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Abstract

Equations of Hammerstein type cover large variety of areas and are of much interest to a wide audience due
to the fact that they have applications in numerous areas. Suitable conditions are imposed to obtain a strong
convergence result for nonlinear integral equations of Hammerstein type with monotone type mappings. A
technique which does not involve the assumption of existence of a real constant whose calculation is unclear
has been used in this study to obtain the strong convergence result. Moreover, our technique is applied to
show the forced oscillations of finite amplitude of a pendulum as a specific example of nonlinear integral
equations of Hammerstein type. Numerical example is given for the illustration of the convergence of the
sequences of iteration. These are done to demonstrate to our readers that this approach can be applied to
problems arising in physical systems.
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1. Introduction

The concept of monotone operators which was introduced in the 1960s has been successfully applied by
many researchers to the equation of Hammerstein type. A nonlinear integral equation of Hammerstein type
on € (see, e.g., Hammerstein [? ]) is one of the form

ulz) + /Q k(e 9) (4, u(y))dy = h(z), (L1)
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where dy stands for a o-finite measure on the measure space (2, the kernel k is defined on Q x €, f is a
real-valued function defined on 2 x R and is in general nonlinear, A is a given function on €2 and u is the
unknown function defined on €. Let X be a real Banach space, X* its dual, F' : X — X* a nonlinear
mapping of X into X* and K : X* — X a nonlinear mapping of X* into X. The abstract form of Eq. (1.1)
is given by

u+ KFu=0, (1.2)

where u € X (see, e.g, Aibinu and Chidume [? ], Chidume and Bello [? ], Chidume and Yekini ([? |, Daman
[? ], Diop et al. [? ]). Hammerstein equations cover a large variety of areas and are of much interest to a
wide audience due to the fact that they have applications in numerous areas. Several problems that arise
in differential equations (ordinary and partial), for instance, elliptic boundary value problems whose linear
parts possess Green’s function can be transformed into the Hammerstein integral equations. Equations of
the Hammerstein type play a crucial role in the theory of optimal control systems and in automation and
network theory (see, e.g., Dolezale [? ]). Assuming existence, approximating a solution of Au = 0, where
A: X — X* is of monotone-type has been a recent subject of interest to the researchers (see, e.g, Aibinu
and Mewomo [? ? ], Aibinu et al. [? |, Chidume et al. [? ], Chidume and Bello [? |, Chidume and Idu
[? ]). Strong convergence theorems were established for nonlinear Hammerstein equation Eq. (1.2) under
the assumption of existence of a real constant whose calculation is unclear (see e.g, Chidume and Bello [?
], Chidume and Djitte [? |, Chidume and Idu [? |, Chidume and Ofoedu [? |, Chidume and Zegeye [? ],
Diop et al. [? ]).

In this paper, the goal is to establish a strong convergence theorem for nonlinear Hammerstein equation
Eq. (1.2), using a technique which does not require the assumption of existence of a real constant whose
calculation is unclear. This study considers nonlinear integral equations of Hammerstein type with (p,n)-
strongly monotone mapping, p > 1, and n € (1,00). Let E be a Banach space with dual E* and define
X :=FExFE*" Let p>1,m,m € (1,00) and suppose F' : E — E* is a (p,n1)-strongly monotone mapping
and K : E* — FE is a (p, n2)-strongly monotone mapping such that D(K) = R(F) = E*. An arbitrary
mapping A : X — X*, is defined in term of F and K. Suitable conditions are imposed to show that A is
a (p,n)-strongly monotone mapping with 7 = min {71, 72} and to obtain a strong convergence result. The
forced oscillations of finite amplitude of a pendulum is shown as a specific example of nonlinear integral
equations of Hammerstein type. Numerical examples are also given for the illustration of the convergence
of the sequences of iteration. These show the application of our results in solving the problems which occur
in physical sciences.

2. Preliminaries

Definition 2.1. Let E be a real Banach space and S := {x € E : ||z|| = 1}. F is said to have a Gateauz
differentiable norm if the limit
et ty]) ol
t—0 t
exists for each z,y € S. A Banach space FE is said to be smooth if for every x # 0 in E, there is a unique
x* € E* such that ||z*|| = 1 and (x,z*) = ||z||, where E* denotes the dual of E. E is said to be uniformly
smooth if it is smooth and the limit (2.1) is attained uniformly for each x,y € S.

(2.1)

Definition 2.2. The modulus of convexity of a Banach space E, g : (0,2] — [0, 1] is defined by

. T+y
o(0) = int {1 2 =y =1, -yl > o}
E is uniformly conver if and only if dg(e) > 0 for every € € (0,2]. A normed linear space E is said to be

strictly convex if
lz|| =yl =1,z £y = ”“;y” 1

It is well known that a space E is uniformly smooth if and only if £* is uniformly convex.



M. O. Aibinu, S. C. Thakur, S. Moyo, Commun. Nonlinear Anal. 1 (2023), 1-18 3

Definition 2.3. Let X and Y be Banach spaces and A : X — Y be a mapping. A is uniformly continuous
if for each € > 0, there exists § > 0 such that

Vz,y € X with ||z — y|| < 6 we have ||Az — Ay|| <e.

Let () be a function on the set R* of nonnegative real numbers such that:
(i) v is nondecreasing and continuous;
(ii) ¥(t) =0 if and only if t = 0.

A is said to be uniformly continuous if it admits the modulus of continuity ¢ such that

[A(z) = Ayl < d(lz —yll) ¥ 2,y € X.

The modulus of continuity 1) has some useful properties which are listed below (for instance, see e.g, Altomare
et al. [? |, pp. 266-269, Forster [? |, Ipatov [? ]):

(a) Modulus of continuity is subadditive: For all real numbers t; > 0,t2 > 0, we have
Yty +t2) < P(t1) + P(t2).

