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Abstract

A new countable family of generalized nonexpansive mappings is introduced and a new monotone hybrid
algorithm is presented in the framework of Banach spaces. Some new results are obtained for the class
of generalized nonexpansive mappings and countable family of generalized nonexpansive mappings. The
study exhibits the procedure for obtaining a common element of the zero point set of a maximal monotone
operator and the newly introduced countable family of generalized nonexpansive mappings.
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1. Introduction

Let E be a real Banach space and let C' be a nonempty closed convex subset of E. The dual of E will
be denoted by E*. Let N and R, respectively be the sets of all positive integers and real numbers. A self
mapping T : C' — C' is said to be nonexpansive if

I Tu — To| < ||lu—wvl|, for all u,v e C,
and a mapping 7' : C — F is said to be generalized nonexpansive provided F(T) # () and

o(p, Tu) < ¢(p,u) for all w € C and p € F(T),
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where F(T') := {u:Tu=u}, is the set of fixed points of 7. An eminent class of the class of nonlinear
operators is the class of nonexpansive mappings. The iterative processes on the class of nonexpansive
mappings have been successfully applied in several areas such as signal processing and image restoration
(see, e.g., [5, 4]). Let T': C'— C be a nonexpansive self-mapping in a Hilbert space H. In 2008, Qin and Su
[6] presented a monotone hybrid method, defined as

up =u € C,Cy=Qo=C,

2 = Buttn + (1 = B)Tun,

G = {& € Coct N Quor ¢l — ] < [l = w}
Qn={2€Ch1NQn_1: (U —x,u—1u, >0}
Unt1 = Po,ng,u,n €N,

where Po : H — C be a metric projection from H onto C' and showed that the sequence {u,} converges
strongly under suitable conditions. Monotone hybrid iterative method has also been considered in a uni-
formly smooth and uniformly convex Banach space E for a family of generalized nonexpansive mappings,
say {Sy} which satisfies NST-condition. Klin-eam et al. [11] defined {S,} from a generalized nonexpansive
mapping T : C' — E by

Spu = apu+ (1 — a,) Tu

and also from the generalized nonexpansive mappings 7" and G : C — E by
Spu = a,Tu+ (1 — ay) Gu,
for all u € C and {a,} C [0,1]. Then the iterative sequence {uy} is defined by

(w1 =ueC,Cy=Qy=C,

Ty, = Bpun + (1 — Bn)Snun,
Cn={2€Cr1NQn1:9x,2,) < P(,uy)}
Qn={2 € Cro1NQp_1: (uy —z, Ju— Ju,) > 0}

Un+1 = R(Jann%

where J denotes the duality mapping on E, R¢,ng, is the sunny nonexpansive retraction from C' onto
CnNQy. Let N € N, Alizadeh and Moradlou [2], considered the iterative sequence which is given by

(ulzueC, Co=Qo=0C,

Ty, = Appn + (1 — X)) Spup,

Yn = BnTn + (1 — Bn)Sntn,
Cpn={2€Cro1NQn-1:0(x,y,) < p(x,u,)}
Qn={r€ K,-1NQn-1: (up, —z,Ju— Ju,) >0}

Unp+1 = chﬂQnua

and defined {S,,} by
N

Spu = Z apnGru ¥V u € C,
k=1

o
where G1,Gs,Gs, ..., Gy are generalized nonexpansive mappings of C' into E such that ﬂ F(G,) # 0
n=1

and the real sequences {\,},{8n} and {ap,}s_, in [0,1] satisfying lirginf(l —An) > 0, le Bn = 1,
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N
Zalm =1 for all n € N and linnl)igfamajn > 0 for all 4,5 € {1,2,..., N} with i < j. Let A C E x E* be
k=1

a maximal monotone operator. If 0 € Awu, then u is called a zero of A. An absolutely stunning problems
in mathematical analysis that is associated with convex analysis and mathematical optimization is finding
a zero of a maximal monotone operator (See, e.g., [9, 10, 12, 19]). Such problems have connection with
variational inequality problems and their solutions have applications in several fields, such as economics,
science and engineering. It is well known that the variational inequalities are equivalent to the fixed point
problem (See, e.g., [16, 3, 17, 20]).

In this paper, a new countable family of generalized nonexpansive mappings which satisfies the NST-
condition is introduced and a new monotone hybrid algorithm is presented. This study displays how to
find a common element of the zero point set of a maximal monotone operator and the newly introduced
countable family of generalized nonexpansive mappings which satisfies NST-condition. The conditions are
established for a strong convergence of the proposed algorithm and the results are true in a general Banach
space.

