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Abstract

In this paper, we get the form of the solutions of the following difference equation systems with non-zero
real numbers initial conditions.

wn(znf4 + wnf5) Zn73(zn73 + wnf4)
Zn+1 = s Wp41 =
Wp—5 + Zp—4 — Wy 22p—3 + Wp—y
o wn(wn—5 - Zn—4) o Zn—3(wn—4 - Zn—3)
Zn+1 = s Wp41 = .
Wp—5 — Zpn—4 + Wn Wp—4
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1. Introduction

Recently, there has been great interest in studying difference equation systems. In population biology,
economics, probability theory, genetics, psychology, etc., there is a need for methods that can be used to
investigate equations that arise in mathematical models describing real life situations. Difference equations
naturally appear as discrete analogues and numerical solutions of differential and delay differential equations
with applications in biology, ecology, economics, physics, etc. Although difference equations are very simple
in form, it is extremely difficult to understand thoroughly the behaviors of their solution. Recent research
has focused strongly on the qualitative analysis of rational difference equations and difference equation
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systems. There are numerous papers on the difference equations system, for instance, Cinar [5] investigated
the periodicity of the system’s positive solutions to the difference equations

1 Wy,
Zn+1 = s Wp41 = .
Wn, Zn—1Wnp—1

Ozban [28] has studied the positive solution of the system of rational difference equations

a bwy,—3
Zn+l1 = > Wp+1 = .
Wn—3 Zn—qWn—q

Kurbanli et al.[24] has examined the behavior of positive solutions of the following system

5 Zn—1 w Wnp—1
1 =T 1= .
n—l— 1+ zp_qwy,’ " 1+ wp—12n

The periodic nature and the form of the solutions of the following nonlinear difference equations systems

o ZnWn—2 o Wn Zn—2
Zn+1 = 5 Wp41 = >
Wn—1(£1+£2nWn—-2) Zn—1(£1+£WnZn—2)

has been studied by Elsayed and El-Metwally. [18].

The boundedness, and the form of the solutions of the following systems of rational difference equations

Zn—3 w Wp—3
1 p—
+1+ 2, 3wWp_1 T Mt wn_szn1

Zn+l =
has been investigated by Touafek et al. [30] .

In [35] Zhang et al. studied the boundedness, the persistence and global asymptotic stability of the
positive solutions of the system of difference equations
Wp—m, Zn—m

Znp1 = A+ o Wpy1 = A+ I
n n

Our aim in this paper is to investigate the form of the solutions of the following nonlinear difference equations
Systems

wn(zn74 + wn75) Zn73(zn73 + wn74)
Zn-l—l - bl wn+1 ==

Wp—5 + Zp—4 — Wn 22p—3 + Wp—y

wn(wnft') - Zn74) Zn73(wnf4 - Zn73)
Zn-l—l - bl wn+1 == bl

Wp—5 — Zn—4 + Wy Wp—4

with non-zero real numbers initial conditions z_4,2 3,2 9,21, 20, W_5, W_4,W_3,W_2,W_1 and wy.
Definition 1.1. Let {F,},>0 ={0,1,1,2,3,5,8,21,...} be the Fibonacci sequence defined by

Fn+2 = Fn+1 +Fn, n € N.

Fo=0,F =1.
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2Zn—3(Zn—3+wn_4a)
2zn—3twWn—1a

'wn(zn—4+wn—5)
Wp—5+2Zp—a—Wn

2. The System z,41 = s Wpt1 =

In this section, we study the solutions of the system of difference equations

wn(zn74 + wn75) Zn73(zn73 + wn74)

Zn+l1 = ) Wn41 =
Wp—5 + Zp—4 — Wy 22p—3 + Wp—y

(2.1)

where the initial conditions z_4, 2_3,2_9,2_1, 20, W_5, W_4, W_3,W_2,W_1 , Wy are arbitrary non-zero real
numbers.