(b) Modulus of continuity is monotonically increasing: If 0 < ¢; < t5 holds for some real numbers ¢y, to,
then

0 < 9(t1) < (ta2).

(c) Modulus of continuity is continuous: The modulus of continuity ¢ : RT — RT is continuous on the
set positive real numbers, in particular, the limit of ¢/ at 0 from above is
lim(t) = 0.
t—0 w( )

Definition 2.4. A set B is said to be compact if every open cover of B has a finite subcover. That is, if
{U,},7, is a collection of open sets such that B C |J;2; Uy, then there is a finite subcollection {Unk}f:1

n=1
such that B C Ui, Uy,

Definition 2.5. Let v : [0,00) — [0,00) be a continuous, strictly increasing function such that v(t) — oo
as t — oo and v(0) = 0 for any ¢ € [0,00). Such a function v is called a gauge function. A duality mapping
associated with the guage function v is a mapping JZ : £ — 2E" defined by

I (x) = {f € B+ (, f) = |lzllv(ll[l), | /Il = v(llID}

where (.,.) denotes the duality pairing. For p > 1, let v(t) = t*~! be a gauge function. J¥ : E — 2F" is
called a generalized duality mapping from E into 2F" and is given by

JE(@) = {1 € B s (o f) = 2l If1) = P}

J¥ is uniformly continuous on bounded subsets of E. For p = 2, the mapping Jf is called the normalized
duality mapping. In a Hilbert space, the normalized duality mapping is the identity map.

The following results about the generalized duality mappings are well known and have been established
in a number of works (see e.g., Alber and Ryazantseva [? |, p. 36, Cioranescu [? ], p. 25-77, Xu and Roach
[? |, Zalinescu [? ]). Let E be a Banach space, then,

1 is smooth if and only 1 is single-valued;
i) Ei h if and only if J¥ is singl lued

(ii) If E is reflexive, then J¥ is onto;
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(iii) If £ has uniform Gateaux differentiable norm, then J¥ is norm-to-weak* uniformly continuous on
bounded sets;

(iv) E is uniformly smooth if and only if J¥ is single valued and uniformly continuous on any bounded
subset of E;

(v) If E is strictly convex, then J¥ is one-to-one, that is, V z,y € E, = #y = J¥(x) N JE(y) = 0;

(vi) If E and E* are strictly convex and reflexive, then J¥" is the generalized duality mapping from E* to
E and JF is the inverse of JZ;

(vii) If E is uniformly smooth and uniformly convex, the generalized duality mapping JF* is uniformly
continuous on any bounded subset of E*;

(viii) If £ and E* are strictly convex and reflexive, for all x € E and f € E*, the equalities JEJ* f = f
and JE JFz = x hold.

Definition 2.6. Let C be a nonempty subset of £ and A be a mapping from C' into itself. Then,
(i) A is nonexpansive provided ||Ax — Ay|| < ||z — y|| for all z,y € C;

(ii) A is firmly nonexpansive type (see e.g., Kohsaka and Takahashi [? ]) if <Ax — Ay, JPAx — JF Ay> <
<Ax — Ay, JEz — JEy> for all x,y € C.

Definition 2.7. Let E be a smooth Banach space and A : E — E*, be a mapping with z,y € E. A is said
to be monotone

(x —y, Az — Ay) > 0.

A is called strongly monotone if
(& —y, Az — Ay) > K|z - y|,

where k is a positive constant (Alber and Ryazantseva [? |, page 25). Let p > 1, A is said to be (p, k)-strongly
monotone if
(x —y, Av — Ay) = kllz —y]]”,

for a constant £ > 0 (Chidume and Djitte [? ] and Chidume and Shehu [? ]).
Remark 2.8.

According to definition of Chidume and Djitte [? | and Chidume and Shehu [? ], a strongly monotone
mapping is referred to as a (2, k)-strongly monotone mapping.

A is called mazimal monotone if it is monotone and its graph is not properly contained in the graph of
any other monotone mapping. As a result of Rockafellar [? ], it follows that A is maximum monotone if it
is monotone and the range of (J¥ + tA) is all of E* for some t > 0. Let E be a reflexive smooth strictly
convex space and A be a mapping such that the range of (J¥ 4+ tA) is all of E* for some t > 0 and let x € E
be fixed. Then for every ¢ > 0, there corresponds a unique element z; € D(A) such that

JPx = JEx; + tAxy. (2.2)

Therefore, the resolvent of A is defined by JAz = z;. In other words, JA = (JE4+tA)~1JF and A=10 = F(J)
for all t > 0, where F(J/) denotes the set of all fixed points of JA. The resolvent J is a single-valued
mapping from E into D(A) (Kohsaka and Takahashi [? ]).

Definition 2.9. Alber [? | introduced the functions ¢ : E x E' — R, defined by

o(z,y) = ||lz|* — 2 (2, JFy) + |ly|*, for all z,y € E, (2.3)
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where J¥ is the normalized duality mapping from E to E*. Let E be a smooth real Banach space and
p,q > 1 with % + é = 1. Aibinu and Mewomo [? | introduced the functions ¢, : E x E' — R, defined by

p
bp(x,y) = gHUUHq —p<x, JEy> + ||y||P, for all z,y € E
and V), : £ x E* — R, defined as

Vy(2,2%) = guxuq —plz, 2"y + ||’ V x € E,a* € B,

where JF is the generalized duality mapping from E to E*.

