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Abstract

In this paper, our aim is to obtain the integral representation for the solution of linear Riemann-Liouville
(R-L) reaction diffusion equation of order ¢, where 0 < ¢ < 1, in term of Green’s function. We have devel-
oped a generalized monotone method for non-linear weakly coupled system of R-L reaction diffusion equation
when the forcing term is the sum of increasing and decreasing functions. The generalized monotone method
yields monotone sequences which converges uniformly and monotonically to coupled minimal and maximal
solutions. Under uniqueness assumption, we prove the existence of a unique solution for the non-linear
system of R-L reaction diffusion equation.
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1. Introduction

Computation of explicit solution of non-linear dynamic equation is rarely possible. It is more so with
non-linear fractional dynamic equations with initial and boundary conditions. In general, the existence and
uniqueness of solution of the fractional dynamic equation has been established mostly, using some kind of
fixed point approach. See [2, 4, 5, 9, 11, 19, 20, 23] and the reference therein for the existence, uniqueness
and applications of fractional dynamic equations. The method of upper and lower solutions combined
with the monotone iterative technique not only guarantess the interval of existence but also the method is
both theoretical and computational. See [6, 7, 8, 24] for the monotonic method and generalized monotone
method for non-linear dynamic equations. In this case , we obtain a sequence of approximate solutions which
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are either monotonically increasing or monotonically decreasing if the approximation is the lower solution
or upper solution respectively. However, from practical application problems, the non-linear forcing term
will be a sum of increasing and decreasing function as in the population models and chemical combustion
models, see [16]. In order to handle such problems, a generalized monotone method has been developed in
[12, 13, 14, 15, 22].

In this work, we consider the non-linear system of R-L reaction diffusion equation where the forcing
function is the sum of increasing and decreasing functions. We develop a generalized monotone method
for the non-linear weakly coupled system of R-L reaction diffusion equation using coupled lower and upper
solutions. Initially, we have obtained a representation form for the solution of linear weakly coupled system
of R-L reaction diffusion equation using the eigen function expansion method and Green’s identity. We have
also developed the maximum principle and comparison results. These results are used to prove the sequences
developed in the generalized monotone method converge to the coupled minimal and maximal solutions of
the non-linear system of fractional diffusion equations. The convergence of the sequences is monotonic and
uniform in the weighted norm.

The rest of paper is arranged in the following way.

In section 2, definitions and basic results are discussed that plays vital role in the main results. In section
3, comparison results. These results are useful in main results proving that the sequences developed in the
generalized monotone method converge to coupled minimal and maximal solutions of the non-linear system
of fractional reactions diffusion equation. Finally under uniqueness assumption, we prove that there exists
a unique solution to the non-linear system of R-L reaction diffusion equation.

2. Preliminaries

In this section , we recall some known definitions and known results which are useful to develop our
main result. Here and throughout, the notation I'(¢) denotes the gamma function of order q.

Definition 2.1 The R-L fractional integral of u(t) of order q is defined by

t
D, Mu(t) = —/ (t —s)7 tu(s)ds (2.1)
0
where 0 < ¢ <1

Definition 2.2 The R-L (left-sided) fractional derivative of u(t) of order q when 0 < ¢ < 1, is defined
as

1 d

Diu(t) = (1 —gq)dt

/t(t — 5)4  u(s)ds,t > 0 (2.2)

Definition 2.3 The two parameter Mittag-liffler function is defined as

[e.e]

)\tq
T )\tq = 2.3
ot = 3~ S 23)

If r = ¢q, (2.3) reduces to

—  (a)k
Eqq(M\t?) = kzo % (2.4)

If r = 1, the mittag-leffer function is defined as

0 (At9)k
q 2.
1(At1) Zo T(gk + ) (25)
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Further, if g=r =1, F11 = e is the exponential function.

For more details, see [1, 17, 21] In our next definition we assume p =1—¢. When 0 < ¢ < 1, J = (0,7]
and Jo = [0,7].

Definition 2.4 A function ¢(t) € C(J,R) is a C, continuous function, if t!=9¢(t) € C(Jy,R). The set
of C), continuous functions is denoted by Cp,(J,R) Further, given a function ¢(t) € C,(J,R), we call the
function ¢'~9¢(t) the continuous extension of ¢(t).

Note that any continuous function in Jj is also a C), continuous function.

Consider the initial value problem for the linear R-L fractional differential equation of order ¢ as
D% = Mu+ f(t),D(q)u(t)t' ™ |—g = u°, (2.6)

where ) is a real number and f € C[Jy, R]. The integral representation of the solution of equation (2.6) is:

u(t) = utT B, (A7) + /0 (t — 8)T L E, o[\t — 5)7] f(s)ds. (2.7)

For details, see [3, 5, 17, 21]. The next result is a basic comparison result involving the ¢** order fractional
R-L derivative with respect to time.