2. Preliminaries

Let E and E*, respectively denote a real Banach space and its dual space. A unit sphere will be denoted
by S(E) :={u € E: |lul]| = 1}. Given taht the limit

o et o] = ful

t—0 t (2.1)
exists for all u,v € S(E) with ||u|| = ||v|| = 1, the norm ||.|| of E is said to be Gateaux differentiable and F

is said to be smooth in such a case. Given that E is smooth and the limit (2.1) is attained uniformly for
each u,v € S(E), then F is said to be uniformly smooth. The modulus of convexity of a Banach space F,
0 : (0,2] — [0, 1] is defined by

et

dp(e) = inf {1 5 llull = |lv]| =1, [Ju — v]| > e} .
Given that dg(e) > 0 for every € € (0,2], then E is uniformly convex. A Banach space E is said to be
strictly convex if ||u 4+ v|| < 2 for all u,v € F whenever |lu|| = |Jv]| =1 and u # v. It is well known that a

space E is uniformly smooth if and only if E* is uniformly convex. Let J : E — 2F" be defined by
Ju=A{u" € E": (u,u”) = [[ull|u*]l, [[u*[| = [Jull} VveE.

Then J is called a normalized duality mapping it is known to be uniformly norm-to-norm continuous on
bounded sets of F if F is uniformly smooth. Let E be a given Banach space and let A C E x E* be a
multi-valued operator. Given that for all (u,u*), (v,v*) € A,

(u—wv,u* —0v*) >0,

then A is said to be monotone and it is said to be maximal monotone if it is monotone and its graph is not
properly contained in the graph of any other monotone mapping. For a maximal monotone operator A, the
set A=1(0) := {u € E: Au =0} is closed and convex. According to a result of Rockafellar [18], in a given
strictly convex, smooth and reflexive Banach space F, A is said to be maximum monotone if it is monotone
and the range of (J +rA) is all of E* for all » > 0.

Definition 2.1. Let E be a given smooth Banach space and define the function ¢ : £ x E — R by
$(u,v) = [[ul® = 2 (u, Jv) + [[v]]%,

for all u,v € E. In a framework of Hilbert space, it is expressed as ¢(u,v) = |Ju — v||* > 0. For all u, v, w € E,
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@ (ull = llo)* < ¢lu, ) < (full +[0l)?,
(i) ¢(u,v) = ¢(u,w) + ¢(w,v) + 2 (u —w, Jw — Jvy,
(ii)) d(u,v) = (u, Ju = Jo) + {u — v, Jo) <|lul[[[Ju = Jv[| + [lu = v][]v].

Definition 2.2. Resolvent: Let E be a given Banach space, which is strictly convex, smooth, and reflexive
and let A C E x F* a maximal monotone mapping. Given r > 0 and u € FE, then there exists a unique
u, € D(A) such that Ju € Ju, + rAu,. Therefore, a single-valued mapping J, : E — D(A) can be defined
as

Jru={{w e D(A) : Ju € Jw+rAw},

which is called the resolvent of A. J.u is known to consist of one point and for all » > 0, A~1(0) = F(J,),
where F'(J,) is the set of fixed points of J,.. Also, for all » > 0 and u € FE, the Yosida approximation
A, : C — E* is defined by

Ay = %(J — JJ)u.
For all r > 0 and u € E, the following hold (See, for example [14, 7])
(i) o(p, Jru) + ¢(Jru,u) < ¢(p, u) for all p € A1(0).
(ii) (Jru, Ayu) € A.

Definition 2.3. Metric projection: Let H be a Hilbert space and C' be a nonempty closed convex subset
of H. A mapping Pc : H — C of H onto C which satisfies

_p = mj _
i = Porull = min o],

is called the metric projection. This is known to be a singleton. An important property of the metric
projection states that for w € H and ug € C,ug = Pcu if and only if

(u—ug,up —v)y >0V ovel.

Definition 2.4. Retraction: Let C' be nonempty subset of a Banach space E. A mapping R : E — C is
called sunny if
R(Ru + a(u — Ru)) = Ru,

for all u € F and all a« > 0. If Ru = u for all u € C, it is also called a retraction. A retraction which is also
sunny and nonexpansive is called a sunny nonexpansive retraction. If F is a smooth Banach space, the sunny
nonexpansive retraction of E onto C' is denoted by R¢. C' is said to be a sunny generalized nonexpansive
retract of E provided that there exists a sunny generalized nonexpansive retraction R from E onto C.

Some important results on sunny generalized nonexpansive retraction which will be needed are stated
here. For their proof, see [7, 13].

