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Abstract

In this paper, we consider the problem of finding the maximum number of zeros of a polynomial in a
prescribed region. Our theorems include several known results in this direction as special cases.
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1. Introduction

The problem of locating the zeros of a polynomial, in particular the number of zeros of a special class
of polynomials in a prescribed region, by subjecting special conditions on the coefficients is very important
in the theory of polynomials. a review on location of zeros of polynomials can be foumd in ([6]-[9], [12]).
Among them, the following elegant result due to Enestrom Kakeya [[9],[11] | is well known in the theory of
polynomials which states that:

n
IfH(z) = b,z" is a polynomial of degree n with real coefficients satisfying b, > b,_1 > ... > by > by > 0,

v=0
then P(z) has all its zeros in |z| < 1.
Several extensions and generalizations of Enestrom Kakeya theorem are avaliable in literature (see [1]-[8]).

Concerning the maximum number of zeros of a polynomial in |z| < 1, Q. G. Mohammad[10] proved the

27
following result.

n
Theorem 1.1. If H(z) = b, 2" is a polynomial of degree n such that
=0

=

anbn71Z.-.Zb1Zbo>0,
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then the number of zeros of H(z) in |z| < 3 does not exceed

K. K. Dewan[5] generalised Theorem 1.1 to the polynomials with complex coefficients and proved the fol-
lowing result.

n
Theorem 1.2. Let H(z) = > byz¥ be a polynomial of degree n with complex coefficients. If Re(b,) = oy,
v=0
and Im(b,) = B,, v=0,1,....,n such that
Qp 2 Qp1 2 ... 2 a1 > ag >0,
then the number of zeros of H(z) in |z| < 3 does not exceed
n
1 an+ > 1By
v=0
log .

1
+ log 2 Qo

Regarding the number of zeros of a polynomial H(z) in 2| <4d, 0 < d < 1, M. H. Gulzar[7] established the
following results.

n
Theorem 1.3. If H(z) = > b,2", b, = oy + 0, is a polynomial of degree n with complex coefficients such
=0

P
that for some numbers ky > 0,
ko +an > ap_1 > ... > a1 > ag,

then the number of zeros of H(z) in ‘]?4—01‘ <|z| <6, 0<d<1 does not exceed

n
1 2ko + |an| + an + ool — a0 +2 > |58y
v=0

log %

1
o8 bol ’

where

n
My = |an| + ap —ap + |50| + 2ko + Z |ﬁu|

v=1

n
Theorem 1.4. If H(z) = > b,z" is a polynomial of degree n with complex coefficients such that for some
real B, |argb, —B| <a < 3§, v=0,1,2,..,n and for some number ky > 0,

ko + bn| > |bp—1] = ... > [b1] = |bol,

then the number of zeros of H(z) in % <|z| <6, 0<d<1 does not exceed

1
log %

n—1
(ko + |bn|)(cos a4+ sina + 1) — |bo|(cos v — sinaw — 1) + 2sina Y |by|
v=1

1

where
n—1

My = (ko + |bn|)(cos @+ sina + 1) — |bp|(cos o — sin ) + QSinaZ by |.

v=1
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2. Main Results

The main purpose of this paper is to present the generalizations of the Theorems 1.3 and 1.4 which includes
some well known results as a special cases. In this direction, we prove.

n
Theorem 2.1. If H(z) = > b,2", b, = a, + 18, is a polynomial of degree n with complex coefficients
v=0
such that for some numbers k, >0, v=0,1,2,...,r, 1 <r<n-—1,

kO +a, 2> kl +ap—1 2.2 kr Fap—r = Q1 2 ... > Q1 2 Q,

then the number of zeros of H(z) in ‘]{)4—(1 <|z| <6, 0< <1 does not exceed

1 . Ms
— _log —2,
log $ % ool
where
IS n
My = (|an| + an) + (lao| — ao) + 2k + 2 (Z ky+ Iﬁy|>
v=1 v=0
and

My = |an| + an — ag + | Bo| + 2ko + 2 (Zku-FZ!ﬁu!)-

v=1 v=1

Remark 2.2. By assuming k, =0, v =1,2,...,r and in Theorem 2.1, it reduces to Theorem 1.3.

