized monotone property with respect to the last two variables, for all s € [0,T].
(iv) There exist a, B € LY([0,T],Ry) such that, for each s € [0,T], we have,

p“|(F(s,aj,y),F(8,u, U)) < OL(S)|Q7 - ’LL‘ + B(S)w - U|7 Va,y,u,v € an

with (x <wu, y>wv) or (x <u,y<wv).
(v) There exist xg,yo € C[0,T] and two measurable selections fy, 4o 1 [0,T] = R™ of F(-,z0(-),y0(-)) and
fuozo [0, T] = R™ of F(-,y0(), zo(+)), such that,

rolt) < 20+ [ F(5,20(5), 90(5)) oo (5)d5
¢ (5.7)

yo(t) > 20 + E)fI*—’(s,yo(s),a:()(s))]“ywc0 (s)ds,
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or

xO(t) > xO + jF(SaxO(S)ayU(S))fﬂvO,yO(s)dsv te [OaT]7
0 (5.8)
yO(t) <20+ JF(Sax0(3)7y0(5))fy0,ro(3)d37 le [07T]7

Then, there exists at least one solution (z*,y*) of the system (5.6).
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