Theorem 2.1. If {z,,w,} are solutions of difference equation system (2.1). Then

Zsn—4 = m%f;zl, n > 1.
25n—3 = b,  zsm2=c¢, zp_1=d, zm=¢e, n=>0,
for n > 0,
we 4 = b(Fonb + Fo,_19) we 5 = c(Fonc + Ioy_1h)
" Fopt1b+ Fong ' " Fopgic+ Foph
w _ d(Fond + Fon_1k) w _ e(Fone + Fop_1l)
o2 Fopp1d + Fopk 7 ont Fopqie+ Fopl

m(a + f)(Font1a + Fopg1 f — Fop—1m)
(a+ f—m)(Fony2a + Fopyof — Fopm)’

where z_ 4 =a,z_3=b,z 9 =c¢,z2_1 =d,z0 =e,w_5 = f,w_y = g,w_g =h,w_o =k,w_1 =1, wg =m
and {F,}>2 ;1 ={1,0,1,1,2,3,5,8,...}, Fpyo=Fop1 + F, , F.1 =1

5n —

Proof. The proof will be achieved by the Mathematical Induction. For n = 0, the result holds. Now suppose
that n > 1 and that our assumption holds for n — 1, that is,

 mlats)
5n—9 — a+ f — ma
2sn-s = b, zspr=c, zme=4d, 2sn_5=c¢,
w10 = m(a+ f)(Fon—sa + Fop_3f — Fop_5m)
" (a+ f—m)(Fap—2a+ Fop_of — Fop_gm)’
we o = b(Fon—2b + Fon_39) we s = c(Fon—2c + Fop_3h)
" Fop_1b+ Fop_2g ’ " Fop_1c+4 Fap_oh ’
o d(FQn,Qd + anfgki) B 6(F2n726 + Fangl)
Wsn—7 = Wsn—6 = s

Fop_1d+ Fyy ok Fo,_qe+ Fo, ol

. m(a + f)(Fanla + F2n71f - F2n73m)
(a+ f—m)(Fopa+ Fonf — Fop_om)

Wsn—5 =
Now it follows from (2.1) that

Wsn—5(25n—9 + Wsn—10)
W5n—10 T 25n—9 — Wsn—5

Z5n—4 =

Divide the numerator and the dominator by wsy,—5(z5,—9 + Wsn—10), then
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1
Z5n74 = 1 - 1

Wsn—5 W5n—10+25n—9

Calculate

m(a+ f) m(a+ f)(Fon_3a+ Fap 3f — Fop_5m)
a+f—-m (a+ f—m)(Fopn—2a+ Fop_of — Fop_gm)
m(a+ f) {1 Fop—3a+ Fop_3f — F2n5m}
a+ f—m Fo, sa+ Fop_of — Foy_gm
_ m(atf) » { Fop 90+ Fop of — Fopgym + Fop_3a+ Fop 3f — F2n5m}
a+ f—m Fop_oa+ Fyy, of — Fopym
m(a+ [){(Fon—2+ Fon-3)a+ (Fop_o + Iy 3)f — (Fon—a + Fop_5)m}
(a + f — m)(an_ga + an_gf — an_4m)

m(a + f)(FQn_la + By 1 f — an_gm)

(a + f - m)(FQn_ga + Fo of — an_4m) '

Z5n—9 + Wsp—10 =

Therefore
1
2571—4 - 1 1
Wsn—5  Wsn—10+25n—9
- 1
o (a"'f*m)(FQnG«+F2nf*F2n—2m) _ (a‘i’f*m)(FQn—2a+F2n_2f*F2n_4m)
m(a+f)(Fan—10+F2n_1f—Fan_3m) m(a+f)(Fan—1a+Fon_1f—Fan_3m)
_ m(a+ f)(Fon—1a+ Fon—1f — Fon—3m)
(a+ f—m)(Fona+ Fop f — Fon—om) — (a + f —m)(Fopn—2a + Fop_of — Fop_ym)
_ m(a+ f)(Fon—1a+ Fon—1f — Fon—3m)
(a+ f—m){(Fon — Fon—2)a+ (Fay — Fop—2)f — (Fap—2 — Fop—a)m}
__mla+ f)(Fan1a+ Fon 1 f — Fop_3m)
(a4 f—m)(Fap—1a + Fop1f — Fop_3m)
~ m(a+f)
a+f-m
And
 Z5n—8(25n—8 + Wsn_9)
Wsn—4 =