Assume all the coefficients to be positive and take § = % in Theorem 2.1, we get the following result.

n
Corollary 2.3. Let H(z) = Y b,z” be a polynomial of degree n with complex coefficients. If Re(b,) = ay,
v=0
and Im(b,) = B,, v=0,1,...,n such that for some numbers k, >0, v=0,1,2,..,r, 1<r<n-—1,

k?0+04n2k31+04n71Z---ZkroénfrZOm_T—lz---ZOél2040>0,

then the number of zeros of H(z) in % < |z| < % does not exceed

1

r n

oy + ko + Z ky + Z ‘ﬂu‘

+ v v=0
log 2

=1

1 )
|bo

log

where

My = 20, — ag + |Bol + 2ko + 2 (Zku+2|ﬁu|>'

v=1 v=1

If all the coefficients of a polynomial H(z) are real, then Theorem 2.1 reduces to the following result.

n
Corollary 2.4. If H(z) = Y byz” is a polynomial of degree n with real coefficients such that for some
v=0

numbers k, >0, v=20,1,2,..., 1<r<n-—1

kO + bn > kl + bnfl > ...z kr + bnfr > bnfrfl > ...z bl > b(],
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then the number of zeros of H(z) in leg,‘, <l|z| <4, 0<3d <1 does not exceed

|bn|+bn—|—|b0|—b0+2k0+2 Zk?,,

v=1

|bo ’

1
log %

log

where

My = [bn| + by — bo + 2ko + 2> k.

v=1

Example 2.5. Consider the polynomial #(z) = 223+ 22 44z +2. Here the monotone hypothesis is violated,
thus we choose kg = 2, k1 =3 and kg = 0. Therefore, from Corollary 2.4 with § = 0.5, we get the number
of zeros in 0.16 < |z| < § = 0.5 does not exceed 2.83, which implies that 7(z) has at most one zero in
0.16 < |z] < 0.5 and of course H(z) has exactly one zero in 0.16 < |z| < 0.5. This example shows that
how these results are used in practice. Also the previous results of this type are not applicable for these
polynomials.

n

Theorem 2.6. If H(z) = > b,z" is a polynomial of degree n with complex coefficients such that for some

v=0
real B, |arg(k, +b,) =Bl <a<F, v=0,1,2,..,n and for some numbers k, >0, v=0,1,2,...,r, 1<
r<n-—1

|k0 +bn| > |k1 +bn71| > .2 |kr +bn7r| > |bn7r71| > .2 |b1| > |b0|,

then the number of zeros of H(z) in ‘&—‘ﬂ <|z| <6, 0<d <1 does not exceed

LMy
— log —,
log 3 lbol

where
r n—1
M5 = (ko + |bn|)(cosa +sina + 1) — |bg|(cos @ — sina — 1) 4+ 2sin« (Z |ky + bp—y| + Z |bnl,|>
v=1 v=r+1
T
+22ku
v=1

and
T n—1
Mg = (ko + |bn|)(cos @+ sina + 1) — |bg|(cos  — sin ) + 2sin & (Z |ky + bn—v| + Z \bn_yl>

v=1 v=r+1
r
+2 Z k.
v=1

Remark 2.7. Assume k, =0, v =1,2,...,r in Theorem 2.6, it reduces to Theorem 1.4.
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3. Lemmas

For the proofs of these Theorems, we require following lemmas.

Lemma 3.1. If for some numbers k, and ky1, |ky +bp—p| > |kvi1+bp—n—1| and |arg(k, +b,_,)— 5| <
5, for some real B, then

‘(ku + bn—u) - (ku—i-l + bn—u—l)‘ S (‘ku + bn—u’ - ‘ku—i-l + bn—u—l’) COos &

+ (|ky + bp—s| + |kvs1 + bp—p—1]) sin a.

This Lemma is due to Govil and Rahman/8].

Lemma 3.2. Let f(z) be analytic for |z| <1, f(0) # 0 and |f(z)| < M for |z| < 1. Then the number of
zeros of f(z) in|z| <0, 0<d <1 does not exceed

1 M

@ log For ( see[13]).

4. Proof of Main Results

Proof of Theorem 2.1. Consider the polynomial

T(2) = (1 —2)H(2) = —bp2™™ + (b — bp_1)2" 4 (b1 — bp_2)2" "1 + . 4 (by_pya — by_py1)2" "2
4 (bppg1 — b)) 2" (b — by 1) 2T+ 4 (b — by) 2% + (b — o)z + bo
= —a, 2" + (an —ap—1)2" + (ap—1 — an,g)zn_l + .o+ (g2 — an,r+1)zn_r+2

+ (Qp—py1 — T)znf’drl + (e — Qpp—1)2" "+ o+ (a2 — a1)22 + (o1 — ap) +
[ Bz "+1+Z — Bo-1)2" + Bo

