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1. Introduction
In 1938, A. M. Ostrowski proved the following integral inequality

Theorem 1.1. [29] Let f : I CR — R be a differentiable mapping on I° (interior of I), and let a,b € I°with
a<b. If|f'| <M forall x € (a,b), then

b
f@)~ s [t < 20— a)

1 (“?;_?’)2] . Voelab. (1.1)

Inequality (1.1) has attracted a lot of interest from researchers due to its variety of applications in
numerical analysis, probability theory and other fields. Many variants, improvements, extensions and gen-
eralizations of inequality (1.1) have been discovered, for more details, we refer readers to [5, 6, 7, 8, 9, 10,
11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 28, 31, 32, 33, 34] and to the references therein.
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In Alomari et al. [1] the authors gave the following Ostrowski inequalities for s-convex functions

< g [imhsent]

and

o=t 100 < o (1) [==2=).

In [2] Alomari and Darus established the following Ostrowski inequalities for quasi-convex functions
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Iscan [4] investigate the following Ostrowski for preinvex functions
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Meftah [16] gave the following Ostrowski type inequality for functions whose nt"

order derivative are log-
convex

b

k=n 2 (C1)F (2 — )t
/ ];:: [ (k<+ 1))! ] F® (2)

a




B. meftah, S. Bouchehed and H. Djebabla, Commun. Nonlinear Anal. 2 (2020), 56-74 58

bx)"Jr (n ifld=71=1
(n+1)‘ ’f ‘+ (n+1)! ‘f ’1 ’
xan+1 x+ nrt
el 2| 7 ()| =) |Zl> ifA=1%#7
<\ S \f(”) )|+ = |10 \Az“ SR
e |35 ™ o
1f)\7é1and7751,
£ ()| ™)

where \ =

@) and 7 = @] Motivated by the above results, in this paper by using a new identity

we establish some new Ostrowski type inequalities for functions whose modulus of the first derivatives are
log-preinvex via k-Reimann-Liouville fractional integrals.

2. Preliminaries
In this section, we recall some definitions and lemmas
Definition 2.1. [30] A function f: I — R is said to be convex on I where [ is an interval of R, if
flz+(1-t)y) <tf(z)+(1-1)f(y)
holds for all z,y € I and all ¢ € [0, 1].
Definition 2.2. [30] A function f : I C (0,400) — R is said to be log-convex on I, if
flte+(1=1)y) < (f@) (fl)'™
holds for all z,y € I and all ¢ € [0, 1].
Definition 2.3. [36] A set K C R™ is said to be invex with respect to the map n: K x K — R", if
x+1tn(y,z) € K
holds for all z,y € K and ¢ € [0, 1].
Definition 2.4. [36] A function f: K C (0,4+00) — R is said to be preinvex with respect to 7, if
flz+itn(y,z) <1 =1)f(x)+tf(y)
holds for all z,y € K and ¢ € [0,1].
Definition 2.5. [27] A function f: K — R is said to be log-preinvex with respect to n, if
f @+t (y.2) < (f @) (F)
holds for all z,y € K and ¢t € [0, 1].

Definition 2.6. [25] The Riemann-Liouville integrals J&, f and J;* f of order a > 0 with a > 0 are defined
by

x

/(a: —0)* fydt, z>a

a
b

/(t—x)alf(t)dt, b>x

T

Jh f(x) :11(1(%)

T 1) =5

respectively, for f € Li[a,b] where () = [ et~ 1dt, is the Gamma function, and J, f(z) = J) f(z) =
0
f().
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Diaz et al. [3] introduced the generalized k-gamma function as
Definition 2.7. [3] If k£ > 0, then k-gamma function I'y is defined as

1 il
s (@) = lim k" (nk)*

n—oo (a)n,k 7

where (a)mk, is the Pochhammer k-symbol defined by
(@), =z(x +k)(x+2k)...(z + (n — 1) k)
, with n > 1.