Lemma 2.5. Let C' be a nonempty closed subset of a smooth and strictly convex Banach space E. Let Ro
be a retraction of & onto C. Then Rc is sunny and generalized nonexpansive if and only if

(u— Rou, JRcu — Jv) >0
for each w € E and v € C.

Lemma 2.6. Let C' be a nonempty closed subset of a smooth and strictly convex Banach space E such that
there exists a sunny generalized nonexpansive retraction R from E onto C' and let (u,w) € E x C. Then the
following hold:
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(i) w = Ru if and only if (u —w, Jv — Jw) <0 for all v € C;

(i1) ¢(u, Rov) + ¢(Rev,v) < ¢(u,v).

Lemma 2.7. Let E be a smooth, strictly convex and reflexive Banach space and let C' be a nonempty closed
subset of EZ. Then the following are equivalent:

(i) C is a sunny generalized nonexpansive retract of E;
(ii) C is a generalized nonexpansive retract of E;
(iii) JC' is closed and convex.

Definition 2.8. NST-Condition: Let C be a closed subset of a real Banach space E. Suppose that
[ee]

{S,} and T" are two families of the generalized nonexpansive mappings of C' into E such that ﬂ F(S,) =

n=1
F(T') # (0, where F(I") is the set of all common fixed points of I'. The sequence {S,} is said to satisfy the
NST-condition with I' if

lim |lu, — Spuy| = lim [Ju, — Su,|

n—o0 n—oo
for all S € T" and all bounded sequence {u,} in C' [15]. If I possesses one element, i.e., I' = {S}, then {5, }
satisfies the NST-condition with {S}. If we put S,, = S for all n € N, then {S,,} satisfies the NST-condition
with {S}.

The following are well known results and will be applied to establish the main results.

Lemma 2.9. Let E be a uniformly convex and smooth Banach space and let {u,} and {v,} be two sequences
in E such that either {uy} or {v,} is bounded. If lim ¢(up,v,) = 0, then lim |lu, — v,|| = 0 (See, for
n—00 n—00

example [9]).

Lemma 2.10. Let E be a uniformly convex and smooth Banach space and let d > 0. Then there exists a
strictly increasing, continuous and convez function g : [0,00) — [0,00) such that g(0) =0 and

9 (lu =2} < ¢(u,v)
for all u,v € By(0), where B4(0) ={w € E : ||w|| < d} (See, for example [9]).

Lemma 2.11. Let E be a uniformly conver Banach space and let d > 0. Then there exists a strictly
increasing, continuous and convex function g : [0,00) — [0,00) such that g(0) =0 and

law + (1 = a)ol* < afful* + (1 = a)[[v]|* — a(1 — a)g (|lu - v])
for all u,v € By(0) and o € [0, 1], where B4(0) = {w € E : ||w| < d} (See, for example [21]).

Lemma 2.12. Let E be a smooth and strictly convex Banach space, let p € E and let {oy}]" C (0,1) with
Yooy =1 If {a;};" is a finite sequence in E such that

o (pa J <Z aisz')) = ¢ (p,w;),

then w1 = wy = ... = wy, (See, for example [8]).
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3. Main Results

Lemma 3.1. Let E be a strictly convex, smooth, and reflexive Banach space and let A C E X E* be a
mazximal monotone mapping with A=1(0) # (. For each X > 0, let Jy : E — E be the resolvent of A
associated with A. Then Jy is a generalized nonexpansive mapping.

Proof. The proof is given in [1]. However, to make this manuscript a complete paper, the sketch of the proof
is given here.

Let u € E,v € F(Jy) and A > 0. Recall that A=*(0) = F(J,) since A is a maximal monotone operator.
Wherefore by Definition 2.2 (i),

b(v, Jau) + ¢(Jyu,u) < (v, u) for all v € A71(0).
It is known by Definition 2.1 (i) that ¢(Jyu,u) > 0. Hence,

o(v, Jhu) < o(v,u).

O

Assumption 3.2. Let N € N, the real sequences {agn}r_;, {8n} and {7,} in [0,1] are assumed to satisfy
the following conditions:

N
(i) Za;m =1forallneN;
k=1

(ii) liminf apaj, > 0 for all 4,5 € {1,2,..., N} with i < j;
n—roo

(iii) liminf(1 — 3,) > 0;

n—oo

(iv) lim v =1.

n—oo

Lemma 3.3. Let E be a uniformly convex and uniformly smooth Banach space E, C' be a nonempty closed

convex subset of E and Ro : E — C be a sunny and generalized nonexpansive retraction from E onto C.
N

Let G1,Go, ..., G are be generalized nonexpansive mappings of C into E such that ﬂ F(Gy) # 0. Suppose

k=1
that for each n € N, the mapping Sy, : C — E is defined by

N
Spu=J ! (Z aknJGku> VuedC, (3.1)
k=1

where {ogn Yo, is a sequence in [0, 1] satisfying the Assumption 3.2 (i) and (ii). Then, the countable family
of generalized nonexpansive mappings { Sy} satisfies NST-condition with I' = {G1,G2,...,GN} .