Lemma 2.1 [6, 7]. Let m(z,t) € Cy[Jo,R] be such that for some t; € (0,7], m(z,t;) = 0, and
t'=9m(z,t) < 0 on [0,t1], then DIm(x,t1) > 0.

3. Auxiliary Results

In this section, we obtain a representation form for the solution of the system of linear R-L fractional
reaction diffusion equation with the fractional time derivative. We achieve this by using the eigenfunction
expansion method. Then we develop comparison results for the system of non-linear R-L fractional reaction
diffusion equation with initial and boundary conditions. The first comparison theorem is with respect to
the natural lower and upper solutions when the non-linear term is of the form Fj(x,t,u) where F;(z,t,u)
satisfies the one sided Lipschitz condition. The second comparison theorem is relative to coupled lower and
upper solutions. In this case, we assume the non-linear term as the sum of two functions f;(z,¢,u) and
gi(x,t,u), where f;(z,t,u) non-decreasing function in u, g;(x,t,u) is non-increasing function in u for (x,t)in
[0, L] x [0,T]. In order to present our result, consider the system of linear R-L fractional diffusion equation
with initial and boundary conditions of the form

Bqui ({9211,2‘

5 92 =Qi(z,t) on Q. (3.1)

ul(O, t) == Ai(t), uZ(L, t) == Bl(t) in FT.
()t ™ u;(z,t) im0 = f2(2) x €9
Where i =1,2, Q=1[0,L], J=(0,T], Qr =J xQ, k>0 and I'r = (0,7") x 0.

In order for the initial boundary value problem to be compatible, we assume that f’(0) = A4;(0) =
(L) = B;(0) =0, T(q)t' %u;(w,t) 1= = fP(z). Here and throughout this work,we assume the initial and
boundary condition satisfy the compatibility conditions. Using the method of eigenfunction expansion on
equation(3.1), we have the solution of the form:

wi(z,t) = bu(t)n(2), (3.2)

k=0
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where the eigenfunctions of the related homogeneous problem are known to be ¢,(x) = sin™7* and its

corresponding eigenvalues are A, = (%)2 Using the same approach as in [10, 18]. We can compute b, (t),
where b, (t) will be the solution of the ordinary linear R-L differential equation.

Using the standard arguments, one can compute b, (t) as follows.

b (t) = DOt B, o (—kXat?) + /O t(t — 8) 1 B, o (— kAt gn(s) + kQEL—:[Ai(s) — (=1)"By(s)]ds (3.3)
where .
= % /0 £ @) bn(y)dy (3.4)
L
= %/O Qi(y, t)dn(y)dy. (3.5)
Therefore,

2 L
ba(t) =7 /0 W) n(y)dyt? By o(—kAnt9)
t
+/O<t—s> By y(—kAnt?) 2 /Q@ . 5)bn(y)dyds

. k2n7r /t(t — 8) T By o(— kMt D) [Ai(s) — (—1)"By(s)]ds.
0

So, using by, (t) in (3.2), we can get the solution u;(x,t) of the form

[e.e]

. t q—1 2 q 0
wie.t)= [ 3= 7 Eaa Rt on()6n L0
I, o0
+ [ S £ Bt = 1) )1 s

[ [z}jf (t = )7 By(~FAn(t — 5))6n ()] Ai(s)ds

—k/ 2 (1~ )7 By (Rl — 5)7)6 () Bi(s)ds.

Finally, we can write

L t L
wi ) = / 191G, . ) £ (y)dy + /O /O Gyt — 5)Qily, s)dyds

0
t t
+ k/ Gy(z,0,t — s)A;(s)ds — k/ Gy(z,L,t — s)B;(s)ds,
0 0

where
ny, ZL qq k)‘t)(bn( )¢n()

This result is useful in our main result for computing the linear approximations of the generalized
monotone iterates. Here, we can find the steady state condition with homogeneous boundary conditions in
which the source term Q;(z,t) = Q;(x) is independent of time:

82

b + Qi) =
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Now the form %qui = g(x), in which g(z) = fQé(r)_
Therefore,
L I '
ui(z,t) = / )t G (w, t;y, 0)dy +/ —kg(y)[/ G(x,t;y, s)ds|dy, (3.6)
0 0 0
where

G 9,5) = 197 7 By~ kAt () ()
k=1

As t — oo, G(z,t;y,0) — 0 such that the effect of the initial condition 1~ %u;(z,t)|1=o = f?(z) vanishes

as t — oo. But, as t97'G(x,t;y,58) — 0 as t — oo, the steady source is still important as ¢ — oo since
t 1—Eqq(—kAnt?

