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Abstract

We define Nesié¢ type contraction maps in convex metric spaces and prove the existence and uniqueness
of fixed points of these maps in convex metric spaces. Our results extend the results of Nesié¢ ([1], Results on
fixed points of asymptotically regular mappings ) from the metric space setting to convex metric spaces.
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1. Introduction

In 1970, Takahashi [2] introduced the concept of convex structure in metric spaces and named the metric
space together with convex structure as convex metric space and studied the existence of fixed points of
nonexpansive maps in convex metric spaces.

Definition 1.1. (Takahashi [2]) Let (X,d) be a metric space. Let W : X x X x [0,1] — X. If for all
x,y € X and for any X € [0,1],

for any u € X, then we say that W is a convex structure on X.

A metric space (X, d) endowed with a convex structure W is called a convex metric space and we denote
by (X,d,W). We observe that any normed linear space is a convex metric space, with convex structure

W(z,y,\) =Xz + (1 - Ny (1.2)
xz,y € X and X € [0,1].

Properties of the convex metric space are given in the following lemma.
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Lemma 1.2. (Berinde and Pacurar [4]) Let (X,d, W) be a convex metric space. Then we have the following.
i) d(z,y) = d(z, W(z,y,\) +dW(z,y,A),y)
i) d(z, W(z,y,\) = (1 = Nd(z,y): d(y, W(x,y,\)) = Ad(z,y)

i) W(z,z,\) =2; W(x,y,0)=y and W(z,y,1)=x; and

iV) ’)‘1 - )\Q‘d(x7 y) < d(W(.%', Y, )‘1)7 W(.%', Y, )‘2))

forall x,y € X and A\, A1, 2 € I =[0,1].

Nesié [1] introduced the following contraction.

Definition 1.3. (Nesi¢ [1]) Let (X,d) be a metric space and T': X — X. If there exist nonnegative reals
a, b, c such that

d(Tz,Ty) < ad(x,y) + bld(x, Tx) + d(y, Ty)| + cld(z, Ty) + d(y, Tx)] + F(d(z, Tx)d(y, Ty)) (1.3)
for all z,y € X, where 0 < a,c¢,a+ 2c < 1,b+ ¢ < 1 then we say that T"is a Nesi¢ contraction map.

Theorem 1.4. (Nesié [1]) Let (X, d) be a complete metric space and T : X — X, a Nesié contraction map.
If T is asymptotically reqular at some point of X, then T has a unique fized point in X.

Theorem 1.5. (Nesi¢ [1]) Let (X,d) be a metric space and T : X — X, a Nesi¢ contraction map. If T is
asymptotically regular at a point x in X and the sequence of iterates {T™x} has a subsequence converging
to a point z in X, then z is the unique fixved point of T and {x,} also converges to z.

Motivated by the works of Nesié¢ [1], in Section 2 of this paper, we define Nesi¢ type contraction map
in convex metric space and prove the existence and uniqueness of fixed points in complete convex metric
space. Further, we extend Theorem 1.5 to the case of convex metric spaces. We use the following lemma in
our discussion.

Lemma 1.6. (Babu and Sailaja [3]) Suppose (X,d) is a metric space. Let {x,} be a sequence in X such
that d(xp, Tnt1) = 0 as n — oco. If {z,} is not a Cauchy sequence then there exist € > 0 and sequences of
positive integers {my} and {ni} with my > ny > k such that d(zp, ,xn,) > €, d(Tm,—1,%n,) < € and

i) lerr;od(xmk,xnk) =€ i) klg]g() A(Tpmy—1,Tn,) =€
iii) Hm d(@pm, —1, Tn,4+1) = € i) Hm d(zpm,—1,%n,—1) = €.
k—o00 k—00

2. Main Results

Definition 2.1. Let (X, d) be a metric space, T : X — X. Let F: RT™ — R be a map such that F(t) <t
for t > 0 and F(0) = 0. If there exist nonnegative reals a,b,c and A € [0, 1) such that

d(Tz,Ty) < ad(z,y) + bld(x, Tx) + d(y, Ty)] + cld(z, Ty) + d(y, Tx)] + F(d(xz, Tx)) (2.1)

for all z,y € X, where
b+l <a+2b+c+c]+(1—a)A <0 (2.2)

then we say that T is a Nesié¢ type contraction map.

