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Abstract

In this paper, we assign a linear operator to the action of an amenable group on a compact metric space.
Then we extract the entropy of the action in terms of the eigenvalues of the operator. In this way we present
a spectral representation of the entropy of action of amenable groups. (©2016 All rights reserved.
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1. Introduction

In the classical ergodic theory, the concept of entropy is defined for measure-preserving Z-actions. The
definition of entropy is stated via different approaches, but with the same origin [1, 3, 4, 5, 10, 11, 12, 13,
16, 17, 19, 21].

Entropy of Z-actions is generalized to actions of general amenable groups. To have a nice entropy
theory for actions of amenable groups, the concept of Fglner sequence is applied. A Fglner sequence for
an action, is a sequence of finite sets which exhaust the space and do not move too much when acted on
by any group element. Many classical results for Z-actions, such as Shannon-McMillan-Brieman theorem
[2, 7, 15], Ergodic theorems [22, 24, 25, 26] and Rokhlin-Sinai results [14], are generalized for actions of
general amenable groups. Traditionally, entropy of an action is a nonnegative extended real number which
is invariant under isomorphism. For Z-actions it is replaced by linear operators on Banach spaces [10, 11].

In this paper, we consider an operator theory approach to the concept of entropy of action of amenable
groups. In this approach, we consider the entropy of the action as a linear operator on a Hilbert space,
rather than a nonnegative extended real number. In case of actions with finite entropy, the entropy of the
action of an amenable group is represented in terms of the eigenvalues of a compact positive operator on a
Hilbert space. This approach results in a spectral representation of the entropy of the action of an amenable
group.
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2. Preliminaries

In this section, we present some preliminary facts which will be used in the remaining of the paper.

2.1. Invariant measures, ergodic measures and ergodic decomposition

Definition 2.1. Suppose that G is a topological group acting on a probability space (X, B, ) such that
the action G x X — X is measurable. The measure p is called G-invariant if ©(gA) = u(A) for any g € G.

Definition 2.2. An invariant measure y is called ergodic, if for any measurable set A we have,
Vge A, gA=A= u(A)=0 or p(4)=1.

The collection of all probability measures on B is denoted by M (X) and the collection of all G-invariant
measures on B is denoted by M (G, X). We also write E(G, X)) for the collection of all ergodic measures.
It is known that M (X), equipped by the weak* topology, is a compact meatrizable space [23]. The proof of
the following theorem is similar to Theorem 6.10 of [23] .

Theorem 2.3. Suppose that G acts on a metric space X and p is a G-invariant measure on Bx —the
o-algebra of Borel sets of X — then,

1. M(G,X) is a compact subset of M(X).
2. M(G,X) is convex.

3. ext(M(G, X)) = E(G, X), i.e., the collection of ergodic measures equals to the extreme points of the
collection of G-invariant measures.

In the following, we recall the Choquet’s representation Theorem.

Theorem 2.4 (Phelps [9]). Suppose thatY is a compact convex metrizable subset of a locally convez space E,
and that xg € Y. Then there exists a probability measure T on'Y which represents xg and is supported by the
extreme points of Y, i.e., U(xg) = [, Wdr for every continuous linear functional ¥ on E and (ext(Y)) = 1.

Let p € M(G,X) and f : X — R be a bounded measurable function. Since F(G, X) agrees with the
set of extreme points of M (X, ¢), by applying Choquet’s representation Theorem for Y = M (G, X) and
W(p) = [y fdu, we will have the following corollary.

Corollary 2.5. Suppose that G is a topological group acting continuously on the compact metric space X .
Then for each pn € M(G, X), there is a unique measure T = T, on the Borel subsets of the compact metrizable

space M (G, X) such that 7,(E(G, X)) =1 and

[ r@ante) = [ - ([ syima)) s, m).

for every bounded measurable function f: X — R.

Under the assumptions of Corollary 2.5 we write u = [ B(G,X) mdr,(m) and it is called the ergodic
decomposition of u.

2.2. Amenability, Folner sequences and entropy

Suppose that G is a countable and discrete group. There are many equivalent formulations for the
concept of amenability. In discrete case, one of the convenient definitions of amenability for discrete groups
is as follows.

Definition 2.6. A discrete group G is amenable, if for any finite set K C G and § > 0, there is a finite set
F C G such that,
Vk € K |FAKF| < d|F].
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Such a set F is called (K,J)-invariant. A sequence {F,},>1 of finite subsets of G is called a Fglner
sequence, if for any K, § > 0 and for all large enough n, F,, is (K, d)-invariant. Without loss of generality,
we may assume that |F,,| > n.

Assume that G acts from the left on a measure space (X, B, u) with pu(X) = 1. Let also pu preserves
the action of G on X. We have the following mean ergodic theorem for amenable groups. It may easily be
proved by the same method applied for Z-actions.

