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Abstract

In this paper by using W,,-mapping, we introduce a composite iterative method for finding a common
fixed point for infinite family of nonexpansive mappings and a solution of a certain variational inequality.
Furthermore, the strong convergence of the proposed iterative method is established. Finally, some sim-
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1. Introduction

Let H be a real Hilbert space, whose inner product and norm are denoted by (.,.) and ||.||, respectively.
Let C be a nonempty closed convex subset of H and T is a nonlinear mapping. We use F(T) to denote the
set of fixed points of T (i.e., F(T) = {x € H : Tx = x}). Recall that a self mapping T" of C' is nonezpansive
if [Tz — Tyl < ||z —y||,Vx,y € H and is a contraction, if there exists a constant o € (0,1) such that
Tz — Ty| < af|z —y|| for all 2,y € C.

A bounded linear operator A on H is called strongly positive with coefficient 4 > 0 if|

(Az,z) > 7||z||?,Vz € H.
In 2005, Kim and Xu [4] introduced the following iteration process:

xg = x € C chosen arbitrary ,

*Corresponding author
Email addresses: vahiddarvish@aut.ac.ir (Vahid Darvish), sever.dragomir@vu.edu.au (Sever Silvestru Dragomir)



V. Darvish, S. S. Dragomir, Commun. Nonlinear Anal. 1 (2016), 16-28

17

Yn = ann + (1 - ﬁn)Txna
Tnt1 = apu + (1 — an)yn.

(1.1)

They proved in a uniformly smooth Banach space, the sequence {z,} defined by (1.1) converges strongly to

a fixed point of 7. In 2009 Cho and Qin [2] considered the following composite iterative algorithm:

xg € H chosen arbitrary,

Zn = YnTp + (1 - 'Yn)Txna
Yn = ann + (1 - /Bn)TZn7

Tnt1 = Y f(n) + Opxn + (1 — 0p) — anA)yn, ¥V n > 0.

In 2009 Wangkeeree and Kamraksa [8] introduced a new iterative scheme:

xo = x € C chosen arbitrary,
Zn = YnTn + (1 - ')’n)anna
Yn = /ann + (1 - ﬁn)anna

Tn1 = anVf(Tn) + 6nTn + (1 = 0p)] — anA)Po(yn — AnByn),
where the mapping W,, defined by Shimoji and Takahashi [6], as follows:
Un,n+1 = I,

Un,n = ’YnTnUn,n—i-l + (1 - 'Yn)-[>
Un,n—l = /Yn—lTn—lUn,n + (1 - ’Yn—l)Ia

Unke = TkUn 1 + (1 — )1,
Unji—1 = V-1Tk—1Un g + (1 — yp—1)1,

Una =ToUn3+ (1 — 7)1,
Wy =Up1 =711T1Up2+ (1 —m)1,

(1.2)

(1.4)

where 1,72, ... are real numbers such that 0 < ~, < 1,77,T5, ... are an infinite family of mappings of H into
itself, note that the nonexpansivity of each T; ensures the nonexpansivity of W,. In 2010 Singthong and

Suantai [7] introduced an iterative method as follows:

xo = x € C chosen arbitrary,
Tn+l = PC(aan(xn) + (I - anA)yn)a

where K-mapping defined by Kangtunyakarn and Suantai [3] as follows:

Un,l = >\n,1T1 + (1 - )\n,l)I7
Uno = M2ToUp1+ (1 — X 2)Up 1,
Uns = M 3T3Un2 4+ (1 — A\ 3)Up 2,
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UpN-1 = A N-1TN-1Upn-1+ (1 = Xy N)Un . N-1,
Ky, =Uyn =M NINUyn—1+ (1 =Xy N)Up N—1 5 (1.6)
where {T;}}¥, are finite family of nonexpansive mappings and the sequences {\,;}" are in [0,1]. The
mapping K, is called the K-mapping generated by T7,T5,..., Ty and Ay 1, An2,. .., Au N