Jo Eaa(—kXn(t — s)0)ds = % Thus, as t — oo,

L
wi(t) = ui(z) = /0 9(4)G(z, y)dy,
where

Gl y) == 2 6ul@)6nly).
k=1

Hence, we obtained the steady-state temperature distribution u;(z) by taking the limit as ¢ — oo of the
time-dependent problem with a steady source Q(z) = —kg(x).
We recall lemmas regarding the Mittage-Leffler function series from.

Lemma 3.1[4] Let E,(—At?) be the Mittage-Leffler function of order g, where 0 < ¢ < 1. Then,

% < 17 where )‘17)\2 >0 such that )\1 = )\2 =+ k for k > 0.

Lemma 3.2[4] Let E,,(—At?) be the Mittage-Leffler function of order g, where 0 < ¢ < 1. Then,

% < 17 where )‘1,)\2 > 0 such that )\1 = )\2 + k for k > 0.

Now, we show the convergence of the above solution using Lemma 3.1 and Lemma 3.2 above. We can
split the solution of (3.1)as u}(x,t), u?(z,t) and u}(z,t) respectively as follows:
(a) ul(x,t) is the solution of (3.1), when Q;(z,t) = 0, A;(t) = 0 = By(t),
(b) u?(x,t) is the solution of (3.1), when A;(t) = 0 = B;(t), 0 =0,
(c) u3(z,t) is the solution of (3.1), when Q;(z,t) =0, f) = 0.

Theorem 3.1[4] u}(x,t), u?(z,t) and u?(z,t) converge when |f = 0| < Ny, |Q;(z,t)| < Na, Ny, Ny > 0;
|Ai(t)| < My and |B;(t)| < Ma, My, My > 0 respectively.

Now, we consider the weekly coupled system of non-linear R-L fractional reaction diffusion equations of
the type:

a;;i - i% = filz,t,wi) + gi(z, twi),  (2,1) € Qr, (3.7)
C(g)t'ui(z,t)|=0 = f(z), z€Q,
u;(0,t) = A;(t),u;(L,t) = Bi(t) on TI'p,
Q=1[0,L],J = (0,T],Qr = J x Q,k > 0,
Ir=(0,T)x0Q i=12
firgi € C*Q x J x R,R].

In this work, we study the classical solution of (3.7)  w;(z,t) € Co% on Qr, and  u;(x,t) € Cp on Q7. To
develop the generalized monotone method for (3.7), non-linear coupled system of R-L we need to define.
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Definition 3.1 If the functions  v;(x,t), w;(z,t) € C*9[Q7,R] are called the natural lower and upper
solutions of (3.7) if

IMvi(x,t) ka%i(aﬁ,t)
ot4 Ox?

L(q)(t = to)' " Ti(, t)]i=0 < f(z), w€Q

UZ'(.%',O) S Ai(t),?}i(L,t) S Bz(t) m FT

< fi(x’tavi(x’t)) + gi(CC,t,Ui(CC,t)), on QT (38)

and
0%w;(x,t) 0?w;(x,t)
— > . . . . A
B k BT 2 filz tywi(z,t) + gi(z, t,wi(x,t), on Qr (3.9)

L(g)(t — to)'~Twi(x, t)]i=0 > f(x), = €9
wi(m,O) Z Ai(t),wi(L,t) Z Bz(t) mn PT.

Definition 3.2 If the functions  v;(z,t), w;(x,t) € C*9Q7,R] are called coupled lower and upper
solutions of type I if

0%v;(x,t) 0?v;(w,t)
o k 92 < filz, t,vi(z,t)) + gi(z, t,wi(z, 1)), on Qr (3.10)
L(a)(t = to) iz, t)]1=0 < f(2), x€Q
vi(m, 0) < Ai(t),?}i(L,t) < Bz(t) mn FT,
0%w;(z,t) 0?w;(z,t)
T k 92 > filx, t,wi(z,t)) + gi(z, t,v(x,t)), on Qr (3.11)

L(q)(t — to)'Twi(x, t)]i=0 > f{(x), = €9
wi(m,O) Z Ai(t),wi(L,t) Z Bz(t) mn PT.

The next result is a comparison result relative to lower and upper solutions of (3.7) of natural type. For
that purpose, we write Fy(x,t,u;) = fi(x,t,u;) + gi(z, t,u;).

Theorem 3.2 Assume that
(i) vi(z,t),w;(z,t) € C?>[Qr,R] are natural lower and upper solutions of (3.7), respectively and I'(q)t'~9v;(, t)|¢—0 -
T(q)t'~9w;(z,t) |1=0, vi(0,1) < w;(0,t), v;(L,t) < w;(L,t).
(ii) Fi(x, t,u;) satisfies the one sided Lipschitz condition

Fi(z,t,ul) — Fy(z,t,u?) < L(u} —u?),

s vy B s Uy B 7

whenever u} > u? and L > 0. Then v;(z,t) < w;(x,t) on J x Q.