Proof. Step 1: Firstly, we show that for each n € N, 5, is a generalized nonexpansive mapping and that
o

ﬂ F(S,) = F(I'). Notice that

n=1

FT)=()F(Gy c ﬁ F(S,,). (3.2)

k=1 n=1
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Therefore, for p € F(I') and x € C,

N
¢ (p, Snz) = ¢<P,J_1 <ZaknJGk96>>

k=1

N
= |lpl* -2 <p, ZaknJka> +

N
Z aknka
k=1 k=1
N N

HpH2 -2 Zakn <p7 Jka> + Z (09779 Hka'HQ
k=1 k=1

N
= > ¢ (p,Gex)

k=1
N
< Z akngb (pa CU)
k=1
= ¢(p,).

2

IN

o
Thus, S, is a generalized nonexpansive mapping. Moreover, for ( € ﬂ F(S,),

n=1

o(p,¢) = ¢ (p,SnC)

N
= ¢ <P, J! (ZaknJGkC>>
k=1

N
= |pl* -2 <p,§jaknJGk<> +

k=1

2

N
> aenGi¢
k=1

N N
P> =2~ akn (9, TGRC) + Y ckn|GiC
k=1 k=1

IN

N
= > md (p.Gil)
k=1

N
< Z akn¢ (pa C)
k=1

= ¢(p, (),
which indicates that

N N
k=1 k=1

By applying Lemma 2.12, one gets that ( = S, = G1¢ = G2¢ = ... = Gn(. Thus, F(S,) C F(T') for all
n € N and hence, ﬂ F(S,) = F(T).

n=1
Step 2: To prove that {5, } satisfies NST-condition with Gy, G, ..., Gx, an arbitrary bounded sequence
{wn} in C is assumed given such that lim [jw, — S,wy| = 0. Consequently, the norm-to-norm uniform
n—oo

continuouity of the duality mapping J on bounded sets gives that
lim ||Jw, — JShwy| = 0. (3.3)
n— oo
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It is given that {w,} is bounded, therefore {Gyw,} are bounded for k =1,2,..., N. Let
r = max {sup,, ||wnl|, sup,, ||Gxwn| } . Thus, there exists r > 0 with B,(0) = {z € E: ||z|| < r} and {w,} , {Grwn} C
B,(0). Then by Lemma 2.11, there exists a function g : [0,00) — [0, 00) which is strictly increasing, contin-

[e.e]

uous and convex with ¢g(0) = 0 such that for p € ﬂ F(S,),

n=1
N
o) (pa Snwn) = ¢ (p, J_l <Z aknJGkWn> )
k=1
N N
= Hp||2 -2 <p, Z aknJGkWn> + H Z aknkanHQ
k=1 k=1
N N
< |l -2 Zakn (p, JGrwn) + Zaankan”2 — aintjng ([|Giwn — Gjwyl|)
k=1 k=1

N
= > nd (p, Grwn) — Qinijng (||Giwn — Gjwnl|)
k=1

N
< ) (p.wn) = Cinang ([Giwn — Gjwnl|)
k=1

= ¢ (p,wn) — Qinjng (|Giwn — Gjwnl]) .
Consequently,
QinQing (Hszn - G]WnH) < ¢ (p, Wn) —¢ (pa Snwn) . (3'4)

Let {||Giwn, — Gjwp, ||} be an arbitrary subsequence of {||G;w, — Gjwy| } . The boundedness of {wy,, } guar-
antees the existence of a subsequence {wn/m } of {wy, } such that

lim ¢ (p, wn;n) = limsup ¢ (paka) =0.

m—00 k—00
Applying Definition 2.1 ((ii) and (iii)) result in
¢ (prwnr,) = & (P, Snr wnr ) + & (Snr, wnr, Wt )
+ 2 <p - Sn;nwn;n, JSn;nwn;n - an;n>
< ¢ (P St Wnt,) + 1S, nt TSy, Wty — Jwny, ||

+ [Shs, wny, = wr, Mlwny, | 4 2[lp = Sy, wn, [ Sy, s, — Jwng, |-

(3.5)