= —anz"+1 [(/{30 + an) — (kl + an_l)]z" + [(kl + Oén—l) — (/{?2 + an_g)]zn_l —+ ...+

[(kjr72 + anfr+2) - (krfl + O‘nfrJrl)]ZnirJrl + [(krfl + anfrJrl) - (kr + anfr)]zniwrl
r—1

+ [(kr + ) — ey 1]2" " 4 oo+ (a2 — 1) 2% + (0 — )z + g — Z(ky — k1) = k2T
v=0

[ Bz"+1+z — Bv-1)2" + Bo|-

Now for |z| < 1, we have by using hypothesis

[T (2)] < lom| + [(ko + o) — (k1 + am—1)| + [(k1 + an—1) = (k2 + an—2)[ + .. + [(kr—2 + an—r42)
- (kr—l + an—r—l—l)’ + ’( r—1 1 an—r—l—l) - (k + an—r)’ + ‘(k + an—r) - an—r—l’ + ...+ ’(042 - (11)’

r—1
+ (a1 = o)l + laol + D ([kul + [kvs1]) + K] + |Bal +Z (1Bv] + 1Bv—11) + |Bol
v=0 v=1
‘an‘+an_a0+’a0‘+(k0+‘k0‘ +22’k ‘—’_QZ‘ﬂV

v=0

= (|an| + an) + (|a0| - aO) + 2ko + 2 (Z k, + Z |/81/|) = M;3 (SaY)'

v=1 v=0
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Now T (z) is analytic in |z| <1 and |T(z)| < 1 for |2| < 1. Applying Lemma 3.2 to 7 (z), we get the number
of zeros of T (z) and hence of H(z) in |2| <d, 0 < < 1 does not exceed

1 M
—— log —.
log % % ool
Now to show that #(z) has no zeros in |z| < %, let
g(z) = _bnzn+1 + (bn - bnfl)zn + (bnfl - bn72)zn_1 + ...+ (bn7r+2 - bn7r+1)zn_r+2
+ (Bp—rg1 — bey) 2" b (b — by 1) 2" 4 oo+ (by — b1)2% + (b1 — Do)z
= —a, 2" (ko + an) — (k1 + an_1)]2" + [(k1 + an_1) — (kg + ap_2)]2" L+ ..+

[(kr—Z + an—r—l—Z) - (kr—l + an—r—f—l)]zn_r—H + [(kr—l + an—r-l—l) - (kr + an—r)]zn_r—‘rl
r—1
+ [(Br + o) — oy 1]2" " A (0 — ) 2%+ (a1 —ag)z — Y (ky —Kyy1)2" Y — k2T

v=0
|: 5n ot + Z /81/ 1 :| .

This gives by using hypoythesis for |z| <1,

G(2)] < lan|+ [(ko + an) = (k1 + an—1)[ + |(k1 + an-1) = (k2 + an—2)[ + ... + |(kr—2 + an—r2)
= (kr—1 + an—rs )| + [(Br—1 + anri1) = (Br + an—p)| + |[(kr + an—r) — a1 + .. + [(a2 — a1))|

r—1 n
+ (a1 = o)l + Y (1Kol + [kusa]) + [k + 18al + Y (18] + |Bs-1l)

v=0 v=1
r n
= |an| + an — ag + (ko + [kol) + |Bol + 2 k| +2>_ [B,]
v=1 v=1
T n
= |an| + om — ag + |Bo| + 2ko + 2 (Zky +)° W)
v=1 v=1

= My.
Since G(z) is analytic in |z| < 1 and G(0) = 0, it follows by Schwarz Lemma that
1G(2)] < Mylz|.

Hence for |z| < 1, we have

T (2)] = lbo + G(2)|
> |bo| —1G(2)]
> bo| — M|
> 0,

if bl
0
|z] < M,
This shows that 7(z) has no zeros in |z| < % Since the zeros of T (z) are same as the zeros of H(z), it
follows that #H(z) has no zeros in |z| < lj‘lj[—ol Consequently it follows that the number of zeros of H(z) i

n
|b°‘ < |zl <6, 0 < < 1 does not exceed log ol ‘ This completes the proof of Theorem 2.1. O
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Proof of Theorem 2.6. Consider the polynomial
M(z) = (1 - 2)H(z)
= —bp2" M (b — bp_1)2" + (bpo1 — bp—2)2" "t o 4 (Bppgn — bypy1) 2" 2
+ (bp—rg1 — b)) 2" (b — by 1) 2" 4 o+ (b — by)2% 4 (b1 — o)z + Do
= 2" 4 (ko + by) — (ky 4 b 1)]2" + [(ky 4 bp_1) — (k2 + bp_2)]2" L + ..+