Remark 2.10. We have the following remarks follow from Definition 2.9 (Alber [? |, Aibinu and Mewomo

Kk

(i) For all z,y € E,
Ul = yll)” < dp(z, y) < (]l + yl)?- (2.4)

(ii) It is obvious that
Vo (z,2%) = ¢p(z, JE2*) ¥V 2 € E, z* € E*. (2.5)

Definition 2.11. Let F be a topological real vector space and T a multivalued mapping from F into 2F".

Cauchy-Schwartz’s inequality is given by

=

1 k
[,y | < (2, 7) 2 (y, ™) 2, (2.6)
for any x and y in D(T') and any choice of 2* € Tx and y* € Ty (Zarantonello [? ]).

In the sequel, we shall need the lemmas whose proofs have been established (See e.g, Alber [? |, Aibinu
and Mewomo [? |).

Lemma 2.12. Let F be a strictly convexr and uniformly smooth real Banach space and p > 1. Then
Vp(z,z*) +p <JE*x* - a:,y*> < Vp(z,z* +y*) (2.7)

for allx € E and x*,y* € E*.

Lemma 2.13. Let E be a smooth uniformly convexr real Banach space and p > 1 be an arbitrarily real
number. For d >0, let B4(0) :={z € E: ||z|| < d}. Then for arbitrary x,y € Bg(0),

p 1 1
lz =yl = ép(z,y) — =[], where -~ + = =1.
q P q

Lemma 2.14. Let E be a reflexive strictly convexr and smooth real Banach space and p > 1. Then
op(y, ) — dply, 2) > p(z —y, JFPx — JEz> :p<y — 2, J52 — JEa;> for all x,y,z € E. (2.8)

Lemma 2.15. Let E be a real uniformly convex Banach space. For arbitrary r > 0, let B,(0) :=
{z € E:||z|| <r}. Then, there exists a continuous strictly increasing convex function

g: [0,00) - [07 OO): g(O) =0,

such that for every z,y € B(0), ¥ (x) € JF(x), ¥ (y) € JF(y), we have <x —y,if(x) — ]E(y)> > g(llz—yl)
(See Xu [? ]).
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Lemma 2.16. Let {a,} be a sequence of nonnegative real numbers satisfying the following relations:
an+1 < (1 - an)an + anon + v, NE N,

where

(Z) {a}n C (07 1)7 Zan = 00y

n=1

(it) limsup {o}, <O0;

o
(iii) Y >0, Y < 0.

n=1
Then, an, — 0 as n — oo (See Xu [? ]).

Lemma 2.17. Let E be a smooth uniformly convex real Banach space and let {xy,} and {y,} be two sequences
from E. If either {xn} or {yn} is bounded and ¢(xn,yn) — 0 as n — oo, then ||zy, — yn| — 0 as n — oo
(See Kamimura and Takahashi [T ]).

Lemma 2.18. For a real number p > 1, let X, Y be real uniformly convex and uniformly smooth spaces.
1

Let Z := X x Y with the norm | z||; = (|[ul/% + |v||5)? for arbitrary z := (u,v) € Z. Let Z* := X* x Y*

denotes the dual space of Z. For arbitrary z = (u,v) € Z, define the map J% : Z — Z* by

J7(z) = J7 (u,0) = (J¥(u), ¥ (v)),
such that for arbitrary z1 = (uy,v1), 22 = (ug,v2) in Z, the duality pairing (.,.) is given by
(21, JZ(z2)> = (u, JX(u2)> + (v, JY(v2)> .
Then (see Chidume and Idu [? ]),

(i) Z is uniformly smooth and uniformly convez,

(ii) JZ is single-valued duality mapping on Z.

3. Main Result

Definition 3.1. Let F be a real smooth Banach space with dual space E*. Let X := E x E* and define
Np: X xX —Rby
Np(1,22) = Pp(ur, uz) + ¢p(vi,v2) V1,22 € X,

where respectively x; = (u1,v1) and x9 = (ug,v2).
We first give and prove the following lemmas which are useful in establishing our main results.

Lemma 3.2. Let E be a uniformly smooth and uniformly convexr real Banach space with the dual E*. Let
p>1m,m € (1,00) and suppose F : E — E*, K : E* — E are respectively (p,m )-strongly monotone and
(p, m2)-strongly monotone mappings such that D(K) = R(F') = E*. For a real numberp > 1, let X := Ex E*

1
b)? Vo = (u,v) € X and the dual is denoted by X* := E* x E. Define a

with norm ||z|| x == (||ull% + [|v]
mapping A : X — X* by
Az = (Fu—v,Kv+u),V z = (u,v) € X. (3.1)

Then A is a (p,n)-strongly monotone mapping, where 1 := min {n1, n2}.
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Proof. Let z1 = (u1,v1), x2 = (ug2,v2) € X. We have Az = A(ui,vi) = (Fuy — vy, Kvi + u;) and
Az = A(ug,va) = (Fug — v, Kvy + ug) such that

Ax1 — Az = (F’U,l — Fug — (’1)1 — ’U2),K1}1 — Kvg + (u1 _'LLQ)).

Since F' and K are strongly monotone with 77 and 7, respectively as constants of strong monotonicity, we
obtain,

(x1 — x9, Axy — Axzo) = (uy — ug, Fug — Fug — (v — v2))

+ (Kvy — Kvg + (u1 — ug),v1 — v2)

(ug — ug, Fuy — Fug) + (u; — ug, —(v1 — v2))
+ (v1 — vo, Kvy — Kvg) + (v1 — v2,u1 — ug)

> mllur = uel” +m2ljvr — va”
> min {n1, n2} (lur — uel” + flvr — v2”)
= nllwr — a2,
Hence, A is a (p,n)-strongly monotone mapping. O

Lemma 3.3. Let A: B — R be continuous and B be compact subset of E. Then there exists some T € R
such that |A(z)| < T for all x € B.