2251,—8 + Wsp—9

b(Fon—2b+Fon_39)
b(b + Fon_1b+Fon_2g

b(Fon—2b+Fon_39)
2b+ Fon—1b+Fon_2g

b[b(FQn_lb + an_gg) + b(FQn_Qb + an_gg)]

Qb(FQn_lb + an_gg) + b(FQn_Qb =+ an_gg)

b[b(Fop—1 + Fop—2) + g(Fon—2 + Fop_3)]

b(2F5,—1 + Fop_o) + g(2F5,—2 + Fby—3)
b[o(Fop—1 + Fop_2) + g(Fon—2 + Fon—3)]

b[Fon—1 + (Fon—1 + Fop—2)] + g[Fon—2 + (Fon—2 + Foy_3)]
b(Fonb + Fa,-19)

b(Fap—1+ Fop) + g(Fon—2 + Fa,—1)

b(Fonb + Fa,-19)

Fopi1b+ Fong
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1.4

z(n)

w(n)

12r

0.8 b

z(n),w(n)

0.4r b

Figure 1: 29 = 0.1,2_1 = 022,20 = 1.22,2_3 = 04,24 = 0.22,2_5 = 0,06, wo = 1.3, w—1 = 0.1, w—2 = 0.03, w—3 =
0.2, w—4 = 0.5 and w-5 = 0.3.

Z5m—7(25m—7 + Wsp—g)

w _ g
o 225n-7 + Wsn—8
Fopn_oc+Fay_3h)
— cle+ 08:22%12604_1:22”723}1
o (Fon—2c+Fon_3h)
2c+ CF22n—1QCC+F22n—23h
_ cle(Fop—1c + Fopn_oh) + c(Fon—2c + Fo,_3h)]
2¢(Foy—1¢ + Fop_oh) + c(Fop_oc + Fop_3h)
_ cle(Fon—1 + Fon—2) + h(Fon—2 + Fo,_3)]
c(2Fon—1+ Fon_2) + h(2F2,_2 + Fo,_3)
_ c(anc + Fanlh)
c(Fon—1 + Fon) + h(Fon—2 + Fon_1)
_ c(anc + anflh)
Foppic+ Foyh
Similarly, we can obtain the other relations. Thus, the proof is completed. O

2.1. Numerical Examples

From Eq.(2.1) we assume the initial conditions

wn(wn—S_zn—4) _ zn—S(wn—4_zn—3)
s Wn41
Wp—5—Zp—a+Wn Wp—4

3. The System z,,41 =
In this section, we study the solutions of the system of difference equations

Unllncs —tnct) | ol ) )
Wp—5 — Zn—4 + Wnp Wn—4

Zn+1 =

where the initial conditions z_4 2_3,2_92, 21, 20, W_5, W_4, W_3, W_2 W_1 , W are arbitrary non-zero real
numbers.

Theorem 3.1. If {z,,w,} are solutions of difference equation system (3.1). Then for n =0,1,2, ...,
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0 5 10 15 20 25 30 35 40
n

Figure 2: It shows the solution of Eq.(2.1) when we consider that zg = 2.2,2_1 = 0.3,2_2 = 1.55, 2_3 = 0.6, 2—4 = 3.07, 25 =
0,08, wp = 2.3, w—1 =0.12,w_2 = 0.03,w_3 = 1.9, w—_4 = 0.8 and w—5 = 5.6.