Through out this paper inspired by Singthong and Suantai [7] and Wangkeeree and Kamraksa [8], we
introduce a composite iteration method for infinite family of nonexpansive mappings as follows:

xg = x € C chosen arbitrary,

Zn = YnTn + (1 - 'Yn)Wn:L‘na
Yn = /ann + (1 - Bn)anna

Tnt1 = Polanyf(zn) + 0ty + (1= 6)1 — anA)ynl, (1.7)

where W, is defined by (1.4), f is a contraction on H, A is a strongly positive linear bounded self-adjoint
operator with the coefficient ¥ > 0 and 0 < v < g Then by using this iteration we prove the existence of
a common fixed point for infinite family of nonexpansive mappings and the solution of a certain variational
inequality. We need the following lemmas for the proof of our main results.

Lemma 1.1. The following inequality holds in a Hilbert space H,
2+l < |z + 2(y, « + ), Va,y € H.

Lemma 1.2 ([1]). Assume {ay,} is a sequence of nonnegative real numbers such that ap+1 < (1 — ), +
dn n>1, where {ay,} is a sequence in (0,1) and 6, is a sequence in R such that:

1’ ZZO:I 771 = 0,
2. limsupn_m)(%) <0 or > o2 |0n] < o0,

then lim,, oo vy, = 0.

Lemma 1.3 ([5]). Assume that A is a strongly positive linear bounded self-adjoint operator on a Hilbert
space H with coefficient ¥ and 0 < p < ||A|| 7L, then ||I — pA| < 1 — p7.

Lemma 1.4 ([6]). Let C' be nonempty closed convex subset of a Hilbert space, let T; : C — C' be an infinite
family of nonexpansive mappings with (\;=y F(T;) # 0 and let ~; be a real sequence such that 0 < v; <~y <1
for all i > 1 then,

1. W, is nonexpansive and F(W,) = (i_; F(T;) for each n > 1.

2. For each x € C and for each positive integer k, the lim, o U, j ewists.
3. The mapping W : C — C' defined by,

Wx = lim Wyx = lim U, 1z z € C,
n—oo n—oo

is a nonexpansive mapping satisfying F(W) = (;2, F(T;) and is called the W-mapping generated by
11,15, ... and v1,72, ... .

Lemma 1.5 ([6]). Let C' be a nonempty closed convex subset of a Hilbert space H, let T;: C — C' be
an infinite family of nonexpansive mappings with (1;2 F(T;) # 0 and let ~; be a real sequence such that
0<v<y<1forali>1, if K is any bounded subset of C' then,

limsup |[Wz —W,z|| =0 z € K.

n—oo



V. Darvish, S. S. Dragomir, Commun. Nonlinear Anal. 1 (2016), 16-28 19

Lemma 1.6 ([5]). Let H be a Hilbert space, let A be a strongly positive linear bounded self-adjoint operator
with coefficient ¥ > 0. Assume that 0 < v < g, let T be a nonexpansive mapping with a fixed point x4 of the
contraction,

x— tyf(x) + (I —tA)Tx.

Then x¢ converges strongly as t — 0 to a fixed point T of T which solves the variational inequality
(A=~f)z, 2 —2) <0Vze F(T).

Lemma 1.7 ([3]). Let C be a nonempty closed convex subset of strictly convexr Banach space. Let {T;}Y
be a finite family of nonexpansive mappings of C' into itself with ﬂf\il F(T;) # 0, and let A1, ..., Ay be real
numbers such that 0 < A; < 1 for everyi=1,..., N —1 and 0 < Ay < 1. Let K be the K-mapping of C
into itself generated by T, ..., Tn and \1,...,A\n. Then,

N
F(K) =] F(Ty). (1.8)
1=1

Lemma 1.8 ([7]). Let C be a nonempty closed convex subset of a Banach space. Let {T;}X.| be a finite
family of nonezpansive mappings of C into itself and {\n i}, sequences in [0,1] such that A\p; — X, as
n—oo, (i =12,...,N). Moreover, for every n € N, K and K, be the K — mapping generated by
Ti,....,Tx and M\i,..., Ay and T1,..., Ty and A1, An2, ..., N, respectively. Then, for every bounded
sequence T, € C, we have lim, o ||Kpzy — Kzp|| = 0.