By taking the limit inferior on both sides of (3.5) while taking note of (3.17) and (3.3) results in
¢ = liminf ¢ (p, Wy ) = liminf ¢ (p, Snt Wy ) .
m—00 m m—00 mom
Alternatively, ¢ (p, Spwn) < ¢ (p,wy) leads to

lim sup ¢ (p, Sn/mwn/m) = limsup ¢ (p, wn/m) =,

m—o0 m—0o0

wherefore
lim ¢ (p,wn;, ) = lim_6 (p, Sy, wny,) = c.

m—0o0

Thus, it can be deduced from (3.4) that

lim g ([|Giwn;, — Gowny ||) =0,
m—r00
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since lim inf aq,, a9y, > 0. Therefore, by the properties of the function g, lim ||Giw, — Gaw, || = 0, and
n—00 m—o0 m m
thus
lim ||Giw, — Gawy|| = 0.
n—o0
Using similar analysis, it can be shown that li_>m |Giwy, — Gjwy]|| =0, for j = 3,4,5,...., N. Considering the
n (o.0]
fact that
|wn — Grwnll = lwn = Spwn || + |Snwn — Grws||
N
< Hwn - SnwnH + Z aanlen - kanH7
k=2
which results in lim [jw,—Giwy,|| = 0. Similar analysis yields that lim |w,—Gjw,| =0, for j =2,3,4,...,N.
n—o0 n—oo
Therefore,
lim |w, — Sw,||=0V SeTl. (3.6)
n—oo

O

Theorem 3.4. Let E be a uniformly conver and uniformly smooth Banach space E, C' be a mnonempty
closed convex subset of E and Rc : E — C be a sunny and generalized monexpansive retraction from
E onto C. The resolvent associated with a maximal monotone operator A C E x E* will be denoted by
Jy : E — FE for all A\ > 0 and G1,Gs,...,Gn are closed generalized nonexpansive mappings of C into FE
with T' = {G1,Ga, ...,GN} such that F(T') N A~1(0) # (). Suppose that for each n € N, the sequence {u,} is
defined by

(u=ueC, Co=Qo=C,

T = J_l (IBnJun + (1 - IBn)JSnRC (J)\nun)) 5

Yn = J (’Ynjxn + (1 - Vn)JSnRC (JAnun)) s

Cn = {.%' €Ch-1NQp1: ¢(x7yn) < ¢(x7un)}7
Qn={x€Cr1NQn-1:{up—x,Ju— Juy) >0},

Unt1 = Re,ng, Us

where J is the duality mapping on E, real sequences {f,} and {v,} satisfy Assumption 3.2 (iii) and (iv),
respectively, and {S,} is a countable family of generalized nonexpansive mappings that is given by (3.1).
Then the sequence {u,} converges strongly to Rpmyna-1oyu, where Rpryna-1(oy s the sunny nonexpansive
retraction from C onto F(I') N A~1(0).

Proof. Step 1: To show that C,, and @, are closed and convex for all n € N. Closedness of C,, is obvious
from its definition and it can also be seen from the definition of (),, that it is closed and convex for each
n € N. To show that C), is convex, observe from the definition of C,, that

¢($, yn) < ¢($, un)

implies that for all z € C,,,
lunl® = llynll* = 2 (2, Jun — Jyn) > 0,

which is affine in x, and thus C), is convex. Hence, the closedness and convexity of C,, N Q,, C E for all
n € N is established.
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Step 2: To establish that F(I')NA~(0) C C,NQ,. Setting w,, = R¢ (J,,u,) and for p € F(T)NA~1(0),

(ZS (p,$n) = gb (pa Jil (5n‘]un + (1 - IBn)JSan))
= Hp||2 -2 <p, Brndun + (1 - /Bn)JSan> + ||5n<]un (1 - 5n)<]5nwn||2

< HpH2 — 280 (p, Jun) — 2(1 = By) (p, J Snwn) +5nHu7LH2 +(1 _/Bn)HSNWNHQ
= B¢ (p,un) + (1 = Bn)¢ (P, Snwn)
< Bnd (pyuy) + (1 — Bn)o (p,wn) (by generalized nonexpansive property of .S,,) (3.7)
= Bn¢(p,un) + (1= Bn)é (p, Rx (Jr, un))
< Bt (po1in) + (1 — B) (p. I, um) (by the property of Re)
< Bnd (p,un) + (1 — Br)o (p,un) (by generalized nonexpansive property of J,. )
= ¢ (p, Un)

Wherefore,

é(psyn) = @ (p, J! (Yndon + (1 — 'Yn)JSnwn))