Proof. For contradiction suppose that A is unbounded. By definition of continuity, the set
Up= A" ((—n,n)) = {z : [A(z)] < n}

is open. Then

R=|J(-nn)=BC|JA((-nn) =] Un
n=1 n=1 n=1

For € B, A(x) € U, for some n, which implies that |A(x)| < n. However B is compact, therefore there is
a finite subcollection {Unk}kK:1 which is still a cover for k. Define

T := max {ny,na,....,nK},
and notice that for any € B, it must be that
A(x) € Uy, for some k< K = |A(z)| <ng <T.
Hence, A is bounded. O

Lemma 3.4. Let E be a uniformly smooth and uniformly convex real Banach space with the dual E*. Let
p>1,m,m € (1,00) and suppose F : E — E* is a continuous (p, 1 )-strongly monotone mapping such that
the range of (J¥ + t1F) is all of E* and K : E* — E is a continuous (p,n2)-strongly monotone mapping
such that the range of (J¥* +tK) islall of E for some ti,to > 0 with D(K) = R(F) = E*. Let X := Ex E*

with norm ||z|| y = (Jullf + [[v]/%)? ¥V 2 = (u,v) € X and define a mapping A: X — X* by

Az = (Fu—v,Kv+u),V z = (u,v) € X. (3.2)

Then A is a continuous (p,n)-strongly monotone mapping such that the range of (JX +tA) is all of X* for
some t > 0, where 1 := min {n, N2} .
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Proof. We show that R(JX +tA) = X* for some ¢t > 0. Without loss of generality, let to be such that
0 < tp < 1. Since F is such that R(J + toF) = E* and by the strict convexity of E, we obtain for every
u € I, there exists a unique u, € E such that

JEy = JEutO + toFuy,.

Define J£u := uy,, in other words, define a single-valued mapping J£ : E — D(F) by JE = (J¥+tF)~1J*,
where D(F') is the domain of F. Such a Jt’g is called the resolvent of F. Similarly, since K is such that
R(JF" + oK) = E and by strict convexity of E*, define the resolvent JZ : E* — D(K) by JE= =
(JF" + toK)"'JF" | where D(K) is the domain of K. It is known that (J¥ 4 toF) and (JF + toK) are
bijections (see e.g, Chuang [? ]). It can be easily verified that if E is a smooth, strictly convex and reflexive
Banach space and F' : F — E* is a monotone mapping with R(JE + tF) = E*, then for each ¢t > 0, the
resolvent JF of F' defined by

Ju={z€ B:JPu=J5z 1Pz} = {(JF +1F) " TP

for all u € F is a firmly nonexpansive type mapping. Indeed, for each u,v € E, t > 0 and for every
E,_ JE(TE E, JE(7T1E
qu, JtEU cE, JEu Jt (JFu) J®v Jt (J;v)

€ F' and by the monotonicity of F', we have

)

v, —

<JtEa: _gF JEPu — iE(JtEu) JEy — iE(JtEv)> > 0.

Such that
(JFu— JFv, JE(JF2) — TP (JF0)) < (JFx — TFv, JPu — JP).

Therefore, for h := (hy, he) € X, define G : X — X by
Gz = (Jf*(hz + tov), J,f(hl - tgu)) Vo= (u,v) € X.

By the Lipschitz continuity property of J¥, we have
||G£L‘1—G£L‘2|| Sto”:ﬁ —$2H W X1,X9 e X.

Therefore G is a contraction. So by the Banach contraction mapping principle, G has a unique fixed point
a* = (u*,v*) € X, that is Gz* = z* or equivalently u* = J; (hy 4 tov*) and v* = (J£ (h1 — tou*). These
imply (JX + tgA)x = h. Therefore, R(JX + tgA) = X*. For t > 1, it is obtained by similar analysis that
R(JX +tA) = X* (see e.g., Chidume and Shehu [? ]). Recall that A is (p, n)-strongly monotone by Lemma
3.2. Then A is an (p,n)-strongly monotone mapping with R(JX 4 tA) = X* for some t > 0. O

Next is to give our main theorem.

Theorem 3.5. Let E be a uniformly smooth and uniformly convex real Banach space with the dual E*. Let
p>1,m,m € (1,00) and suppose F : E — E* is a continuous (p, 1 )-strongly monotone mapping such that
the range of (J¥ + t1F) is all of E* and K : E* — E is a continuous (p,n2)-strongly monotone mapping
such that the range of (JE* + t3K) is all of E for some t,ty > 0 with D(K) = R(F) = E*. For arbitrary
u1 € E and v1 € E*, let {u,} and {v,} be the sequences defined iteratively by

Upt1 = JE (JEun -\ (Fun — v, + Hn(JEun — JEul))) ,n €N, (3.3)

Vpyr = JF (JE*vn -\ (Kvn + Uy, + On(JE*vn — JE*vl))) ,neN, (3.4)

where JF : E — E* is the generalized duality mapping with the inverse, J¥ : E* — E and the real sequences
{An}ody € (0,1) and {6,322, in (0,%) are such that,



M. O. Aibinu, S. C. Thakur, S. Moyo, Commun. Nonlinear Anal. 1 (2023), 1-18 9

(i) nh_)ngoﬁn =0;
(i1) > Anbn = 00; A = 0(6n);
n=1

(iii) nh_fgo ((gnfl/en) - 1) /Anen =0.

Suppose that 0 = uw + K Fu has a solution in E. Then the sequence {u,} converges strongly to the solution
of u+ KFu=0.

Proof. Let X := E x E* with norm ||z|% = |lu} + ||v[h V & = (u,v) € X. Define the sequence {z}
in X by x, := (up,v,). Let u* € E be a solution of u + KFu = 0. Observe that setting v* := Fu* and
x* := (u*,v*), we have that u* = —Kv*.