2. Main Results

In this section, we prove strong convergence of the sequences {z,} defined by the iteration scheme (1.7),
for finding a common fixed point of infinite family of nonexpansive mappings which solves the variational
inequality.

Theorem 2.1. Let C be a closed convex subset of a real Hilbert space H. Let f be a contraction of C into
itself, let A be a strongly positive linear bounded operator with coefficient ¥ > 0 and {T; : C — C} be an
infinite family of nonexpansive mappings. Assume that 0 < v < g and F = (2, F(T;) # 0. Let zo € C,
given that {an}, {Bn}, {1} and {6,} be sequences in [0, 1] satisfying the following conditions:

(C1) limp o0 =0 32074 @y = 00,

(C2) 0 < liminf, o d, < limsup,,_, . 0p < 1,
(C3) >oniy I — 1] < oo,

(Ca) 2nZy lom — am| < oo,

(C5) D021 1Bn = Br—1| < oo,

(Cs) (14 Bn)yn —2Bn >d for some d € (0,1),

then the sequence {x,} defined by (1.7) converges strongly to q € F which solves the variational inequality
(vf(q9) = Ag,p—q) <0,Vpe F.

Proof. Since a;,, — 0 as n — oo without loss of generality we have a,, < (1 — d,)||A]|"" Vn > 0, noticing
that A is a bounded linear self-adjoint operator with,

|A|| = sup{| < Az,z >| :xz € H,|z| =1},
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we have,

<((L=0p)I —apA)z,x >=(1—0p,) <zyx > —, < Az, >
2 (1 =06n) — o Al 2 0,

then (1 — 6,)I — a, A is positive. Also,

(1 = 6,)1 — cn Al = sup{| < (1 = 6,)1 — anA))z,z > |,z € H, [lz| = 1}
= Sup{l - 5n —ap < Al’,l’ >7$ € H? HxH = 1}
<1—0p —an?y. (2'1)

Next we prove that {z,} is bounded. We pick p € F = (.2, F(T;) = F(W) = F(W,),

12n = pll = nan + (1 — ) Waan — pl|
= [[yn(zn —p) + (1 — 1) Wazyn — Wap)||
< Ynll(zn =) + (L = )ll(zn — p)l
= [lzn —pll;

and we have,

yn — pll = 1Bnzn + (1 = Br)Wazn — pl|
= |Bn(zn —p) + (1 = Br)(Wizn — Wap)||
< Bullzn — pll + (1 = Bn)llzn — pll
< Ballzn —pll + (1 = Bn)llzn — pll
= [lzn — 2.

It follows that,

|zns1 = pll = [[Polanyf(2n) + 0ntn + (1 — 0p)I — aA)yn] — Po(p)||
< Han’}/f(xn) + 0pp + ((1 - 571)] - anA)yn _pH
= llan(vf(2n — Ap) + 6n(zn — p) + (1 = 6p)1 — anA)(yn — )|,

by (2.1) we have,

< anlvf(xn) — Apll + dnllzn — pll + (1 = 65 — an¥)|lyn — 2|
< an[|f(@n) — ()|l + anllvf(p) — Apll + dnllzn — pl|
+ (1= 6n — an?¥)llzn — pl|
< apyal|zn — pll + anllvf(p) — Apll + (1 — an¥)||lzn — pl|
= [1 = an(¥ = y)l[|xn — pll + anlvf(p) — Apl|.