Theorem 2.2. Let (X,d, W) be a complete convex metric space and T : X — X be a Ne§ié type contraction
map. If a +2c < 1, then T has a unique fized point in X.

Proof. Let zp € X be arbitrary. We define a sequence {z,}22 by
Tyl = W(xpn, Tp, \) (2.3)

for n =0,1,2... where X € [0,1).
Without loss of generality, we assume that x,1 # x, for all n > 0.
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From (ii) of Lemma 1.2, we have
d(xn, Tpt1) = d(@p, W(zp, T, N)) = (1 — Nd(xy, Txy).
Therefore

1
d(xy, Txy) = ﬁd(xn,xmrl) forn=0,1,2,... . (2.4)

Now
d(@n, Trn—1) = d(TTp—1,W(xn-1,TTs-1),\) = Ad(2p—1,TTn_1)
= ﬁd(xn—laxn% by (2.4) so that

d(xp, Txp—1) = ﬁd(mn_l,xn). (2.5)
By using the triangle inequality, we have
d(xnfla Txn) < d(xnfla xn) + d(xn, Txn) = d(xnfla xn) + ﬁd(ﬁn, anrl)-
If ¢ > 0, then
c

cd(xp—1,Txy) < cd(xp_1,zy,) + ﬁd(mn,xnﬂ). (2.6)
Again by applying the triangle inequality, it follows that
d(xn—la Txn) > d(xn—la xn) - d(xru Txn)

= d(xnfly xn) - ﬁd(:ﬂn, anrl)-

If ¢ < 0, then
c

cd(zp—1,Txy) < cd(xp_1,2,) — -

d(ZTp, Tpt1)- (2.7)

From (2.6) and (2.7), we get

cd(xp—1,Try) < cd(rp_1,7,) + d(zy, Tpt1) (2.8)
forn=1,2,3... . Put z = x,, and y = x,,—1 in (2.1), we get

d(Txp, Txp—1) < ad(xy, vp—1)+0[d(zn, Trp)+d(xn—1, Txn_1)|+cld(xn, Tep—1)+d(xn—1, Tey) ]|+ F(d(2n, Txy))

(2.9)
forn=1,2,... . Now
d(Txy, zy) — d(zn, Ten—1) < d(Txp, Txn—1)
< ad(xp, Tn-1) + bld(xn, Txy) + d(xp—1, TTn_1)]+
cld(xn, Tap—1) + d(xp—1,Txy)] + F(d(xn, Txy)). (By (2.9))
From (2.4), (2.5) and (2.8) we have
ﬁd(xrwxn—i—l) - L)\d(xnawn 1) - d(Txnw%'n) - d(xruTxn—l)
< d(TxnaTxnfl)
< ad(xruxn—l) + %d(xn-‘rlaxn) + L/\d(xn,mn 1) + (xnw%'n 1)
—{—Cd(ﬂ?n,ﬂ:n 1) | ('In)xn+1) L)\d(xnyxn+1))a
and hence
1_117:)\‘c| d(Tp, Tpt1) < Wd(mn,xn 1) + F(ﬁd(mn,xmrl)). Therefore
a+b+c+(1—a)
d(Tp, Tpy1) < %(M)d(xmxn—l) + 1= b ‘ %)\d(wnaxn-i-l)
at+b+ct+(1—a)
= %(M)d(xmxn—l) 1= b T ]q (xmxn—kl)-

Suppose lim sup d(xy,, z,+1) = r(say), r > 0.

Now on taking limit superior, we have

lim sup d(zp, Tni1) < % lim sup d(2n, Tn—1) + 1= b T limsup d(zpn, Tny1), and hence
a+b+c+(1—a)\ r

TS T Tt T

a+b+c+(1—a)A+1
< . 2.1
r < — T (2.10)
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Since a +2b+c+ |c| + (1 —a)A <0, we have a + b+ c+ (1 —a)\ < —b — |¢|, and hence

l+a+bt+c+(1l—a)d<1l—-b—| sothat%<l.