Proof. Initially, we prove the theorem when one of the inequalities in (i) is strict. For that purpose, let
mi(z,t) = vi(x,t) —w;(x,t). We claim that m;(z,t) <0, (z,t) € Q x J. Suppose that the conclusion is
not true, then there exists a ¢; € J and  x; € Q such that t9~'m;(zy,¢1) < 0 on [0,¢1), m;(z1,t1) = 0.

. 8mi($1,t1) o 82mi(1‘1,t1)
It easy to check =3 = 0 and —5; 7 < 0.
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99m; (z,t)
ot

Then, using Lemma 2.1 we get
From the hypothesis, we also have

>0

aqmi(azl, tl)

otd
_ Oi(w, ) Qwi(a, )
o o7
82 i t 82 ; ¢
< k% —{—E(ffl,tl,vi(ﬂ?l,tl)) — k% _ E(xlatlywi(xl,tl))

< Fi(xy,t1,vi(z1,t1)) — Fi(x, t1,wi(z1,t1)) =0

which is a contradiction. Therefore, v;(z,t) < w;(x,t) on Qp.
In order to prove the theorem for the non strict inequalities, let

Wi (2, 1) = wi(x,t) + et? LB,  [2Lt7),
Ti(z,t) = vi(w,t) — et? 1B, ,[2Lt1].

From this it follows

w;(0,t) > i(0,1),

w;(L,t) > (L, 1),

T(q)t ~9w;(z,t) |i=0 > (@)t Tw;(z,t)|s=0 > T(q)t' ;i (2, t)|s=0 > T'(q)t' ~%;(x,t)|4=0. Then,

owr(e.t) P, )
ot4 0z2

2
_ 8wé(tf’t) i Zgg’t) + %etqlE%qDLtq]
> Fy(x,t,wi(z,t) + et? '2LE, ,[2Lt7)
= Fi(z,t,w;(w,t)) + 2Let?" ' E, ,[2Lt9] — Fy(w, t, Wi (z,t)) + Fy(x, t,w;(z,t))
> —L(w; — w;) + Fi(x, t,wi(x,t)) + 2Lt E, ,[2L19)
= —Let" ' E, ,[2LtY + Fy(z, t,w;(x,t)) + 2Lt B, ,[2Lt)
= Fi(z,t,w;(w,t)) + e[t E, ,[2Lt7]
> Fi(z,t,wi(z,t)) on Qp.

Similarly,

ori(e.t) Ol
ot4 0z2

> Fi(x,t,v(x,t)) on Qr

By the strict inequality result, v; < w; on Q7. Letting € — 0 we have v; < w; on Q7.
The next result is related to coupled lower and upper solutions of type I related to (3.7).
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Theorem 3.3 Assume that
() wvi(x,t),wi(z,t) € C*9[Qr,R] are coupled lower and upper solutions of type I of (3.7)respectively.
(ii)Assume Fj(z,t,u;) = fi(x,t,u;) + gi(z,t,u;), where f; is a nondecreasing function and g; is a nonincreas-
ing function respectively for  (z,t) € Q7 in u
(iii)Let fi(z,t,u;) and g;(z,t,u;) satisfy the one sided Lipschitz condition

fi(x’t’uil) - fi(x’t’uz?) < L(uzl - uzQ)’
gi(x’t’uil) - gi(x’t’uzz) > _M(uzl - u?)’

whenever u! > u? and L, M > 0. Then v;(z,t) < w;(z,t) on J x Q.

Proof. Initially, we prove the theorem when one of the inequalities in (i) is strict. For that purpose,let
m;(x,t) = vi(x,t) — wi(z,t). It is easy to see that m;(z,0) < 0 on Q. Also, m;(0,t) < 0 and m;(L,t) <
0, t € J. Suppose that the conclusion is not true, then there exists a ¢; € J and 1 € €) such that

20
t4=tmy(21,t1) < 0 on [0,¢1), mi(x1,t1) = 0. This implies v;(x1,t1) = w;(z1,t1) and % < 0. Where
t1 >0and =z € (0,L). Using lemma 2.1 we get W > 0.
1

From the hypothesis, we also have

qui(xl, tl)

ot]

_ aqvi('rlatl) o 8qwi($1’t1)

- o o1
0?v;(x1,t

< k% + filz1, ty,vi(z1, t1)) + gi(x, tr, wi(z1, 1))
0%w;(z1,t

_ k% — filzy, tr,wi(xy, 1)) — gi(x1, tr, vi (21, t1))

<0

which leads to a contradiction. Therefore,v;(x,t) < w;(z,t) on Qr.
In order to prove the theorem for the non strict inequalities, let

Wi (2, 1) = wi(w,t) + e(t — o) By q[2(L + M)(t — to)7],
Ui(z,t) = vi(z,t) — e(t — to)qflEq,q[2(L + M)(t — to)1].