By simple induction we have ||z, — p|| < maz{||zo — p||, W}, which gives that the sequence {z,} is
bounded so are {y,} and {z,}. Next we claim that, lim, c ||Zn+1 — Zn|| = 0. We know that,

Zn = Yn%n + (1 - 'Yn)ann y
Zn—1 = Yn—-1Tn—1 + (1 - 'Ynfl)anlxnfl-

So we obtain,

Zn — Zn—1 :(1 - ’Yn)(Wn-Tn - Wn—lwn—l) + "Yn(xn - xn—l)
+ (711 - 7n—1)($n—1 - Wn—lxn—l)-
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This implies that,

20 — 2zn—1ll L1 =) Whzn — Wp12n1ll + YallTn — Tp1l|
+ v — mll|Tn—1 — Wno12n 1|
=1 — ) [[Wnxy, = Wyxpn_1 + Wypxp_1 — Wyp_12p_1]]
+ nllzn — zp-all + |70 — Wm-1lllzn-1 = Wa—1@p-||
<1 = ) Wiy — Waap ||
+ (L= ) [[Whan—1 — Wy12p 1|
+ Wllen — o1l + [ — m—1lllzn—1 — Wo—1zp—1]|.

On the other hand we have,

Wnzn—1 — Who1zp—1|| =11 T1Un22n-—1 — 1T1Up-12%n—1]|
<N Un2n-1 — Un—122n-1]]
=71 || 2T2Un 32n—1 — 72T2Up—1,3Tn—1]|

<1172||Un3%n-1 — Un—1,3Tn—1|
(2.2)

§7172 c o Yn—1 ||Un,nxn71 - Unfl,nxnfl ”
n—1
SMI H Vis
i=1
where M; > 0 is an appropriate constant such that,

HUn,nfL‘nfl - Unfl,nxnflu < M vV n>0.

Note that the boundedness of z, and the nonexpansivity of T, ensure the existence of M;. So we have,

n—1

[2n = 21l <ynllen — zp—1ll + (1 = 70) M1 H Vi

=1
+ (1 - Vn)”xn - xn—l” + |’Yn - ’Yn—1|Hxn—1 - Wn—lxn—ln

=[|zn — Tp_1|

n—1

+ (L= )My [ ] v+ n = vnalllzn-1 = Waazn .
i=1

Similar to (2.2), we have,
HUn,nzn—l - Un—l,nzn—IH < Ms.
So,

lyn — yn—1ll =lBnzn + (1 = Ba)Wazn — Brn-1Tn-1 — (1 = Bn-1)Wn-12n—1]|
=[|BnTn — BnTn—1 + Bnn—1 — Bn—1Tn-1
+ (1= Bn)(Whzyp — Whzp—1)
+ (1= Bn)(Whzp—1 — Wh_12n-1)
+ (1= Bu)Wh12n-1 — (1 — Bn—1)Wn—12n—1]]
<||Bn (#n — 1) + (Bn — Bn—1)Tn-1
+ (1= Bn)(Whzn — Whzn_1)
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+ (1 - Bn)(ann—l - Wn—lzn—l)
+ (1= Bn)Who12n—1 — (1 = Bn—1)Wn—12n—1]|
gﬁnnxn - xnfln + (1 - 5n)||zn - anln

n—1
+ (1= Bn) M [ i

=1
+|Bn — Br-1ll|Tn—1 — Wh—12n—1||
Sﬁonn - xn—l” + (1 - /Bn)Hxn - xn—lH
+ (1 - 571)")% - ’Yn—l’”xn—l - Wn—lxn—lu

n—1 n—1
+ (1= Bn)(1 = )M H ¥i + (1 = Bn) Mo H Yi
=1 =1

+ ’/Bn - ﬁn,1|Hl‘n,1 - anlznflu
=|lzn — a1l + (1 = Bn)lvn — Yn-1lllTn—1 — Wh—12n 1|