[(kr—Q + bn—r+2) - (kr—l + bn—r+1)]zn_r+1 + [(kr—l + bn—r-l—l) - (kr + bn—r)]zn_r—H
r—1

A+ [(Br 4 bpr) = bpr1]2" "+ o (be = b1)2” + (b1 = bo)z + b0 — Y (K — K1)z — k2"
v=0

Now for |z| < 1, we have by using hypothesis and Lemma 3.1

(M(2)| < [bn] + [(ko + bn) = (k1 + bn—1)[ + [(F1 + bn—1) — (k2 + bp—2)| + ... + [(kr—2 + bp—r+2)

- (kr—l + bn—r—l—l)’ + ’(kr—l + bn—r—f—l) - (kr + bn—r)’ + ‘(kr + bn—r) - bn—r—1’ +.t ‘(62 - bl)‘
r—1

+ (b1 = bo)| + [Bol + > (k| + Kwga]) + B
v=0
< |bn] + [!ko +bp| — [k1 4+ bp—1| + k1 + 1| — |k2 + by—a| + ... + [kr—2 — bp—ri2]
— |k‘7~71 + bn7r+1| + |k3r71 + bn7r+1| - |kr + bn7r| + |kr + bnfr| - |bnfr—1| + |b2| - |b1| + |b1|
— ’bo’ cos o + |:’k0 + bn’ + ’kl + bn—l‘ + ’kl + bn—l‘ + ‘/{?2 + bn_g‘ + ...+ ’kr_g — bn_r+2’

+ ’kr—l + bn—r—l—l‘ + ‘kr—l + bn—r-‘,—l’ + ’kr + bn—r’ + ‘kr + bn—r‘ + ‘bn—r—l‘ + ‘bQ‘ + ’bl‘ + ’bl‘

+ [bol | sina + [bo| + ko +2 ||

v=1
r n—1
:|bn|+{|k0+bn|—|b0|}cosa+{|ko+bn|+22|k,,+bn,,|+2 > |bn,,|+|b0|}sina
v=1 v=r+1
+ [bol + kol +2)  [ky|
v=1
r n—1 r
= |bn| 4 ko + ([ko + bn])(cos a + sina) + 2sin o <Z|k,,+bn,,|+ > |bn,,|> +2) k,
v=1 v=r+1 v=1

— |bo|(cosav — sina — 1)

r

< |bn| + ko + (ko| + |bn]) (cos a + sin ) — |bg|(cos @ — sinov — 1) + 2sin (Z |ky + bny|

v=1

n—1 r

+ D lbnu|> +23 "k,
v=r+1 v=1

or,

r n—1
IM(2)] = (ko + |bn|)(cosa +sina + 1) — |bp|(cos v — sina — 1) + 2sin «v (Z |ky + bn—u| + Z |bny|>

v=1 v=r+1

+ QZkV = M; (say).

v=1



Tawheeda Akhter, B. A. Zargar, M. H. Gulzar, Commun. Nonlinear Anal. 2 (2023), 1-9 8

Now M(z) is analytic in |z| < 1 and |[M(2)| < 1 for |z| < 1. Applying Lemma 3.2 to M(z), we get the
number of zeros of M(z) and hence of H(z) in |2| < J, 0 < <1 does not exceed

LM
—— log —.
log ¥ lbol

N(2) = =bp2" + (b — bp_1)2" + (b1 — bp2)2" L+ .4 (b pys — bypy1)2" 72
+ (Bp—rg1 — b)) 2" b by — b 1) 2" 4 oo+ (b — by)2% 4 (b1 — b))z
= —b 2" 4 (ko + bn) — (k1 4 bp_1)]2" + [(ky 4+ bp1) — (k2 + bp_9)]2" 1 + ..+

[(kr—Q + bn—r+2) - (kr—l + bn—r—l—l)]zniwrl + [(kr—l + bn—r-l—l) - (kr + bn—r)]zniwrl
r—1

[k + bur) = by 1]2™ 7 e (br = b1)2% 4 (b1 = bo)z — > (i — k)2 — k2™
v=0

This gives for |z] <1 by using hypothesis and Lemma 3.1,

W (2)| < |bn| + [\ko + bp| = k1 + bp—1| + [k + bn—1| = [k2 + bp—2| + ... + [kr—2 — bp—ri2]
— |]€7«71 + bn7r+1| + |kr71 + bn7r+1| - |k3r + bn7r| + |kr + bnfr| - |bnfr—1| + |b2| - |b1| + |b1|
— ‘bo‘ cos o + |:’k0 + bn‘ + ‘/{?1 + bn—l‘ + ‘/{?1 + bn_1’ + ‘/{?2 + bn_2’ —+ ...+ Vir_g — bn_r+2’