= HPH2 —2(p,JTn + (1 — ) S Spwn) + [y on + (1 — 'Yn)JSnwnHQ
< ||pH2 = 29 (p, Jxn) — 2(1 — 1) (P, S Spwn) + ’VnH$n||2 +(1— 'Yn)HSanHQ
= W9 (D, zn) + (1 — )¢ (p, Snwn)
< @ (P, 2n) + (1= m)¢ (p,wn)
= M® (P,zn) + (1 —7)9 (p, Ro (Jr,2n))
< o (Psxn) + (1 =)o (P, Jr,Tn)
< M (P xn) + (1= m)o (P, 2n)
< M (P un) + (1= 1) (P, un)
= ¢ (p,un)

This justifies that p € C, for all n € N and thus F(TI') N A71(0) C C,. Induction will be used to
show that F(I') N A=1(0) C @, for all n € N. By definition, for n = 1, F(I') N A=1(0) ¢ C = Cy N Qo.
Recall that J is one-to-one. Wherefore J (C,, N Q,) = JC, N JQ, and it known to be closed convex (See
e.g., [2]). Lemma 2.7 gives that C),, N @, is a sunny generalized nonexpansive retract of E. Assume that
F(T)NA~Y0) C Cj_1NQ;_; for some j € N. Given that z; = Re;_1nq@,_,, application of Lemma 2.5 gives

(u—uj, Ju; — Jv) >0,

for all v € C;_1 N @Q;—1. This implies that
(w—uj, Juj — Jv) >0, Vv & F(T)N A H0) (3.8)

since F(I')NA™1(0) € Cj_1NQ; 1. It can be deduced from the inequality (3.8) and by the definition of @,
that F(T)NA~1(0) C Q; and consequently F(I')NA~(0) C Q,, for alln € N. Thus, F(T)NA~1(0) C C,NQ,
for all n € N and this confirms that {u,} is well defined.

Step 3: This is to show that as n — 00, up, = Rpr)na-1(0)u- It can be obtained from the definition of
Qn that z, = Rg, x. Applying Lemma 2.6 (ii) gives,

d(u,un) = ¢(u, Rg,u) < ¢(u,x) — ¢(Ro,u,x) < ¢(u,x),

for all F(T') N A=Y(0) C Q. Thus, boundedness of {¢(u,u,)} is established. Moreover, it can be deduced
from the definition of ¢ that {u,},{x,} and {y,} are bounded. Therefore, the limit of {yp(u,u,)} exists.
One can have from z, = Rg,x for each n € N such that

@ (Un, Untg) = ¢ (RQnu’ Untk) < & (U, Untk) — ¢ (u, RQnu) < (U, upyr) — & (w,un),
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for a given a positive integer k, which leads to

lim ¢(up, upig) = 0. (3.9)

n—oo

Lemma 2.10 gives that there exists a strictly increasing, convex and continuous function g : [0, 2r] — [0, c0),
such that for j, k € N with k£ > 7,

g (llue —ujll) < @ (uk,uy) < ¢ (ug,uo) — ¢ (uj,up) .

The property of g leads to the deduction that {u,} is Cauchy. Thus, there exists v € C' such that u, — v.
For up4+1 = Re,ng.u € Cy, it can be obtained from the definition of C,,

¢ (tnt1,un) = @ (Unt1,yn) = 0, VneN. (3.10)

From (3.9) and (3.10), one can deduce that lim ¢(upi1,u,) = Um ¢ (upt1,yn) = 0. Apply Lemma 2.9
n—oo n—oo

since F is uniformly convex and smooth to obtain
1 [fungr — unl = T s~y = 0, (3.11)
which yields
lim |lu, —yn|| = 0. (3.12)
n—oo
Recall that the duality mapping J is norm-to-norm uniform continuous on bounded sets. Therefore
lim [[Jups1 — Jug|| = lim ||Jups1 — Jynl| = || Jun — Jyn|| = 0. (3.13)
n—oo n—oo

From (3.7), observe that

b (prwn) > ﬁ (6 (P, 7n) — Bnd (0, 4n) -

Since wy, := R (Jy, un) , thus,

O (Wn,un) = O (Re (Jr,un),un) < ¢ (p,un) — ¢ (p,wy) ( by Lemma 2.6 (ii),)

< 6 n) = gy (O ) = (pr1)
= o ) — o)
= = (ll? = ol = 25, T = Ja,)
< =g Ml = ol + 21 T = T )
< gy el = el Qo+ ) + 20l = Tl
< gy e = @l Gl + ) + 20 | T = Tz ).