n—1

n—1
+ (1= Bn)(1 = )M H Yi + (1 — Bn) Mo H Yi

=1 =1
+ ’571 - 571—1”‘xn—1 - Wn—lzn—IH-

Therefore,

|Zn+1 — znll =[[Polany f(zn) + 602 + (1 — 00)1 — anA)yn]
— Polan—1vf(zn-1)
+ 0p—1Zn—1 + (1 = 6p—1)I — ap—1A)yn—1]||
<llanvf(2n) + dnzn + (1 = 6n) — anA)yn
— an17f(#n-1) = Sn-12n-1 — (1 = 6n-1)I — an—1A)yn—1|
<[I((Q = 6n)I — nA)(Yn — Yyn-1)
— ((6n = 0n—1)Yn—1 + (an—1 — an)Ayn_1)
+ v (f(2n) = flan-1)) +v(on — an-1) f(zn-1)
+ 0nTn — InTn—1+ OnTn_1 — On—1Tn_1||
<(1 = — anllyn — Yn-1ll + 00 — on-1ll[yn—1l
+ |on — an—1|[[Ayn—1| + vonal|zn — 21|
+ Yo — a1l f(@n-1)[| + Onllzn — Zp—1ll + [0 — Gp—1]|zn-1]]
<(1 = 6n — axY)llzn — -1l + (1 = Bn)[m — Yn-1ll[Tn-1 — Wa—12n-1]|

n—1

n—1
+ (1= Bn)(1 — )M H ¥i + (1 — Bn) Mz H Yi

=1 i=1
+ 1Bn = Bn—1lllzn—1 — Wn—12n-1||] + [0 — dn—1]l[yn-1]|
+ |on — 1| Ayn—1]]
+yana|zn — znoa |l + ylem — an—1[|| f(@n—1)|| + Onllzn — 21|
+ [6n — On—1|[|zn-1]|
=1 — an¥)[|zn — zp-1]|
+ (1 =6 — a1 = Bn) v — Y-1lllTn—1 — Win—1251||

n—1

n—1
+ (1= Bn)(1 — )M H ¥i + (1 — Bn) Mz H Yi

i=1 =1
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+ [Bn = Br-1lllzn—1 = Wa-r2n-1ll] + |an — an-1[[Ayn-1]|

+yanal|z, — zp-1]|

+ Yo — an—1l|| f(@n—1)ll + 16n — Sn—1[llyn—1ll + [6n — Sn—1|l|n-1|
<1 —an(y —va))lzn — n-l|

+ (1 = 6n — an¥)[(1 = Bn)|vn — yn—1lsup{l|zn-1 + [[Wn-12n-1]}

n—1 n—1
+ (1= Bn) <(1 — )My [[ v+ M ] %‘)]

i=1 i=1
+ |an — O‘n—l‘ Sup{HAyn—l” + ’Yf(xn—l)} + ‘571 - ‘571—1’ SUP{Hyn—IH
A zn—1ll} + [Bn = Bn-1lsup{l|zn_1] + [Wn-12n-1][}-

Now by Lemma 1.2 and C3, Cy, C5 we have ||z, — zn—1|| — 0. On the other hand,

[Zn41 — ynll =l Pelanyf(zn) + dnan + (1 — 60)1 — anA)yn] — Po(yn)|l
<y f(@n) + dpzn + (1 = 0n)I — anA)yn — ya|
=|lanvf(xn) + 6nn — OnTnt1 + GnTns

+ Yn = OnYn — Yn — Ay
=llanyf(zn) + 0n(Tn — Tnt1) + 0n(Tnt1 — Yn) — anAyy||
<an|vf(zn) — Aynll + Onllzn — g1l + Snllznt1 — yall-

So, || Tnt1 — ynl| < afign)nyf(xn) — Ayl + ufi%n)”xn — Zp+1||, which implies, ||zn4+1 — yn|| — 0. Also we
have ||z, — ynl| < ||Tn — Tnt1l| + |Zn+1 — ynl|, which implies ||z, — yn|| — 0. Notice that,

lzn — 2|l = V20 + (1 = % Waen — zall = [[(Yn — 1)z + (1 — 7o) Wy |

and

”yn - WnZnH = ||6nxn + (1 - 6n)ann - WnZnH = Bonn - WnZnH

By two above equalities we have,

Wy — 2|l <[l — ynll + lyn — Waza||
<Nzn = yull + llyn — Waznll + [[Wizn — W, ||
<@n — yull + Bullzn — Wazn|| + Bul|Whrn — Whzal|
+ llzn — @
<llzn = yull + Bullzn — Wzl + (1 + Br) |20 — 24l
<|zn = ynll + Bullzrn — Wayan ||
+ (1 = 7n) (1 + Bu) [[Whnan — 24|