Theorem 2.7. If G is amenable and acts ergodically on (X,B,u), then for any f € L'(u) and Folner
sequence {Fp}n>1,

AFay D)) — /X fdu in LM),

where

A(F, f)(x) |F|ngx

geF

The pointwise version of Theorem 2.7 does not necessarily hold for any given Fglner sequence [6].

Definition 2.8 (A. Shulman [18]). A sequence of sets {F),},>1 is said to be tempered, if for some ¢ > 0
and all n € N,

U B Pl < el Pl
k<n

A version of maximal ergodic theorem was proved for tempered sequences [20]. We also have the following
theorem for tempered Fglner sequences [6].

Theorem 2.9 (Pointwise ergodic theorem). Let G be an amenable group acting on a measure space (X, B, 1),
and let {F,}n>1 be a tempered Folner sequence. Then for any f € L'(u),

lim A(F,, f)(z / fdu a.e.
n—oo

A space (X, B, u) on which acts, together with a partition P of X, is called a process. If z € X and P
is a partition, then we denote the unique element of P containing x by P(z). If also F' C G we set,

=\ g 'P,
geF

where \/ denotes the joint operation on the set of finite partitions. We recall the definition of the entropy
of a process.

Definition 2.10. For any F' C GG and ¢ > 0, we set,
b(F,e,P) :=min{|C| : C C P¥, u(UC) > 1 — ¢},
then the entropy h,(P) is defined as,

hu(P) := lim liminf w

€—00 M—00 |Fn‘ ’

where {F}, },,>1 is a Folner sequence for G.

The following theorem is a generalized version of Shannon-McMillan-Breiman theorem [6].

Theorem 2.11. Let P be a finite partition and assume that G is an amenable group acting ergodically on a
measure space (X, B, ). Let h,(P) denote the entropy of this process. Assume that {Fy}n>1 is a tempered
sequence of Folner sets. Then for almost every x,

—log(u(P""(2)))
|l

— hy(P) as n— oo.
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3. Entropy operator of action of amenable groups

In the rest of the paper, let X be a metric space and B x be the o-algebra of all Borel partitions. Let G
be an amenable group acting on the space (X,Bx), u € M(G,X) and P be a measurable partition of X.
Let also {F}, },>1 be a tempered Fglner sequence of G, such that |F,,11| > |F,|.

Definition 3.1. For z,y € X and n € N, we set,

card({g € F, : y € g P (2)})

Yn(z,y; P) := limsup

and 1
Yo(z,y; P) = { —Wlog%(x,y; P) :ynl(z,y; P) # 0,
0 3’Yn($,y;'P):0_

Lemma 3.2. For x,y € X and a partition P, the sequence {7} (z,y; P)}n>1 is increasing.

Proof. Let k < n. The partition P is finer than P¥* therefore, if x € X then P (z) C PF*(z) and
consequently g~ P (z) C g71PFk(x) for any g € G. Now, for m € N we have,

{g€Fniyeg Py C{ge Fuiyeg P,
which easily results in v, (z,y; P) < vi(x,y; P), therefore v; (x,y; P) < ;i (,y: P). O

By Lemma 3.2, lim,_,~ 7 (x,y; P) exists as an extended real non-negative number. So, we may have
the following definition.

Definition 3.3. For z,y € X and the partition P of X, set

La(z,y) = \/nlggo V(2,43 P).
The function I'g : X x X — [0,400] is called the entropy kernel of G-action on X.

Definition 3.4. Let A(G) be the set of all measurable functions f : X — R such that the integral

/ T, y) £ (y)dp(y),
X

exists for almost every = € X.
For f € A(G) set
¥l (a) = [ Tole.n) w)dnto) (3.1)

Before we mention our first main result, we need to note that, when G is an amenable countably infinite
discrete group, for any finite measurable partition P of X and any p € M (G, X), one has the equality

WP = [ (P (m), (3.2)
E(G,X)
where p = fE(G x) AT (m) is the ergodic decomposition of . One can deduce (3.2) from Proposition 5.3.2

and 5.3.5 of [8] and the proof in the case G = Z like Theorem 8.4.(i) of [23] .

Theorem 3.5. h,(P) < +oo, if and only if T € L*(X x X, ux p). Moreover, under the previous condition
we have,

TGl L2 (x xx uxpw) = ) Pu(P)-
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Proof. First, let m € E(G,X), z,y € X and n € N. For almost all y € X, by pointwise ergodic theorem,
we have,

1
Yn(a,; P) = limsup ——card({g € F}, : y € g~ ' P®)})
k—+oo | Fhl

i 1
=limsup —— g Xg—1PFn (z)(Y)
k—-+oo | Fkl
geFy

_ 1
=lim sup @ Z XpFn (z)(9Y)
€FR

k—+o0

=limsup A(Fy, Xprn (m))(y)

k—-+o00
=/ XPFn (z)dm(y)
X
=m(P"™ (),
so, for almost all y € X,
. log m(Pf (x
i) = B )

By Theorem 2.11,

Jm (2,55 P) = hi(P),
for almost all z,y € X, so

La(,y) = hin(P),

for almost all z,y € X. This easily results in

Tl L2 (x xxmxm) = Vhm(P).