One can show 7;(z, t) and w;(z,t) satisfy the hypothesis with strict inequalities. Using the strict inequality
result, v; < w; on Q7. Letting e — 0 we have v; < w; on Q7.

The next result is the maximum principle for the R-L parabolic equation in one dimensional space which
will be useful in proving the uniqueness of the solution.

Corollary 3.1 Let

09m;(x,t) k(?Qvi(:v,t)
otd ox?
m;(0,t) <0,m;(L,t) <0 on I'r,

L(g)t' ™ 9m;(z,t)1=0 <0 on Q.

<0 on QT’
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Then m;(x,t) <0 on Qr.

Proof. Suppose m;(z,t) has positive maximum at (z1,¢1). Let m;(z1,t1) = K. Let m;(x,t) = m;(x, t)—
K. Then t91m;(z,t) < 0 on (0,t;] and ;(z1,t1) = 0. Using lemma (2.1) we get M > 0. Also
1

2 ml(ml ,tl)
Ox2

< 0. Combining these two, we get Qmilrh) g 0 Ug(:f;’tl) > 0.

otd
Also, we have

0% (x,t) 0*mi(x,t)  09my(z,t) 0?my(x,t) ti=t 99my(x,t) 0?my(x,t)
- K = - K - K — . A2
s 922 s 922 fq S o o 0 G2

which gives a contradiction. Hence, m(x,t) < 0.

The solution of the linear problem is unique which follows from this maximum principle. This maximum
principle is used to show the uniqueness of iterates and monotonicity of this iterates.

4. Main Result

In this section, we develop a generalized monotone method for the nonlinear system of R-L fractional
reaction diffusion equation (3.7) using coupled lower and upper solutions of type I. The generalized monotone
method yields monotone sequences which converge uniformly and monotonically to coupled minimal and
maximal solutions of (3.7). Further using uniqueness condition, we prove the uniqueness of the solution of
(3.7).

Theorem 4.1 (i) Let (v),w?) be the coupled lower and upper solutions of (3.7) such that ¢! =9y < 1793

on QT-
(ii) Suppose that f;(x,t, u;) is nondecreasing and g¢;(z, ¢, u;) is nonincreasing in (u;), i = 1,2 on Qp, respec-
tively. Then there exist monotone sequences {¢t'~%!"(z,¢)} and {t'~%w?(z,t)} such that t'~%?(z,t) —
t1=9p;(x,t) = (v1,v9) and 179wl (2, t) — t179v;(z,t) = (w1, w2) uniformly and monotonically on Qr, where
pi(x,t) and ~;(z,t) are coupled minimal and maximal solutions of (3.7) respectively.

Proof. We construct the sequences {v]'(z,t)} and {w(x,t)} as follows:

0 (x,t) k82 vl (x,t)

54 52 = fi(x,t, v ( )+ gi(z, t,wi (z,t), on Qr (4.1)

L(q)(t)' "} (z,t)]=0 = f°(z), 2 €Q
v (z,0) = A(t),v}'(L,t) = B(t) in Ty,
and
Mt (x, t) ka%gl(x,t)
ot a2
L(q)(t) 9w}z, t)]i=0 = f°(z), 2 €Q

wi(z,0) = A(t),wl(L,t) = B(t) in I,

= fi(x,t,w;hl(x,t)) + gi(z, t, 0] (z,t)), on Qr (4.2)

It is easy to observe that vil (x,t) and wl-l (x,t) exist and unique by the representation form of linear equa-
tion and Corollary 3.1. By induction and the assumptions on f; and g;, we can prove that the solution
v(x,t) and w?(x,t) exist and unique by Corollary 3.1, for any n. Let us prove first v{(z,t) < v}(x,t) and
w}(x,t) < wd(z,t) on Qr. Let pi(z,t) = v?(x,t) — v}(z,t). Then
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Opi(w,t)  Ppi(x,t)
ota Ox?

O (w,t) ka%g(m,t) [aqvil(x,t) k@%}(m,t)]
B R R
§fl(x,t,vl)—|—gz(xtw ) — [fl(x,t,vl)—l—gz(:vtw ) =0

pi(0,t) = 0,p;(L,t) = 0 on Qr and I'(¢)t? ! p;(x,t)[—o = 0 on I'p. Therefore, by Corollary 3.1, it follows
that p;(z,t) <0 on Qr and t'=%)(z,t) < t1=%}(x,t) on Qr.