—m?(a — [)*
(Fn_la — Fn—lf — Fn_gm)(Fna — an — Fn_lm)(Fm_la — Fn+1f — an)7 -

Z5n—4 =

for n > 0,
- —b’g(b—9)
" (Fn—2b+Fn—1g)(Fn—1b+an)(Fnb‘i‘Fn—i—lg),
—c%(c—h)
(Fp—2c+ Fp1h)(Fy_1c+ Fyh)(Fue+ Foyih)’
~@2k(d — k)
(Fp—2d + F_1k)(Fp_1d + Fok)(Fod + Fpi1k)’
—e2l(e—1)
Z5n =
T (Frse + Fy1l)(Fa_1e + Fol)(Fpe + Fpiql)’
—b2g(b— g) y B —c2h(c — h)
(Fp—ob+ Fy_19)(Fp1b+ Fpg)2” "% " (Fy_sc+ Fy1h)(Fp_1c+ Fph)?’
—Pk(d — k) —l(e —1)
Wsp_1 =
(Fr—2d + Fy_1k)(Fy1d + F k)2’ T (Fyge + Fy 1) (Fo_te + Fpl)?’
—m*(a— f)°
(F a_an_anlm)(FnJrla_FnJrlf_an)Q’

where where z_4y = a,2_3 = b,z 9 =c¢,z2.1 =d,zp0 = e,w_5 = f,w_y4 = g,w_3 = hyw_o = k,w_1 =
l,wog = {F }n*—Q { s ,0 1,1,2,3,5,8,. }, Foio=Fi+F,and Flo=—-1,F 1 =1.

Z5n—2 =

Z5n—1 =

Wsn—4 =

Wsn—2 =

Wsn =

Proof. The proof will be achieved by the Mathematical Induction. For n = 0, the result holds. Now suppose
that n > land that our assumption holds for n — 1, that is,
o —m(a— f)
" (Fn72a —Fyof — Fn73m)(Fn71a —Fyaf - Fn72m)(Fna - F,f - anlm)
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—b%9(b - g)

n=8 = (an?;b + Fn72g)(an2b + anlg)(anlb + an) ,
—c%(c—h)

T Fse + Faah) (B pe + Fyah)(Fy v+ Fy)
—d?k(d — k)

oo (Fr-3d+ Fyok)(Fpod + F 1k)(F1d + Fuk)’
—e2l(e —1)

=S T By _se + Fpol)(Fp_se + Fp1l)(Fn_ie + Fyl)’
Wsn—10 = —mz(a — f)2
(Fn—Qa —Fyof — Fn—3m)(Fn—1a —Fyaf - Fn—Qm)2
Wsn—9 = _bQQ(b - g) Wsn—8 = _Czh(c - h)
(Fn—3b + Fn—Zg)(Fn—Qb + Fn—lg)Q, (Fn 3C + Fn Zh)( n—2C + Fn 1h)
—d?k(d — k —e?l(e—1
T T Fusd 1 Foh) (B QZz TRk T (B e+ B 21)(( 36 + Fp1l)?’

—m?(a — f)?
(Fn—la - Fn—lf - Fn—Zm)(Fna - an - Fn—lm)2 ’
Now it follows from (3.1) that

Wsn—5 =

w5n—5(w5n—10 - Z5n—9)

y . =
el Wsn—10 — Z5n—9 T Wsn—5
1
= 1 1
Wsn—5 Wsn—10—25n—9
Calculate
—m?(a— f)?
wWyp— — Z5n— =
pn=10 on=9 (Fn72a - Fn72f - an?;m)(anla - anlf - Fn72m)2
. m(a — f)°
(Fn—Qa —Fhof — Fn—3m)(Fn—1a — o f - Fn—Zm)(Fna —F.f - Fn—lm)
_ —m?(a — f)?
(Fn—2a —Fnof — Fn—3m)(Fn—1a —Fyaf— Fn—Qm)
X( 1 1 )
Fn—la_Fn—lf_Fn—Zm Fna_an_Fn—lm
(- J)?