We divide the proof into two parts.
Part 1: We prove that {z,} is bounded. Let p > 1 with %—1—% = 1 and u* € E be a solution of the equation
0 = u + KFu. It suffices to show that ¢,(z*, z,) < r, ¥V n € N. The proof is by induction. Let » > 0 be
sufficiently large such that:

r Zmax{gbp(a;*,a:l),élMQ,?Hx\q} , (3.5)

where M > 0 and @) > 0 are arbitrary but fixed. For n = 1, we have by construction that ¢,(z*,z1) < r for

real p > 1. Assume that ¢,(z*, z,) < r for some n > 1. From inequality (2.4), we have ||z, || < re + [|z*|| for
real p > 1. The next task is to show that ¢,(z*, 2p41) < 7. Let B := {2z € E : ¢(a*,2) <r}. JE is known
to be uniformly continuous on bounded subsets of E and F' is bounded on B (Lemma 3.3). Define

M = sup {||Fun — v, + Hn(JEun — JEul)H 10, €(0,1),u, € B} + 1.
Let 11 denotes the modulus of continuity of J E* and observe that .J E*(J Eun) = u,. Then

un = tnsrll = lzn — JZ(TPun = A (Ftg — vn + 00 (T un — Tu1)))|
HJE*(JExn) - JE*(JExn - )‘n (Fun — Un + Hn(JEun - JEUI)))H

< 91 (|An] M)
< by (sup {|An| My : A € (0,1)}). (3.6)

The sup {|A\,|M1} exists and it is a real number different from infinity due to the boundedness of F' and
uniform continuity of J¥ on bounded subsets of E. Let Q1 =: 1 (sup {|\,|M1}). Similarly, let ¢ be the
modulus of continuity of J¥ : E — E* on bounded subsets of £ and observe that JZ(J¥ v,) = v,. Define

My := sup {||Kvn + U + 0, (JE v, — TF 0))| 0, € (0,1),0, € B} +1,
then

Jon = vastll < w2 (sup {[AalMa : Ay € (0,1)}). (3.7)

Let Q2 =: 19 (sup {|\,|M2}) and define M := M; 4+ My and @Q = Q1 + Q2. Let n := min{n1,n2}, by
applying Lemma 2.12 with y* := A\, (Fun — v + 0, (JFu, — JEul)) and by using the definition of w1, we
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compute as follows,

(Z)p(U*a Up+1)

IN

b (u*, JE* (JEun _ y*))

Vo (u*, JEuy — A\, (Fun — Uy + Gn(JEun - JEul)))
Vp(u*,JEun)

—pAn <JE*(JEun — ") —u*, Fup — v + 0, (JFu, — JEu1)>
op(u*, upn) — pAy <un —u*, Fuy, — v, + Qn(JEun — JEu1)>
—pAn <JE*(JEun —y*) — up, Fuy, — v, + Gn(JEun — JEu1)> )

By Schwartz inequality and by applying inequality (3.6), we obtain

QSP(U*a un+1)

IN

¢p(U*7un) - p)\n <'Um - U*a Fuy, — vy, + Hn(JEun - JEU1)> +p>\nM1Q1
Op(u*, up) — pAy (up — u*, Fu, — Fu*) (since u* € N(F))
*p>\n <un - U*7 vt — Un> - p)\nen <Un - U*7 JEUn - JEU1> +p)\nM1Q1'

By Lemma 2.14, p<un —u*, JPu, — JEun> < ¢p(u*, ur) — Pp(u*, uy). Consequently,
p<un —u*, JPu — JF un> < ¢p(u*,ur). Therefore, using (p,n:1)-strongly monotonicity property of F, we

have,

Qsp(U*a un+1)

Similarly,

(bp(U*, 'Un+1)

IN

IN

Gp(u*, un) — pmAnlun — u*|IP = pAn (un — u*, 0" = vp)
+p A Onp (U — ™, Juy — Jup) + pAy M1Q1

Gp(u™, un) — pAnllun — w*||P — pAp (up — u*, 0" — vy)
+p>\n0n¢p(U*7 ul) + pAn M1Q1

By (", ) — PAn (¢p<u*,un> - §||u*rq) — PAn (i — 5" — )

+pAnOndp(u™, ur) + pAn M1 Q1

(1= PAa) (0", ) + P 1|7 = A G = 0”07 = )

+PAOndp(u”, ur) + pAn M1Q1. (3.8)

b (v*, JE (JE*vn — A, <Kvn Vg 4 O (JE v, — JE*111>>>>

Vo (v*, JE v — A, (Kvn + Uy, + Gn(JE*Un — JE*vl))>

Vp(v*, JE 0,) — pAn <JE(JE*'Un — A (Kvn + Uy + O (JF v, — JE*vl))) — v*,y*>
(by Lemma (2.12) where y*=Kuv,, + u, + Gn(JE*vn — JE*vl)

(bp(v*yvn) — pAn <Un — ", y*>

—pAn <JE(JE*vn — A\ (Kvn +up + H,L(JE*vn — JE*U1)>) — Up, y*> .