Assume that v¥ ! (z,t) < vF(2,t). Now we show vF(z,t) < vftH(z,t). Let pi(z,t) = vF(z,t) — F T (x,t).
Then

p(et) _ Ppua.)
ota 0z

_ i) Potlat) o at) T (@),
ot1 2 otd D2
< fl(x t,v; )—ng(x,t,w ) [fz(CC t vk+1) +gl($,t,wk+1)] 0

pi(0,t) = 0,p;(L,t) = 0 on Qr and I'(¢)t? ! p;(x,t)[—o = 0 on I'p. Therefore, by Corollary 3.1, it follows
that p;(z,t) <0 on Q7 and t'~%F(z,t) < 1% (z,t) on Qr.
Hence by mathematical induction, we have

1790 (2, 1) < 17k (@, ).t T I0F (2, ) < T (@) T (2, ) < T (1) (4.3)

We show that w}(x,t) < w(z,t) on Qr.
Let pi(z,t) = w; ( ) — ( t). Then

aqu(,fﬂ, t) o kGQpZ(x? t)
ota 0z

B (9qwi1 (x,t) k(?le-l(x,t) [aqw?(x,t) k@%}?(:ﬂ,t)]
T oot or2 b ot 02

< fl(az,t,w )+gz(:c,t,vi) [fi(w,t,w; )"’92(5'3’75’”?] =0

pi(0,t) = 0,p;(L,t) = 0 on Qr and I'(q)t4 ' p;(x,t)[t=o = 0 on I'y. Therefore, by Corollary 3.1, it follows
that p;(z,t) <0 on Qr and t'~9w)(z,t) < t!~%w}(z,t) on Qr.

Assume that w(z,t) < wf~*(x,t). To show that wf™ (z,t) < wh(,t).

Let pi(z,t) = wk+1(x,t) — wk(2,t). Then

p(et) _ Ppua.)
ota 0z?

_ Ot (1) ka%f“(x,t) B [aqwf(x,t) B ka%f(x,t)]
ot4 0z2 otd 0z2
< fi(xat’wf+l) + gl(x’t’vszrl) [fl(x,t,w ) + 91(55’75,”5)] =0
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pi(0,t) = 0,p;(L,t) = 0 on Qr and I'(¢)t9 ! p;(x,t)[—o = 0 on I'r. Therefore, by Corollary 3.1, it follows
that p;(z,t) <0 on Q7 and t'~ % (2, 1) < 179k (z,t) on Qr.
Hence by mathematical induction, we have

0l (1) < 0w N ) T (2, 1) < Tk (2, t). ) (2, 1) < W00 () (4.4)

Then, we prove that v} (z,t) < w}(x,t). Let pi(x,t) = v}(z,t) — w}(x,t). Then from hypothesis, we get

ot 0z?

0p;(x,t) k62pi(x,t)

O} (1) B k@%}(x,t) B [8qwl-1(x,t) B k32wi1(x,t)]
N ot4 0z? otd 0z2
S fl-(x,t,v?(:c,t)) + gi(x’t’w?(x’t)) - [fi(x,t,v?(:c,t)) + gi(xat’w?(x’t))] =0

pi(x,t) = 0,p;i(L,t) = 0 on Q7 and I'(¢)t9 'p;(x,t)|t=0 = 0 on I'y. Therefore, by Corollary 3.1, it follows
that p;(x,t) <0 on Qr and t'= %} (x,t) < 179wl (z,t) on Qr. Hence,
=00 (2,t) < 10l (z,t) < 7%} (2,t) < 19w (z,t) on Q7.
By mathematical induction and equations (4.3), (4.4) we have
=9 (2, t) < o<t (a,t) < 9wl (x,t) < . < 9w (2, ) on Qr for all n.
Furthermore, if 1799 (z,t) < t!79u;(z,t) < t17%0(x,t) on Qr, then for any w;(z,t) of (3.7), we establish
the following inequality by the method of induction.
70 (1) < < T (a,t) < (s, t) < T (x,t) < L < %) (2, 1) (4.5)
on Qp for all n.
It is certainly true for n = 0, by hypothesis. Assume the inequality (4.3) to be true for n = k, that is
0 (@, 1) < . < R (@ t) < (e, t) < 9wk (xt) < < 0 (x, t) (4.6)
on Qp for all n.
Letp;(x,t) = v" (2, t) — u}(z,t). Then from hypothesis, we get

i

aqu(x7 t) _ ka2pl(x7 t)
ota 0z

I (2, t) ot (2,t)

B 0%u;(x,t) 0?u;(x,t)
~ e Tam o g
S fz('rat,vf(xat)) + gZ(CC,t,ZUZk(IE,t)) - [fz(:n,t,uz(m,t)) + gz(iﬁ,t,ul(ﬂ?,t))] S 05

pi(x,t) = 0,p;(L,t) = 0 on Q and T'(q)t? 1 p;(z,t)|=0 = 0 on I'z. Therefore, by Corollary 3.1, it follows
that p;(z,t) < 0 on Q. Therefore t'=90 (2, t) < t'=%u;(x,t) on Q. Similarly, we can show that
1=, (z,t) < tl_qwfﬂ(x,t) on Q7.

Let pi(z,t) = u}(z,t) — wh(2,t). Then from hypothesis, we get

({“)qu(x,t) ka2pl(x7t)

ot 0z?