(Fn_ga — Fn_gf — Fn_gm)(Fn_la — Fn—lf Fn gm)
X(Fna — an — Fn_lm — (Fn_la, — Fn—lf Fn gm))
(Fn_la, — Fn—lf — Fn_gm)(Fna — an Fn 1m)
(
)

—mQ(a_f)Q[(Fn—anl)a—(Fn—Fn 1)f = (Fa—1 — Fn2)m]
(Fn—2a — Fy_of — Fy_sm)(Fp_1a — Fy_1f — Fy_om)?(Fha — F, f — F,_1m)
—m?(a — f)?(Fy_2a — F,_of — F,,_3m)

(Fn—2a — Fy_of — Fy_sm)(Fp_1a — Fy_1f — Fy_om)?(Fha — F, f — F,_1m)
—m*(a — f)?

(Fp1a— Fp1f — Fpom)*(Fpa — Ff — Fr1m)

Also

Z5n—8(Wsn—9 — Z51,—8)
Wrn—9

Wsn—4 =
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Calculate
- —0’g(b — g)
s (Fn—sb + Fr_29)(Fn_2b + F_19)?
N b*g(b — g)
(an?;b + Fn729)(Fn72b + anlg)(anlb + an)
~Rg(b—g) 1 1

(anBb + Fn729)(Fn72b + anlg) (Fn72b + Fh_19 - EF,_1b+ an)‘

After some calculations we get

bg* (b — g)?
Fn—3b + Fn—Zg)(Fn—Qb + Fn—lg)g(Fn—lb + an)2 .

Wsn—9 — Z5n—8 = (

Then

blg*(b—g)
w o (Fn73b+Fn72g)(Fn72b+anlg)3(Fn71b+an)2
nmd T —%g(b—g)

(Frn—3b+Fn—29)(Fn—2b+Fn_19)?
—b%9(b — g)
(Fn72b + anlg)(anlb + an)2 .

_ Z5n—7(Wsn—8 — Z50n-7)
Wsn—4 = w .
5n—8

Calculate

—c%h(c — h)
(Fn73c + Fn72h)(Fn72C + anlh)Q
N c2h(c— h)
(Fn_gc + Fn_gh)(Fn_Qc + Fn_lh)(Fn_lc + Fnh)
B —c2h(c — h) 1 B 1 )
 (Fu_3c+ Fy_oh)(Fp_oc+ Fy_1h) Fy_sc+ Fy_1h  F,_ic+ F,h'”

Ws5n—8 — Z5n—7

After some calculations we get

h?(c — h)?
Wsn—8 — Z5n—7 = 3 2"
(Fn,3C + anzh)(Fn,QC + anlh) (anlc + Fnh)
Then
c*h?(c—h)?
_ (Fn—SC+Fn—2h)(Fn—QC+Fn—1h)S(Fn—IC+Fnh)2
Wsn—4 = —c2h(c—h)
(Fn73C+Fn72h)(Fn72C+Fn71h)2
—c%h(c—h)

(Fn_gc + Fn—lh)(Fn—lc + Fnh)2 '

Similarly, we can obtain the other relations. Thus, the proof is completed.

3.1. Numerical Examples

Consider the difference system equation (3.1) with the initial conditions
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z(n)

w(n)

Figure 3: 20 =0.2,2-1 = 0.3, 22 = 1.55, 23 = 0.6, 2—4 = 0.07,2_5 = 0,08, wo = 2.3, w—1 = 3.12, w_2 = 5.03, w—3 = 4, w_4a =
0.8 and w_5 = 0.6.

\z(n)
\w(n)

z(n),w(n)

10 I I I I I I I

Figure 4: It shows the solution of Eq.(3.1) when we assume that zo = 2.5, 21 = 0.19,2_2 = 1.50, 23 = 0.8, 2—4 = 0.07, 2_5 =
0,06, wo = 1.1, w—1 = 0.20,w_2 = 2.05,w_3 = 3.65,w_4 = 1.9 and w_5 = 0.9.
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