By (3.12) and (3.13), one can have that lim ¢ (wy, un) = 0. So Lemma 2.9 gives that

lim fJwn —un|| = O (3.14)

n—oo
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Moreover,
[Juns1 = Jznl| = [[Juptr = Badun — (1 = By)J Spwnl|
= (1 = Bn) (Jns1 — JSnwn) = B (Jun — Jun 1) |
> (1= Bu)llJunt1 — JSpwnll = Bull Jun — Jun1-
Thus .
| Jun+1 — JSpwnl| < 1 6o ([Junt1 = Jzn || + BallJun — Jupial]) -

It is already given that liminf(1 — /3,,) > 0. Considering (3.12) leads to
n—oo

lim || Jup+1 — JSpwnl|| = 0.

n— o0

By the norm-to-norm uniform continuity of J~! on bounded sets, one can have that

lim |Jupi1 — Spwn| = 0. (3.15)

im
n—o0
Also observe that
|l — Spwnll < |lun — g1 + [ungy1 — Snwnl.

Apply (3.11) and (3.15) to obtain
lim |lu, — Spwn| = 0. (3.16)
n—oo
In a similar manner, observe that
[wn = Spwa | < flwn = unl| + [lun — Shwnl,
which by (3.14) and (3.16) leads to
lim |lw, — Spwy| = 0. (3.17)
n—oo
Since {5, } satisfies the NST-condition with I', one can have that
lim |lw, — Swy|| =0V S el (3.18)
n—oo
From (3.14) and (3.18), it can be obtained that
|un, — Swy | < |Jun — wn| + |lwn — Swy|| = 0 as n — oco.

Since it is known that w, — v, one can deduce by (3.14) that w, — v. The elements of the set I' are
known to be closed. Therefore S is closed as it belongs to I'. Furthermore, w, — v, hence v is a fixed point
of S.

It is necessary to show that v € A=1(0). Since F is uniformly smooth, one can have from (3.14) that

lim ||Ju, — Jwy,| = 0.
n—o0
For A\, > a, it is obtained that

1
lim —||Ju, — Jwy| = 0.
An

n-s00
Accordingly,

Jim (4, ] = i = T = T = 0.
Since A is monotone, for (p, p*) € A,

(p— vp, p* — Ay, un) > 0 for all n € N.
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Consequently, as n — oo,

(p—v,p*) 0.
The maximal monotone property of A gives that v € A*I(O). Finally, it is necessary to show that v =
Rpryna-1oyu. By Lemma 2.6,

¢ (v, Rpryna-10u) + ¢ (Rrryna-1o)u,u) < ¢ (v,u).
Since up41 = Rk,ng,u and v € F(I') N A~1(0) C C;, N @y, applying Lemma 2.6 gives,

¢ (Rpryna—1(0)t tnt1) + 6 (uny1,u) < ¢ (Rp@)na—1 (o) u) -

By the definition of ¢, it can be obtained that ¢ (v, u) < ¢ (RF(F)QAfl(O)fLQ u) and ¢ (v,u) > @ (RF(F)QA—I(O)U, u) )
therefore, ¢ (v,u) = ¢ (RF(F)QAfl(O)fLQ u) . Thus, since Rp(7)na-1(0yu is unique, then v = Rpryna-1yu. U

The following results can be deduced from Theorem 3.4.

Corollary 3.5. Let E be a uniformly convexr and uniformly smooth Banach space E, C be a nonempty
closed convex subset of E and Rc : E — C be a sunny and generalized nonexpansive retraction from E onto
C. The resolvent associated with a maximal monotone operator A C E x E* will be denoted by Jy : F — F
for all X\ > 0. Let G1 and Go be closed generalized nonexpansive mappings of C' into E with T' = {G1, G2}
such that F(T') N A71(0) # 0. Suppose that for each n € N, the sequence {uy} is defined by

up=ucC, Ch=Qo=C,

Zn = J N (BpJun + (1 = Bn)JSuRe (Jx, un))

Yn = J 7 (mdzn + (1 = ) I SnRe (Ja, un)) ,
Cpn={z€Ch1NQn_1:0(,yn) < olx,uy)},
Qn={x€Crh1NQn-1:{up—x,Ju— Juy) >0},

Unp+1 = chanu,

where J is the duality mapping on E and {S,} is a countable family of generalized nonexpansive mappings
such that the mapping S, of C into E is given by

Spu=J HanJGru+ (1 — a,)JGou) ¥V u € C. (3.19)

Then the sequence {u,} converges strongly to Rpryna-1(0)u, where Rpryna-1(0) @ the sunny nonerpansive
retraction from C onto F(I') N A=1(0).