(i) k82ui(m,t) B [aqwfﬂ(x,t) B kOwaH(x,t)]
o 0z ot4 0z

< fi(x’t’ui(x’t)) + gi(x’t’ui(x’t)) - [fi(x’t’wf(x’t)) +gi(x,t,vf(:c,t))] < 0’




J.A Nanware, P.D.Kundgar, Commun. Nonlinear Anal. 1 (2023), 1-13 12

pi(x,t) = 0,p;(L,t) = 0 on Q and ['(q)t? 1 p;(x,t)|4=0 = 0 on I'p. Therefore, by Corollary 3.1, it follows that
pi(x,t) <0 on Qp. Therefore t'~%u;(x,t) < '~ % (z,t) on Qr.

Hence we constructed the monotone sequence {v}*(z,t)}, {w!'(x,t)} of lower and upper solutions of inte-
gral representation of linear problem and an appropriate computation process, we show that the sequences
{tq 1 ol (x,t } and {tq L ™z, t)} are uniformly bounded and equicontinuous. Using the Ascoli-Arzela
theorem we obtain subsequences of {tqflvi" (, t)} and {tqflw?(x, t)} which converge uniformly and mono-
tonically on Qp. Since the sequences {tq_lv;‘(x,t)} and {tq_lw?(:ﬂ,t)} are monotone, the entire sequence
{t17 (2, 1)} and {t9 w}(z,t)} converges to t'~9p;(x,t) and t'~9p;(z,t) respectively. From this it follows
that

700 (2, ) <tk (1) < L <t (a,t) < L <t 9pi(x,t) < (s, t)
<ty t) < <t (2,t) < < T (@, t) on Q.
Consequently, p;(z,t) and v;(z,t) are coupled minimal and maximal solutions of (3.7) since

00 (@, ) <t 9pi(x,t) < T u(x,t) < 0y, t) < T (x,t) on Qr.

Since fi(x,t,u;) and g;(x,t,u;) satisfy the one sided Lipschitz condition, we prove the uniqueness of the
solution of (3.7). The next result is precisely this.

Theorem 4.2 Let all the assumptions of theorem 4.1 hold. Further, let f(x,t,u;) and g(x,t, u;)satisfy
the one sided Lipschitz condition of the form

f(x’t’uil) - f(x,t,u?) < Ll(u

g(x’t?uzl) - g(x,tau?) > _LQ(u

whenever u} > u? and Ly, Ly > 0. Then the solution u;(z,t) of (3.7) exists and is unique.

Proof. We have already proved (p;,7;) are coupled minimal and maximal solutions of (3.7) on Q7.
Hence it is enough to show that ~;(z,t) < p;(x,t) on Qrp.
It is known from theorem(4.1) that v;(x,t) < p;(z,t) on Q.
Let p(z,t) = vi(x,t) — pi(x,t). By the hypothesis, we get

Otp(a,t) , 9pla,t)
ot4 0z2

_ aqryi(x’t) B kaQ’yi(Cﬂ,t) - [aqpi(x’t) B kani(CC,t)]
ota Ox? ota Ox?
< f(:c,t,%-(x,t)) + g(x’tapi(x’t)) - [f(:v,t,pl-(:c,t)) + g(x,ta%(x’t))]
< 'Ly lyi — pil + £ sy — pil
< (L1 + La)lp,

p(L,t) =0 on Q and T'(q)t9 'p(x,t)|;=0 = 0 on I'r. Therefore, by Corollary 3.1, it follows that
This proves that v;(x,t) = pi(z,t) = u(x,t) on Qp and proof is complete.

=0,
p( z, )SO

5. Conclusion

In this work, initially we have obtained the maximal principle and comparison theorem relative to the
non-linear weakly coupled system of R-L fractional reaction diffusion equation of (3.7) on Q7. Using the
comparison result as a tool, we have to developed a generalized monotone method for the R-L fractional
reaction diffusion equation of (3.7). The generalized monotone method yields monotone sequence which
converge uniformly and monotonically to coupled minimal and maximal solutions of (3.7). Under the
uniqueness assumption, we have proved that the unique solution of u;(z,t) of (3.7) exist and unique.