Now, let in general p € M(G,X), then u x p € M(G x G,X x X). Let 7, and 7%, be the probability
measures in Corollary 2.5, corresponding to p and p X p respectively.

Set A:=={mxm:m € E(G,X)}, then A C E(Gx G, X x X). If Y : E(G,X) — A is the bijection
Y(m) =m x m then 7, = 7,%~" on the Borel subsets of A. Therefore,

Tuxp(B(G X G, X x X)\ A) =1 — 7uxpu(A)

=1- 797 (4)
=1—7.(E(G, X))
=0.

For n > 1, let g, := min{T'%,n}. Then {g,},>1 is an increasing sequence of non-negative bounded mea-
surable functions on X x X such that g, 1 FQG. By Monotone Convergence Theorem and Corollary 2.5 we
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have,

2 _ 2
||FGHL2(X><X,,U,><“) —/)V(XX FGd/.L X

_ : 2
= lim ox Gndpe X

= lim / gndz/) dr, v
n—+00 E(G><G’,X><X)< XxX wxnl)
:/ (/ FQGdy> ATuxp(v)
E(GXxG,XxX) XxX
= / < / rédu> dr~t(v)
A XxX
:/ (/ T%dm x m) dry,(m)
E(G,X) \JXxX

_ / o (P)dr, (m)
E(G,X)
:h#(P)-

This completes the proof. [J

Corollary 3.6. If h,(P) < 400, then,

1. L?(X,p) C A(G).
2. L*(X, p) is @ -invariant, i.e., ®5(L*(X,p)) C LA(X, p).

Proof. To prove part 1, let f € L?(X, j1), then,

‘/ Pt () duly >‘ /ra<x I @)lduy)

1 (3.3)
< ([ reteaum) Il
Set g(z) := [y Ta(z,y)?du(y). Since hy(P) < 400, by Theorem 3.5 I'q € L?(X x X, ju x p), therefore,
[ s@ant@) = [ | Totwnrautidu) = Vel fag i <+
So g(z) = [y Ta(z,y)?du(y) is finite for almost all z € X, therefore by (3.3), [y Ta(w,y)f(y)du(y) exists
for almost all z € X, which means f € A(G).
Since for all f € LQ(X7 w) we have,
NGl L2 x ) < el L2 x x| IL2(x 0) (3.4)

Part 2 also holds.

If hy(P) < +oo, we set &g 1= ®F|12(x ) Which by Corollary 3.6, is a linear operator on the Hilbert space
H = L?(X, ). The linear operator <I>G L*(X,p) — L?(X, ) is called the entropy operator of the action
of G on X. In this case, we have even more about ®¢.

Theorem 3.7. If h,(P) < 400, then,

1. ®g is a compact bounded linear operator on L*(X, 1) such that [|®¢||op < |[CallL2(x xx -
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2. If {\n}n>1 is the sequence of eigenvalues of ®¢, then,

+oo
P)=>_ A dim(E
n=1
where Ey, is the eigenspace corresponding to Ay,.

Proof. Part 1 is a direct result of (3.4).
To prove part 2, consider an orthonormal basis B = (J2) B, for L?(X, ) where By = { fk}k | is an
orthonormal basis for ker @ and B,, = { ]! 221 (n>1)is an orthonormal basis for E,,. Then we have,

> oo dn
Z dim(Ep) = 3 (1@ f7 113,
n=1 n=1 k=1
oo dn
=3 ll@ciE iz,
n=0 k=1
oo dn
=23 [ @er @) dute)
n=0k=1
0o dn 9
:;;/XVXFG(:E,Z/)J”?@)W(Z/) du(zx)
oo dn ,
= du(z) |< La(z, ), fii >
oo dn
/du )" < el ), =)
n=0 k=1

—/ dp(2) [T (2, )72
X

- [ nto) ([ rotrann)
//chy dpu(y)dp(a)

:HFGHLQ(XXX,/LXM)
—h,(P). O

4. Conclusion:

motivated by [10, 11], in this paper, we consider the entropy of action of amenable groups as a linear
operator instead of a non-negative number. In case of finite entropy, a Hilbert-Schmidt operator on a Hilbert
space is assigned to the action of an amenable group such that the entropy of the action is expressed in
terms of the spectrum of the operator. So, we have a spectral representation of the entropy of the action of
an amenable group on a compact metric space.
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