By Schwartz inequality and by applying inequality (3.7), we obtain

(ﬁp(U*, UnJrl)

<

Op(V*,vn) — DAy <Un —v*, Kv, +u, + Hn(JE*Un — JE*U1)> + pAnMoQo
¢p(V*, vn) — A (v, — 0", Kvy, — Kv™) (since v* € N(K))
—pAn (U — V" Uy — ") — pAn, <vn —v*, JE, — JE*1)1> + pAn MoQs.
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By Lemma 2.14, p<vn — v, JE v — JE*’Un> < ¢p(v*,v1) — ¢p(v*, vy). Consequently,
D <vn —v*, JE v — JE*vn> < ¢p(v*,v1). Therefore, using (p, n2)-strongly monotonicity property of K, we
have,

¢p(v*7vn+l) < d’p(v*avn) — p2An|vn — U*”p — pAn (Un — V", U, — U*>
+pAn b <Un —v", J71’1)1 — J71Un> + pAn Ma2Q)2

< ¢p(v*7vn) — p2Xn|lvn — v*”p + pAn (Uup — u”, v, — U")
+p)\n6n¢p(v*a Ul) + p)\nMQQQ
* * p * ES *
< G vn) — P (qﬁpw ) =2l H"> T A (i — 0 — )

FpAOndp (V™ v1) + A M2Q2
= (1—pAy) dp(v*,vp) —i—p)\ngHv*Hq + pAn (up — u*, v, — V%)
FPAOndp (V™ v1) + A M2Q2. (3.9)
Adding (3.8) and (3.9) gives

Np(x® zng1) < (1 —pAp) Ap(z™, ) +p)\n§\|a:*Hq + pAnOnAp(x™, 1) + pAMQ

< (1= pA) T+ PAas + PAas + Ao
1 2 4

B An An An B

= <l—p>\n+p4 TPy +p4>r—r.

Hence, Ap(z*,2p41) < 7. By induction, Ay(z*,2,) < r V n € N. Thus, from inequality (2.4), {z,} is
bounded.

Part 2: We now show that {z,} converges strongly to a solution of Az = 0. Observe that «* in E is a
solution of w + K Fu = 0 if and only if * = (u*,v*) is a solution of Az = 0 in X for v* = Fu* € E*, since
Az = (Fu — v, Kv 4 u) with = := (u,v). This implies that

Fu* —0v* =0,
Kv*+u* =0.

We recall that (p, n)-strongly monotone implies monotone and it is given that the range (JZ')Eg +tA) is all of
X* for all ¢ > 0. By Kohsaka and Takahashi [? |, since X is a reflexive smooth strictly convex space, we
obtain for every t > 0 and x € X, there exists a unique x; € X such that

JXx = J%z; + tAx,. (3.10)
Define JXx := 1y, in other words, define a single-valued mapping J;X : E — D(A) by JX = (JX +tA)~1JX.

Such a Ji¥ is called the resolvent of A. Setting ¢ := é and by the result of Aoyama et al. [? | and Reich [?
], for some (ug,v1) := x1 € X, there exists in X a unique sequence

1\
(Yn, 2n) = (JX + 9A> JX (uy,v1) (3.11)
with (yn, 2n) — (u*,v*) == 2* € A=1(0), where A (yn,2n) = (Fyn — 2n, K2y + yn) . It can be obtained that

6, (JEyn—JEul) + Fy, — 2z, =0, (3.12)

O (I 20 = T 00 ) + Kz + g =0, (3.13)
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where {y,} and {z,} are known to be bounded since they are convergent sequences. Therefore, it is required
to show that u,, — y, and v,, — z, as n — oco. Following the same arguments as in part 1, we obtain,

¢p(yna Upy1) < ¢p(ym Up) — PAn <Un = Yn, Fup — v + Hn(JEUn - JEU1)> + pAn M1Q1 and (3.14)

Op(2ns Unt1) < dp(2n, vn) — DAy <vn — 2n, Koy + g + 0, (JF v, — JE*01)> + pAn M2Qs. (3.15)
By the (p, n1)-strong monotonicity of F' and using Lemma 2.15 and Eq. (3.12), we obtain,
(tn, = Yn, Ftin, — vp + Op (TP, — JPu1))
(tun = Yn, Fun — vn + O (JEup — JEyn + JEy, — JEu1)>
0, <un — Y, JPu, — JEyn> + <un — Yn, Fup, — vy + Hn(JEyn — JEu1)>
= 60, <un — Y, JFu, — JEyn> + (U — Yn, Fp, — vy — (Fyp — 2n))

> Ong(lun — yull) + (Un — Yn, Frn — Fyn) + (Un — Yn, 20 — Vn)

> Ong(lun — ynll) + mllun — ynll” + (un — Yn, 20 — vn) (since F is (p, n1)-strongly monotone and by Lemm
1

> §9n¢p(yn, Un) + <un —Yn,2Zn — Un> .

Therefore, the inequality (3.14) becomes
Gp(Uns unt1) < (1= Anbn)dp(Yn, un) = pAn (Un = Yn, 2n = Un) + pARMIQ1. (3.16)
By the (p, 172)-strong monotonicity of K and using Lemma 2.15 and Eq. (3.13), we obtain,
<vn — Zn, Kvy + uy + Hn(JE*vn — JE*vl)>
= <vn — zn, Kvp, + up + Gn(JE*vn —JE L+ T 2, — JE*U1)>
= 46, <Un — zn, J¥ v, — JE*zn> + <vn — zn, Kvy +up + Gn(JE*zn — JE*U1)>

= 0, <vn — 2z, JE v, — JE*zn> + (vp — 2n, Kvp + up — (K2 + yn))

> Ong(llvn — znll) + (v — 20, Ko — K2n) + (Un — 2n, Un — Yn)

> Ong(|lvn — 2nll) + m2llvn — 20l|” + (vn — 20, un — yn) (since K is (p, n2)-strongly monotone and by Lemm:
1

> ];Hnﬁbp(zna 'Un) + <Un — Zn, Un — yn> .