J.A Nanware, P.D.Kundgar, Commun. Nonlinear Anal. 1 (2023), 1-13 13

References
[1] A.A.Kilbas, F.Mainardi and S.V.Rogosin, Mittaf-Leffer Functions, Related Topic and Applications, Springer
Monographs in Mathematics, (2014).
[2] A.A.Kilbas and S. A. Marzan, Cauchy problem for differential equation with Caputo derivative, Fract. Calc. Appl.
Anal., 7, (3)(2004)297-321. 2
[3] A.A.Kilbas, H.M.Srivastava and J.J.Trujillo, Theory and Applications of Fractional Differential Equations, Am-
sterdam, Elsevier, (2006). 1
2
[4] Chhetri P.G. and Vatsala A.S., The Convergence of the Solutions of Caputo fractional Reaction Diffusion Equa-
tions with Numerical Ezamples, Neural, Parallel and scientific computations, 25 (2017), 295-306.
[5] Chhetri P.G. and Vatsala A.S., Generalized Monotone Method for Riemann- Liouville Fractional Reaction Dif-
fusion Equation with Applications, Nonlinear Dynamics and System theory, 18, (3)(2018), 259-272. 1, 3
[6] Denton Z. and Vatsala A.S., Monotone Iterative Technique For Finite System of Non- linear Riemann- Liouville
Fractional Differential Equations, Opuscula Mathematica, 31,(3)(2011) 327-339. 1, 2
[7] Denton Z. Ng P.W.and Vatsala A.S., Quasilinearization Method Via Lower and Upper Solutions for Riemann-
Liouville Fractional Differential Equations, Nonlinear Dynamics and System Theory,11(3)(2011), 239-251.
[8] Donna Stutson and Vatsala,A.S., A representations solution is obtained for the one dimentional Caputo fractional
reaction diffusion equation, Dynamic system and applictions, 6 (2012). 1, 2
[9] D.B. Dhaigude, J.A.Nanware and V.R.Nikam., Monotone Technique for Weakly Coupled System of Caputo
Fractional Differential Equations with Periodic Boundary Conditions, Dyn.Contin.Discrete Impuls. Syst.Ser.A
Math.Anal.,19,(2012) 575 - 584. 1, 2
1
[10] J.A.Nanware and D.B. Dhaigude., Monotone Technique for Finite Weakly Coupled System of Caputo Fractional
Differential Equations with Periodic Boundary Conditions, Dyn.Contin.Discrete Impuls.Syst. Ser.A Math.Anal.,
22(1)(2015), 13-23.
[11] J.A.Nanware and D.B. Dhaigude., FEmistence of Uniqueness of Solutions of Riemann- Liouville Fractional Dif-
ferential Equations with Integral Bounadry Conditions,International Journal of Nonlinear Science., 14(4)(2012),
410 - 415. 1
[12] J.A.Nanware and D.B. Dhaigude, System of initial value problems involving Riemann-Liouville sequential frac-
tional derivative, Communications in Applied Analysis, 22(3)(2018), 353-368. 3
[13] J.A.Nanware,N.B.Jadhav and D.B. Dhaigude, Monotone iterative technique for finite system of Riemann-Liouville
fractional differential equations with integral boundary conditions, Proc.Internal.Conf.on Mathematical Sciences,
2014, 235- 238. 1
[14] J.A.Nanware,N.B.Jadhav and D.B. Dhaigude, Initial value problems for fractional differential equations involving
Riemann-Liouville derivative, Malaya J. Mat.,5(2)(2017) 337-345. 1
1
[15] J.A.Nanware,N.B. Jadhav and D.B.Dhaigude, Ezistence and uniqueness of solutions of nonlinear implicit frac-
tional differential equations, DDyn,Contin.Discrete Impuls.Syst.Ser.A: Math.Anal., 27(2020), 275-282. 1
1
[16] Pao, C.V., Non-linear Parabolic and Elliptic Equations, Springer Science + Business Media, LLC 1992.
[17] Podlubny,l., Fractional Differential Equations.Academics Press,San Diego, 198, 1999. 1
2,2
[18] Ramirez J.D. and Vatsala A.S.,Generalized Monotone Iterative Technique for Caputo Fractional Differential Equa-
tions with Periodic Boundary Conditions via Initial Value Problem,International Journal of Differential Equations,
17(2012), 842-843.
[19] R.Hilfer.,Applications of Fractional Calculus in Physics, World Scientific, Singapore 2000. 3
1
[20] Sowmya M. and Vatsala A.S.,Generalized Monotone Method for Caputo Fractional Differential Equations via
Coupled Lower and Upper Solutions with Superlinear Convergence, Nonlinear Dynamics and System theory,
15,(2)(2015), 198-208.
[21] V.Lakshmikantham S.Leela and D.J.Vasundhara Devi, Theory of Fractional Dynamic Systems,Cambridge Scien-
tific Publishers, 2009. 1
[22] V.Lakshmikantham and A.S.Vatsala,General Monotone Method For fractional Reaction Diffusion Equations,
Communications in Applied Analysis,69 16(2012), 165-174. 2, 2
[23] V.Lakshmikantham, Theory of fractional functional differential equations, Nonlinear Anal. (2008). 1
[24] Vatsala A.S. and Donna Stutson.,Generalized Monotone Method For Fractional Reaction Diffusion Equation,

Communications in Applied Analysis, 16, (2)(2012), 165-174 1



	1 Introduction
	2 Preliminaries
	3 Auxiliary Results
	4 Main Result
	5 Conclusion