Therefore,
(1 + Bn)vn — 260l Wawn — || < || — yull = 0,

so limy, o0 ||[Whay, — x| = 0.
Furthermore we have,
[Way — zn|| < [[Way — Woan|| + [[Wazn — 24l

hence lim,, o0 |Wx,, — xy|| = 0.
We show that limsup,,_,.(vf(q) — Aq,z, — q) < 0, where ¢ = lim;_,oz; and x; is the fixed point of the
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contraction x — tyf(z) 4+ (I —tA)Wax. We have, ||z; — x| = ||(I — tA) Wz, — zp,) + t(7yf(2) — Azy,)|| and
by Lemma 1.1,

[z = @l = (I — tA)(Way — @) + t(yf (1) — Azy)||?
S(l - t:y)ZHW%f - anQ + 2t<7f(37t) — Axp, x — xn>
<(1 =29t + (7)) || — anl® + fu(t) + 2607 f (1) — Ay, 20 — 20)
+ 2t(Axy — Axy, 1 — Ty)

(2.3)

where f,,(t) = (2||xt — zp|| + ||2n — Wan|]) |2n — Wazp|| = 0 (as n — 00). Since A is strongly positive linear
mapping, so we have,

(Axy — Az, — x) = (AT — Tp), Tt — X)) > |2 — :an2
From (2.3) we have,

2t(Azy — vf(20), 20 — n) <(F* — 290) |z — 2 ||* + fu(t)
+ 2t{Axy — Axp, x4 — Ty)
< (%) (Azt — 20), 2 — 0) + fult)
+ 2t(A(wt — @p), T — Tn)
=Yt*(A(2s — T0), B — Tn) + fult),

—

which implies, (Azy — v (x1), 2t — 2n) < Z{A(w1) — Alwn), 21 — 2) + 50
Letting n — oo,

limsup(Axy — vf(xt), x — zp) < gMg, (2.4)

where M3 is a constant such that, y(Ax; — Az, x¢ — z,) < M3, Vt € (0,min{||A||~%,1}) and n > 1, taking
t — 0, from (2.4) we have,

lim sup lim sup(Az; — v f(2¢), x¢ — x,) < 0. (2.5)

t—0 n—o00

On the other hand we have,

(vfla) — Ag,zn — @) =(vf(q) — Agq,zn — q)

(vfla) = Ag,zn — a0) + (v f(@) — Agq,zn — 240)
(Vf(q) = Azy, mp — a4) + (7 f(q) — Amp, 0 — 24)
(Vf(t) = Azgy 20 — 1) + (7 (00) — Aty B0 — T1).

So,
(Vf(@)—Aq, zn—q) = (vf(@)—Aq, vt—q) +{Azt— Aq, Ty —x4) + (V[ (@) =7 f (1), T —20) +{V f (21) — Azt Tpy—T1).

Hence,

limsup{yf(q) — Ag,zn — ) <|[7f(q) = Agllllze = qll + | Allllze — gl|limsup [lz5, -z

n—0o0

+ avllqg — z¢|| imsup ||z, — x| + Umsup(y f(z:) — Axy, T — 24).

Therefore from (2.5) we have,
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limsup(yf(q) — Agq,z, — q) = 1irtn Sup limsup(yf(q) — Aq, z — q)
%

n—o0 n—o0

<limsup ||vf(q) — Aq||[|z: — 4|
t—0
+ limsup [|Al[||z: — g[| lim sup ||z, — 24|
t—0 n—o0

+ Tim supyallq — 2o lim sup [ — o]
t—0 n—oo

+ lim sup lim sup(y f(x;) — Az, — x) < 0.

t—0 n— 00

Similarly,

(vfla) = Aq,yn — @) =(7f(@) = Aq,yn — x0) + (vf (@) — Ag, 2n — q)
<Ivf(q) = Aqllllyn — zull + (vf(q) — Ag, 2, — q),

then, limsup,,_,.(vf(q) — Aq,yn — q) < 0. Finally we prove that x,, — q.

|Tni1 — (IH2 =||Pelanyf(2n) + 0nrn + (1 = 6p)] — anA)yn] — PC(Q)||2

<|lanyf(wn) + 0nrpn + (1 = 6p)I — anA)yn — Q||2
=llan(vf(2n) — Aq) + n(2n — q@) + (1 = )] — an A)(yn — Q)H2
=[1((1 = 6n)I — anA)(Yn — q) + 0n(xn — @) + an(vf (zn) — Ag)|?
=[|((1 = 6a)1 — anA)(yn — @) + (20 — q)|I?