Therefore, the inequality (3.15) becomes
pr(zn, Un+1) < (1 - Anen)Qsp(Zna Un) — P <'Un — Zn, Un — yn> + pAn M2Q2. (3'17)

Observe that by Lemma 2.14, we have

(Z)p(yna un) < d)p(yn—ly un) —-D <yn — Un, JEyn—l - JEyn>
= d)p(yn—ly un) +p <Un — Yn, JEyn—l - JEyn>

< GpYn—1,un) + 1TYn-1 = JZynlllun — ynll, (3.18)
and similarly
¢p(2m Un) < ¢p(2’n—1, Un) - D <Zn — Un, JE*Zn—l - JE*Zn>
= Qsp(znfla Un) +p <Un — Zn, JE*anl - JE*Zn>
< ¢p(zn—1,vn) + HJE*zn_l — JE*anan — Zp||- (3.19)
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Let R > 0 such that ||u1]| < R,|lyn|| < R for all n € N. Since {0,},-, is a decreasing sequence, it is
known that 6,,_1 > 6,,. Therefore,

On—1— On _ On—1 —1>0.
Or, On
From Eq.(3.12), one can obtain that

971—1 - 971

1
']Eynfl - JEyn + 97 (Fynfl — Zn—1— (Fyn - Zn)) = ) (JEul - JEynfl) .

By taking the duality pairing of each side of this equation with respect to y,—1 — ¥, and by the strong
monotonicity of A, we have

0,1 —0
<<]Eyn—1 - JEynayn—l - yn> + (Zn — Zn—-1Yn—-1 — yn> < %”JEUJ - JEyn—lHHyn—l - ynHa
n
which gives,
0,,_
[ TE Y1 — JFy,|| < ( g L_ 1) | TE yp—1 — JFuy]|. (3.20)
n

Similarly, for R > 0 such that ||v1|| < R, ||zn]| < R for all n € N, we obtain from Eq.(3.13) that

Qn—l
On

1T 21— JF 2] < < — 1) |JE 21 — T vy (3.21)

Using (3.18) and (3.20), the inequality (3.16) becomes

anl
On

pr(yna unJrl) < (1 - )\n9n)¢p(yn717 un) +C < - 1> - p)\n <un —Yn,2Zn — 'Un> + p)\anQly (322)

for some constant C; > 0 and using (3.19) and (3.21), the inequality (3.17) becomes

0,
¢p(zn7vn+1) < (1 - )\nen)¢p(2n—l’vn) + Cs ( 9 L. 1) _p)‘n <Un — Zn, Un — yn> +p)‘nM2Q2a (323)

for some constant Cy > 0. Adding (3.22) and (3.23) gives

0, —
/\(wnaxn—&-l) < (1 - /\nen) A (wn—laxn) +C < 0 Lo 1) + pAnMQ,

where wy, := (yn, 2n) and C := C1 + Cy > 0. By Lemma 2.16, ¢(wp—1,2,) — 0 as n — oo and using Lemma
2.17, we have that z,, — wp,—1 — 0 as n — oo (See e.g, Chidume and Djitte [? ]|). Since w,, — 2* € N(A),
we obtain that z,, — z* as n — co. But x,, = (un,v,) and x* = (u*,v*), this implies that u,, — u* which is
the solution of the Hammerstein equation. O

Corollary 3.6. Let H be a Hilbert space, p > 1 and ni,m2 € (1,00). Suppose F': H — H is a continuous
(p, m )-strongly monotone mapping such that the range of (I+t1F) is all of H and K : H — H is a continuous
(p, m2)-strongly monotone mapping such that the range of (I +t2K) is all of H for some ti,ta > 0. Let {u,}
and {v,} be the sequences in H defined iteratively for arbitrary points ui, vy € H by

Up4+1 = Up — )\n(Fun - Un) - )\nan(un - ul)a nec N, (324)

Un4+1 = Up — )\n(KUn + un) - Anen(vn - Ul); n € N, (325)

where the real sequences {\,}oo; C (0,1) and {0,};°, in (0,3) are such that,
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(1) nh_)ngoen = 0;
(i1) > Anfn = 00; A = 0(6n);
n=1

(iii) Tim ((6n-1/62) = 1) /An = 0.

Suppose that 0 = u + K Fu has a solution in E. Then the sequence {u,} converges strongly to the solution
of u+ KFu=0.

Proof. Take F := H and X := H x H, the result follows from Theorem 3.5. This is true since uniformly
smooth and uniformly convex spaces are more general than the Hilbert spaces. O

4. Application

An illustration is given to show the application of our results in the physical system. The forced oscil-
lations of finite amplitude of a pendulum is shown as a specific example of nonlinear integral equations of
Hammerstein type. This is to convince our readers about the application of our results in solving real life
problems, arising in physical phenomena.

Example 4.1. Let us consider the forced oscillations of finite amplitude of a pendulum (see, e.g., Pascali
and Sburlan [? |, Chapter IV, p. 164). Consider an inhomogeneous differential equation given by

(4.1)

{U”(t) +a%sin v(t) = z(t), te][0,1],
v(0) =v(1) = 0.

The amplitude of oscillation v(¢) is a solution of the problem, where the driving force z(t) is periodic and
odd. The constant a # 0 depends on the length of the pendulum and on gravity.
We begin by computing the Green function for the 2nd order equation,

V" (t) =0, v(0)=wv(1)=0. (4.2)

Let £ denotes the differential operator and M, the manifold which denotes the differential equation together
with the associated boundary conditions. For z € [0, 1], we denote by x~, the values of ¢ € [0,z) and by z,
the values of ¢t € (z,1]. For t # z, the Green function is simply a homogeneous solution of the differential
equation. However at t = x we expect some singular behavior. The interested readers may read further
for the algorithm for constructing the Green function, G(t, z) for nth order equations (see, e.g., Aibinu and
Chidume [? ]). For n = 2, the algorithm for computing G(¢, ) is given as below:

(i) L(G(.,z))(t)=0for 0 <t <z and for z < t < 1;
(ii) G(.,x) is in M;
(iii) G(.,z) is a continuous function;

(iv) %ﬁ’m)/t:ﬁ - %ﬁ’”v)/t:f = 02—%@ (where co(x) is the coefficient of the second order term).