+ ‘kr—l + bn—r-‘,—l’ + ’kr—l + bn—r—l—l‘ + ‘kr + bn—r’ + ’kr + bn—r’ + ‘bn—r—l‘ + ’bQ‘ + ‘bl‘ + ‘bl‘

1 r
+ [bol| sina + [ko| +2 [k,

v=1
which implies
r n—1 r
IN'(2)] = |bn] + ko + (|ko + bn|)(cos a + sin o) + 2 sin « (Z\ky tbnw + Y ]bn_y\> +2) k,
v=1 v=r+1 v=1

— |bo|(cos o — sin )

T

< |bn| + ko + (|ko| + |bn])(cos a + sin ar) — |bo|(cos @ — sin ) + 2sin <Z |ky + bp—y|

n—1 T !
+ > \bn_yl> +2> k,
v=r+1 v=1

s

n—1
= (ko + |bp|)(cosa + sina + 1) — |by|(cos a — sin «v) + 2 sin « (Z |ky + bn—v| + Z |bnl,|>
v=1 v=r+1

+ 22 k, = Mg (say).

v=1
Since N (z) is analytic in |z] < 1 and N(0) = 0, it follows by Schwarz Lemma that

N (2)] < Ms2|.
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Hence for |z| < 1, we have

if

IM(2)] = [bo + N (2)]

> [bo| — [N (2)]
> |bo| — Mg|2|
>0,

|bo
|z] < My

This shows that M(z) has no zeros in |z| < ‘]?/[—OJ. Since the zeros of M(z) are same as the zeros of H(z),

|bo|

it follows that #H(z) has no zeros in |z| < §7'. Consequently it follows that the number of zeros of H(z) in

6
Ms

% < |z| <6, 0 < < 1 does not exceed i log 75. This completes the proof of Theorem 2.6.

1
5 |b0‘

O

Conflict of Interest

The authors have no conflict of interest regarding the publication of this article.

References

1]

2]

3]
[4]

[5]

[6]
[7]
8]

[9]
[10]
[11]

[12]
[13]

A. Aziz and Q. G. Mohammad, On the zeros of certain class of polynomials and related analytic functions, J.
Math. Anal. Appl. 75, 495-502 (1980). 1

A. Aziz and Q. G. Mohammad, Zero free regions for polynomials and some generalizations of Enestrom - Kakeya
Theorem, Canad. Math. Bull. 27(3), 265-272 (1984).

A. Aziz and B. A. Zargar, Some extensions of Enestrom-Kakeya Theorem, Glas. Math. 31, 51 (1996).

A. Aziz and B. A. Zargar, Bounds for the zeros of a polynomial with restricted coefficients, J. Appl. Math. 3,
30-33 (2012).

K. K. Dewan, “Extremal properties and coefficient estimates for polynomials with restricted zeros and on the
location of zeros of polynomials” Ph.D Thesis, Indian Institute of Technology, Delhi, 1980. 1

K. K. Dewan and M. Bidkham, On the Enestrom-Kakeya Theorem, J. Math. Anal. Appl., 180 , 29-36 (1993). 1
M. H. Gulzar, On the number of zeros of a polynomial in a prescribed region, IIRPA., 2 (2012). 1

N. k. Govil and Q. I. Rehman, On the Enestrom Kakeya Theorem II, Téhoku Math. J., 20, 126-136 (1968). 1,
3.1

M. Marden, Geometry of polynomials,2nd Edition, Amer. Math. Soc., Providence, R.I., (1966). 1

Q. G. Mohammad, On the zeros of polynomials, Amer. Math. Monthly, 72, 631-633 (1965). 1

G. V. Milovanovié¢, D. S. Mitrinovi¢ and Th. M. Rassias, Topics in Polynomials: Extremal Properties, Inequalities,
Zeros, World scientific Publishing Co., Singapore, (1994). 1

Q. I. Rahman, G. Schmeisser, Analytic Theory of Polynomials, Oxford University Press, 2002. 1

E. C. Titchmarsh, The Theory of Functions, 2nd Edition, Oxford University Press London, 1939. 3.2



	1 Introduction
	2 Main Results
	3 Lemmas
	4 Proof of Main Results