1+a+b+cet(1—a)r

Therefore, from (2.10), we have, r < 6r < r, where 0 = -

Hence r = 0. Therefore lim sup d(xy,, z,+1) = 0.
Therefore

, a contradiction.

lim d(zp,zp4+1) = 0. (2.11)

n—oo
Now we prove that {x,} is Cauchy.
If {x,,} is not Cauchy then there exist ¢ > 0 and sequence of positive integers {my} and {n;} with
ng > my, > k such that
d(Tp,,, Tm,,) > € and d(xp,—1,dm, ) < € (2.12)

and (i) to (iv) of Lemma 1.6 hold.
Then from (2.12), we have
€< d(mnkvmmk) < d(mnwxnk—l) + d(2n,—1, Tmy,)
= d(Tny,, Tny—1) + d(@py—1, W(Zmy—1, T 1, A))
(x%7xnk—1) + )‘d(mnk—lvmmk—l) + (1 - )‘)d(xmg 1, T, — 1)
(xnlwxnk—l) + )\d(xnk_l’xmk_l) + (1 - )\)[d(wnk 1, T, — 1) + d(Txnk 1 Ty, — 1)]
(mnk’xnkfl) + Ad(xnkfl’ xmkfl) + (1 - A)[d(xnkfl’ Txnkfl) + ad(xnkfl’ xmkfl) + b(d(xnkfl’ Txnkfl)
+d(xmk_17Txmk_l))+c(d(xnk_17Txmk_l)—i_d(xmk_l’Txnk_l))+F(d(xnk_17Txnk_l))]'
On letting & — oo and by (iv) of Lemma 1.6 we get
e <limsup,_,o d(@n,, Tm,) < e+ (1 —X)(a+ 2c)e <,
a contradiction.
Hence {z,} is a Cauchy sequence.

Since X is complete, there exists * in X such that lim x, = z*.
n—o0

On letting n — oo in (2.4) and (2.5), we get lim Tz, = z*.
n—o0

<d
<d
<d

Put x = z* and y = z, in (2.1), we get
d(Tx*,Txzy) < ad(z*,x,) + bld(x*, Tx*) + d(xy, Txy)] + cld(a*, Txy,) + d(zp, Ta*)] + F(d(x*, Tx*)).
On letting n — oo, we get
d(Tz*, z*) < ad(z*,x*) + bld(x*, Tz*) + d(z*, z*)] + c[d(z*, x*) + d(a*, Tz*)]| + F(d(z*, Tz*))
d(Tz*, z*) < bd(z*, Tx*) + ed(z*, Tx*) + d(z*, T'z*)
= (b+c+ 1)d(z*,Tz*)
<d(xz*,Tx")
a contracdiction. Therefore Tx* = ™.
Hence T has a fixed point in X.
Now we prove that T has a unique fixed point in X.
Suppose that there exists x1, 29 € X and Tr1 = x1 and Tx9 = x5.
Put x = z1 and y = 29 in (2.1), we get
d(Tx1,Tzs) < ad(xq,x2) + bld(x1, Txq) + d(xg, Txo)| + cld(x1, Txa) + d(z2, Tx1)] + F(d(x1, Tx1)).
ie., d(xy,x9) < ad(xy1, ) + bld(x1,x1) + d(x2, 22)] + c[d(z1,x2) + d(x2,21)] + F(d(21,271)),
SO that d(z1,22) < (a+2¢)d(z1,x2) < d(x1,22)
a contradiction, since a + 2¢ < 1.
Therefore d(z,x2) = 0 so that 1 = z2, and T has a unique fixed point in X. O

Theorem 2.3. Let (X,d, W) be a conver metric space and T : X — X be a Nesi¢ type contraction map.
Let zg € X. We define the sequence {xp} in X by xpi1 = W(xn, Tap, X) forn=0,1,2... . If {x,, } is a
subsequence of the sequence {xy} such that {z,, } converges to u then w is a fixed point of T. Further, if
a+ 2c < 1 then this fized point is unique and the sequence {x,} also converges to u.