A pair of solutions to the homogeneous equation v” = 0 are 1 and ¢. Therefore, the general solution is
given by
v(t) = a1 + ast,

where a; and ay are constants. From condition (i), we seek the Green function in the form

A+Bt, 0<t<u,
G(t’gc)_{ C+Dt, z<t<l,
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where A,B,C and D are functions of the parameter x. Condition (ii) requires that G(.,z) be in M. Therefore,
we evaluate G(0,z) = 0 and G(1,z) = 0, which give,

A=0and C+D =0, (4.4)
By condition (iii), G(.,z) is a continuous function.
G(tvx”t—m:* = G(t7 x)‘t—m* = (C - A) + (D - B)CE =0.

Since A =0 (from (?7?)), we have,
C+ (D—-B)x=0. (4.5)

Condition (iv) requires that Git|;—,+ — Gt|j—z— = 1 (since cz(z) = 1). Thus,
D-B=1 (4.6)

Solving ((??), (??) and (??)) for the three unknowns, gives B=x —1, C = —x and D = x.
By substituting for the values of A, B,C and D in Eq.(4.3), we obtain

[ tx—-1), 0<t<uz,
way_{x@—ly z<t<l.

Equivalently, the Green function for the given boundary value problem is the triangular function given by

(4.7)

t(l—z), 0<t<ux,
—Glt7) :{ x((l—ti, x<t<l. (4.8)

Eq.(4.1) is equivalent to the nonlinear integral equation

1
v(t) = /0 G(t,z) [2(z) — a’sin v(z)] da. (4.9)

Take [ G t,x)z(x)dr = g(t) and v(t) + g(t) = u(t), then Eq.(??) can be written as the integral equation
0

u(t) + /0 G(t, ) f(z,u(x))dz =0, (4.10)

where f(z,u(x)) = a®sin [u(z) — g(z)]. Eq.(??) is a homogeneous integral equation of Hammerstein type.

5. Numerical Illustration

Numerical example is given to depict the convergence of the sequences {u,, } and {v,} which are defined in
the main theorem. Let E be a Hilbert space. Then the duality map becomes the identity map. Consequently,
the sequences (3.3) and (3.3) reduce to

Unt1 = Up — A (Fup — vy + 0p(up —u1)),n €N, (5.1)

Un+1 :Un_)\n (Kvn—l—un—l—Hn(vn—vl)),nEN, (52)
from arbitrary u; and vy in E.

In particular, let £ = R? with the usual norm, then E* = R2. Let F = (_79 295> , K = <g _52>

with @ = <21> and ¥ = <Zl> . Then Fu = (Tuy + 9uz, — 9uy + 25uz) nad Ko = (3v; — 2v2, 201 + Hva).
2 2

Therefore (Fii, @) > 7||a|/* and (Kv,5) > 3||8||*. Thus for p = 2, F is a (p,n;)-strongly monotone mapping
and K is a (p, n2)-strongly monotone mapping with 1, = 7 and ny = 3, respectively. Take {\,} = {%} and
{6,} = {n%rl} , numerical results are given for the solution of Hammerstein integral equation by Matlab

2015a while the tolerance 10~ is being used.
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Table 1: Numerical values of ||unt1 — uy|| for n'® iterations

|[tnt+1 — ua|
Iteration (u; = (1,1),v1 = (1,1)) (w1 = (1,1/2),v1 = (1/4,1)) (u1 = (4,-5),v1 = (-7,3))
(n) e+04 e+03 e+03
1 0.0017 0.0103 0.0610
2 0.0130 0.0848 0.3039
3 0.0610 0.4167 1.0488
4 0.1938 1.3594 2.6901
5 0.4470 3.1870 5.2733
6 0.7767 5.6002 8.0423
7 1.0380 7.5473 9.6402
8 1.0775 7.8854 9.1093
9 0.8695 6.3964 6.7588
10 0.5410 3.9983 3.8921
11 0.2549 1.8913 1.7018
12 0.0879 0.6546 0.5438
13 0.0208 0.1558 0.1185
14 0.0030 0.0224 0.0152
15 0.0002 0.0013 0.0007
16 0.0000 0.0000 0.0000
17 0.0000 0.0000 0.0000
18 0.0000 0.0000 0.0000
19 0.0000 0.0000 0.0000
20 0.0000 0.0000 0.0000
- Result for initial points u,=(1,1), v,=(1,1) . Result for initial points u,=(1,112), v =(1/4,1) o Result for initial points u,=(45), v,=(-7,3)
. 000 e
eration number (n) Iteration number (n) Heration number (n)

Figure 1: Numerical results
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6. Conclusion

The iterative algorithm for the solution of nonlinear integral equations of Hammerstein type with mono-
tone mappings has been considered. The strong convergence of the sequences of iteration to the solution
of nonlinear integral equations of Hammerstein type is obtained without the assumption of existence of a
real constant whose calculation is unclear. This shows the efficacy of the technique which has been used in
this study in getting rid of the assumption of existence of a real constant whose calculation is unclear and
how some results which were obtained in Hilbert space can be extended to a general Banach space (See e.g,
Chidume and Djitte [? ]). An illustration is given to convince our readers about the application of our re-
sults in solving some real life problems which is common in physical sciences. The forced oscillations of finite
amplitude of a pendulum was shown as a specific example of nonlinear integral equations of Hammerstein
type. The numerical example portrays the convergence of the sequences {u,} and {v,} .
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