+ Oz%”’yf(xn) - AQH2 + 20n0n (Tn — q, 7 f(25) — Ag)

+ 20, (1 = 0n) I — anA)(yn — @), 7f (7n) — Aq)
<[((1 = 6n) — W llyn — all + Snllzn — qll]

+ap |7 f(zn) — Agl® + 26,0 (0 — ¢,7f(n) — Ag)

+ 20 (((1 = 6) 1 — anA)(yn — @), 7f(2n) — Aq)
=[((1 = 6n) — an)lyn — qll + Snllzn — qll]”

+ 05721||'7f($n) - AQH2 + 20n00 (T — q, f(70) — f(q))

+ 26n0n (T — ¢, 7f(q) — Ag) + 2(1 — 6n)van(yn — ¢, f(xn) — f(0))

+2(1 = 6n)om(yn — ¢,7f(q) — Aq) — 207 (A(yn — q),7f(q) — Aqg)
<[((1 = 6) — an) |0 — qll + Snllzn — qll]?

+ o |lvf (2n) — Ag|]® + 20nanyallz, — q?

+ 2000 (w0 — ¢,7f(q) — Ag) + 2(1 — &) yamazn — ql?

+2(1 = 6n)an(yn — ¢,7f(9) — Ag) — 207 (A(yn — q),7f(q) — Aqg)
=[(1 — an¥)? + 20,0nya + 2(1 — 6,)yoa] ||z, — q|?

+ 02|17 f (2n) — Agl® + 20nan (0 — ¢,7f(q) — Ag)

+2(1 = 6n)om(yn — ¢,7f (@) — Aq) — 207 (A(yn — q),7f(q) — Aqg)
<[1-2(7 - ay)an]|zn — ql* + 7oy |z — gl

+ o |lvf (@) — Agl]® + 20nan (2, — ¢,7f(g) — Ag)

+2(1 = 6n)an(yn — ¢,7f(q) — Ag) + 207 | Ay — D) llIvf (@) — Adgl
=[1 =207 — ay)an]||z, — QHQ + an{o‘nHQHWL - QHQ

+ {17 f(an) = Agll® + 2 Alyn — @)llIvf (@) = Agll] + 26,z — 4.7/ (q) — Ag)

+2(1 = 6n)(yn — ¢.7f(q) — Ag)}.
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Since {x,}, {f(z,)} and ||y, — p|| are bounded, we can take a constant M, > 0 such that,

Vllzn = all* + 17f (2n) — Adl® + 2] A(yn — Q)llI17f(q) — Agll < Ma, ¥ n > 0,
then it follows that, ||z,+1 — ¢|> < [1 — 2(F — a)aw]||lzn — ql|* + anon, where,

o = 200 (Tn — ¢,7f(q) — Aq) + 2(1 = 6n)(yn — ¢, 7f(q) — Aq) + anMy.

Finally, we have limsup,, .., 0n < 0 and by Lemma 1.2 z, — ¢ . O

Similar proof shows that the followings composite iteration converges to ¢ € F', which solves variational
inequality,
xg =x € C chosen arbitrary,
Zn =AnZn + (1 = Ap) Kpxy,
Yn =Bnxn + (1 = Bn) Knzn,
Tnt1 =Polany f(n) + 0ntn + (1 = 0n)I — anA)yn).