Proof. Let zp € X be arbitrary. We consider the sequence {z,}7° , defined by
Tpt1 = W(zp, Txp, \) (2.13)
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for n =0,1,2..., where A € [0,1).

Let {z,, } be a convergent subsequence of {z,} which converges to v in X.
We now show that u is a fixed point of 7T'.

Now consider

d(u, Tu) < d(u,zy,) + d(zp,, Tnyt1) + d(@n, 41, Tuw)
=ty ny) + dmg Ty 1) + AW (i, Ty, 1), Tt
< d(u,xn,) + d(Tn,, Tn,11) + Ad(@n,, Tu) + (1 = N)d(Tzy,, Tu)
< d(u,xn,) + d(Tn,, Tn,+1) + Ad(xn,, Tu) + (1 — N)]ad(xy, , w) + b(d(xn,, Ty, )+

A1, Tw)) + e(d(ny, Tu) + d(t, T, )) + F(d(@ny, Ton,)]
d(u? xnk) + d(xnk’xnkJrl) + Ad(xnk’Tu) + (1 - )‘)[ad(xnk’u) + %d(:ﬂnk’xnwrl)‘{'
b1, Tw) + cd(g, Tw) + (d(t,0n,) + Ay T,)) + Py d(wa 1))
< d(“? xnk) + d(xnwxnk-l-l) + )‘d(xnvau) + (1 - )‘)[ad(xnkv ) + %d(wnwxnk-i-l)"i_
bd(u, Tu) + cd(zn,, Tu) + cd(u, Tn, ) + 75 d(Tny s Ty 41) + o5 (Tng s Trg 1))
On letting k£ — 0o, we get
d(u, Tu) < d(u,u) + Md(u, Tu) + (1 — N)[ad(u, w) + bd(u, Tu) + cd(u, Tu) + cd(u, u)]
= Ad(u, Tu) + (1 = N)[(b+ ¢)d(u, Tu)]
d(u, Tu) < [A+ (1 = A)(b+ ¢)]d(u, Tu) (since A+ (1 —=X)(b+¢) <1)
a contradiction.
Therefore Tu = u.
Now, if a + 2¢ < 1 then uniqueness of u follows as in the proof of Theorem 2.2.

IN

We now prove that lim z,, = u.
n—oo

Since T' is Nesié type contraction map, from (2.11) we have lim d(x,,zp4+1) = 0.
n—oo

We now consider
d(u, zy,) = d(Tu, x,)
< d(Tu,Txy) + d(Txy, )
< ad(u,zy) + bld(u, Tu) + d(zy, Tx,)] + cld(xn, Tu) + d(u, Tx,)] + F(d(u, Tuw)) + d(Tzy, )
< ad(u, zy) + bld(u, Tu) + d(xy, Txy)] + cld(zn, v) + d(u, Tu) + d(u, z,) + d(zp, Tzy) ]+
F(d(u,Tu)) + d(Tzy, )
= ad(u,xy,) + bld(u,u) + d(zy, Txy)] + c[d(xn, u) + d(u,w) + d(u, z,,) + d(zy, Txy)]+
F(d(u,u)) + d(Txy, xy)
= (a+2¢)d(u,xn) + (b+ c+ 1)d(xy, Txy)
(1—a—2c)d(u,z,) < (b+c+ 1) 5d(zn, Tpi1)
d(u,x,) = 1b+a‘3+216 5 d(@n, Tri1) — 0 as n — oo.
Therefore the sequence {x,} converges to the fixed point v in X.

Remark 2.4. In the metric space setting, Nesi¢ assumed that T is asymptotically regular in Theorem 1.4
and Theorem 1.5, where as in the convex metric space setting, in the corresponding theorems (Theorem 2.2
and Theorem 2.3) we did not assume the asymptotically regularity of T, infact it follows from the Nesié

type contraction map.
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