Proof. By letting N = 2 in (3.1), the desired result follows from Theorem 3.4. U

Corollary 3.6. Let E be a uniformly convex and uniformly smooth Banach space E, C be a nonempty closed
convez subset of E and R¢ : E — C' be a sunny and generalized nonexpansive retraction from E onto C. The
resolvent associated with a mazimal monotone operator A C E x E* will be denoted by Jy : E — E for all
A > 0. Let Gy, Gy, ..., Gn be closed generalized nonexpansive mappings of C into E withT' = {G1,Ga,...,GN }
such that F(T') N A=1(0) # 0. Suppose that for each n € N, the sequence {uy} is defined by

(uy =ueC, Cy=Qy=C,
@ = I (Badug + (1= Ba)TSuRe (Ja,un))
Cpn={r€Cr1NQn_1:¢(x,yn) < ¢(x,un)},
Qn={2€Cr1NQp_1: (uy, —z,Ju— Ju,) >0},

Unt1 = Re,ng, Us

where J is the duality mapping on E and {S,} is a countable family of generalized nonexpansive mappings
such that the mapping S, of C into E is given by (3.1). Then the sequence {u,} converges strongly to
Rpmyna-1(0)u, where Rpryna-1(0) is the sunny nonexpansive retraction from C onto F(I') N A~Y(0).
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Proof. By letting v, = 1 for all n € N in Theorem 3.4, the desired result follows. O

Corollary 3.7. Let E be a uniformly convexr and uniformly smooth Banach space E, C be a nonempty
closed convex subset of E and Rc : E — C be a sunny and generalized nonexpansive retraction from E onto
C. The resolvent associated with a maximal monotone operator A C E x E* will be denoted by Jy : F — F
for all A > 0. Let G are closed generalized nonexpansive mappings of C into E such that F(G)NA~1(0) # (.
Suppose that for each n € N, the sequence {uy} is defined by

up=ucC, Co=Qy=C,
n=J 1 (BuJun + (1= Bn)JGRe (Jy,un))
Yo = I (ynJx + (1 — 3) JGRe (Jy,un))
Cn = {2 € Com1 N Qn-1: (@, yn) < S, un)},
Qn={2€Cr1NQp_1: (uy, —z,Ju— Ju,) >0},

Unp1 = chanu,

where J is the duality mapping on E. Then the sequence {u,} converges strongly to Rp@yna-1(0)u, where
Rp@yna-1(o) 18 the sunny nonexpansive retraction from C onto F(G) N A~Y0).

Proof. By letting N =1 in (3.1), it is obvious that {S, } = {G}. Therefore, the desired result follows from
Theorem 3.4. O

The result below is in the framework of Hilbert spaces and its proof can be deduced from the main result
of this paper.

Corollary 3.8. Let H be a Hilbert space with C' a nonempty closed convex subset of H and P : H — K be a
metric projection from H onto C. For all A > 0, let Jy : H — H denote the resolvent which is associated with
a mazximal monotone mapping A C H x H. Let G1,Go, ..., GN be closed generalized nonexpansive mappings

of C into H with T' = {G1,Ga, ..., Gy} such that F(T') N A71(0) # 0. For each n € N, define the sequence
{un} by
rulzueC, Co=Qo=0C,

2 = I (BpJun + (1 — Bu) I SpRe (Jy,un))

Yo = I (mdzn + (1= 40)JSuRe (Jr,un))

Cn={2€Cr1NQn-1:¢(x,yn) < Plx,un)},

Qn={2€Cr1NQp_1: (uy, —z,Ju— Ju,) >0},

Unt1 = Re,ng, Us

where {S,} is a countable family of generalized nonexpansive mappings such that the mapping S,, of C' into
H is given by
N
Spu = ZaknGku VueC,
k=1

where {ap,}o_, is a sequence in [0,1] satisfying the Assumption 3.2 (i) and (ii). Then the sequence {uy}
converges strongly to Rpryna-1(0)u, where Rpryna-1(0) i the metric projection from C onto F(I') NA=1(0).

Proof. Tt is generally known that in a Hilbert space, ¢(u,v) = ||u—v||? for all u,v € H and J is the identity
mapping. Therefore, the desired result readily follows from Theorem 3.4. O
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4. Conclusion

This study has made a significant contribution to the fundamental quest on how to solve some important
nonlinear problems. Most important nonlinear problems in mathematics can be reduced to finding the
fixed points of a certain operator with contractive type conditions. An eminent class of the nonlinear
operators is the class of nonexpansive mappings. Algorithms on the class of nonexpansive mappings have
been successfully applied in several areas such as signal processing and image restoration. Also, amny
problems can be modelled as contructing zeros of a maximal monotone operator. This study introduced a
new countable family of generalized nonexpansive mappings and presented a new monotone hybrid algorithm
in the framework of Banach spaces. This study presented the procedures which are easy to follow in obtaining
a common element of the zero point set of a maximal monotone operator and the newly introduced countable
family of generalized nonexpansive mappings.
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