Corollary 2.2. Let C be a closed convex subset of a real Hilbert space H. Let f be a contraction of C into
itself, let A be a strongly positive linear bounded operator with coefficient 5 > 0 and {T; : C — C} be a
finite family of nonexpansive mappings. Assume that 0 < v < 1 and F = ﬂfil F(T;) # 0. Let z9 € C,
given that {an}, {Bn} and {6,} be sequences in [0,1] satisfying the following conditions:

(Cl) limy, 00 ap = 0 722021 Qp = 00,

(2.6)

(C2) 0 < liminf, o0 0y, < limsup,,_ o 0 < 1,

(03) Zfzozl |)\n,z - )\n—l,i

<o, foralli=1,2,..., N,
(Ca) oyl — | < o0,
(Cs) 220:1 |Bn — Bn-1] < 00,

(Cs) (14 Bn)yn —2Bn >d, for some d € (0,1).

If {xp}22 is the composite process defined by (2.6), then the sequence {x,}72  converges strongly to q € F,
which solves variational inequality (vf(q) — Ag,p—q) <0 ¥Vp € F.

If A\, =1 and d,, = 0 in Corollary 2.2, then we get the result of Singthong and Suantai [7].

Corollary 2.3. Let H be a Hilbert space, C a closed convex subset of H. Let A be a strongly positive linear
bounded operator with coefficient ¥ > 0, and f is a contraction. Let {Tl}fv be a finite family of nonexpansive
mappings of C into itself and let K,, be defined by (1.6). Assume that 0 <y < % and F = ﬂf\il F(T;) # 0.
Let z1 € C, given that {an }52 o and {Br}0, are sequences in (0,1), and suppose that the following conditions
are satisfied:

(C1) an — 0, > 07 ay = o0,

(C2) 0 < liminf, o By < limsup,,_,o Bn < 1,

(03) Zzozl |’Yn,’L - r}/nfl,i| <00 fO’f’ all t = ]-727 s 7N7

(C4) Yopey langa — o] < oo,

(05) Zzozl |Bn+l - /Bn‘ < o0.

If {xn}52 is the composite process defined by (1.5), then the sequence {x,} converges strongly to q € F,
which solves the variational inequality (vf(q) — Ag,p —q) <0 Vp € F.

3. Simulation examples

In this section, we give three numerical examples to support the theoretical results. The iterations
havebeen carried out on MATLAB 7.12. Here we recall 7(n) = logio||xn+1 — || and d6(n) = logyo lzn=2"l

[ES
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(i.e. 0(n) is relative error), where z* is a fixed point of W,,-mapping or K-mapping. In the following, we
assume y; = %, Yo = %, Y3 = i, and xg = 3.

x* iteration Ty (z*) To(z*)
W, mapping | 0.75290 25 0.6837577884 | 0.7297090424
K mapping | 0.71491 19 0.6555494556 | 0.7551522437

Table 1: T1(z) = sin(z) and T(x) = cos(x).

x* iteration T (z*) T3(z*)
W, mapping | 0.0089628 | 44834 | 0.0089626800 | 0.0089625600
K mapping | 0.0080118 | 40066 | 0.0080117142 | 0.0080116285

Table 2: Ti(z) = sin(x) and Ts(x) = tan™'(z).

x* iteration Ty (x*) To(x*) T3(x*)
Wy, mapping | 0.59403 85 0.5597051868 | 0.8286918026 | 0.5360182305
K mapping | 0.67735 18 0.6267302508 | 0.7792362880 | 0.5953623347

Table 3: Ti(z) = sin(z), Ta(z) = cos(x) and T3(z) = tan™*(z).

&)

n (number of iteration)

Figure 1: The results obtained for T} and T5.

Figure 2: The results obtained for 77 and 75.
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Figure 3: The results obtained for 77, 15 and T3.

4. Conclusion

Finding the fixed point of nonexpansive mappings and variational inequalities is so important in many fields.
In this paper, we have constructed an iterative algorithm for finding a common fixed point of an infinite family
of nonexpansive mappings and a solution of certain variational inequality. Finally, some numerical examples were
presented to support the theoretical results of this paper. Moreover, these examples compare the error and speed of
convergence of W,-mapping and K-mapping.
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