Definition 2.8. [3] If Re («) > 0, then the integral form of k-gamma is given by
o0
tk
'y (o) = /to‘_le_kdt,
0
with the property that
Iy (a+k)=aly (a).

Definition 2.9. [26] Let f € L[a,b]. Then k-fractional integrals I;ﬁk f and Ig‘,’k f of order a,k > 0 with
a > 0 are defined as

15 f (2) = —2 /(:c—t)%—lf(t)dt, r>a

and

k
L f (x

Lemma 2.10. [35] Fora >0 and k>0, 2> 0:

1 o
:/ )2l ktar = Z(‘n(’;i))_l < o0, (2.1)
0 =1 '
(o, k, 2) togtat = zo‘kzz% < 00, (2.2)
0 =1 '
i—1
where (o), = i (a+ 7).

3. Main results

Lemma 3.1. Let f : [a,a + n(b,a)] — R be a differentiable function with a < a + n(b,a). If f' € L
([a,a + n(b,a)]), then the following equality for fractional integrals

<(Jib,s>)z * (H)) fla) = phet (12 (@) + 3 (a4 (0,0))

(n(b,a)) k

750 1
=n(b,a) /tzf'a—i—tnba /1—tz (a+1tn(b,a))dt (3.1)
0

holds for all x € [a,a + n(b, a)].



B. meftah, S. Bouchehed and H. Djebabla, Commun. Nonlinear Anal. 2 (2020), 56-74 60

Proof. Integrating by parts right hand side of (3.1), we get

n(b,a) 1
n (b, a) tr f'(a+tn(bya))dt — / (1—t)% f'(a+ tn(b,a))dt
0 n(ena)
. (60
— (#72) " r) - ¢ / 151 f(a + tn (b, a))dt
0

ngib_,g)
r—a % T—a %
= <(n(b,a>> (1) )f(m)
n?big) 1
—a te (a4 tn (b, a))dt + 1— )57 fla+tn (b, a))dt
k n n\o,
0 Tr—a
n(b,a)
(3.2)
Using the change of variable u = a + tn (b, a), (3.2) becomes
ngi;Z) 1
n (b, a) tk f'(a+ tn (b,a))dt — / (1—8)% f'(a+tn (b a))dt
0 Tr—a
n(b,a)
r—a % r—a %
- <<77(b7a)> - (1 - n(bﬁa)> > fz)
x a+7](b7a)
e | Je ot e [ @0 -0t fw
Tz—a g z—a \F
<<n(b a)) + (1 B n(b,a)) ) f(x)
_ Ti(atk) a,k a,k
(n(b.a) ® (EEf @+ B @t nG.)
which is the desired result. O
Theorem 3.2. Let [ : [a,a+ 1 (b,a)] — [0,00) be a differentiable function such that f' € L ([a,a + 1 (b,a)])
with n(b,a) > 0. If | f'| is log-preinvex function with respect to n such that f'(a) # 0, f'(z) # 0 and f'(b) # 0,

then the following inequality for fractional integrals

() T+ (=2a=) ") @) = Eesty (12 @)+ 12 (0 (00)

(n(b,a)) *
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% 1 a a)—x % 1 . / !/ !/
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n00) (e 7@l () o (- )T ()T
| |

)) ) if 1f(@)] = [/ @)] # £ 0],

%+

@) ‘%Z 1P @] (BONT ()

if |f' (@) # 1" (@) = 1 ()],

IN

X
18

A i
3

’@

3
§

§

n(b,a) | 1f'(a) (w >%+1<\f’ 2)|\ 7 ?( vibizlnjigzy)”

. e\ )
1@ (1~ nﬁ%)kﬂ (1 b)|>n<ba) §1< = (z> )w )|> )
if [f' (@) #[f'(@)| # £ ()]

holds for all z € [a,a + n(b, a)].

Proof. From Lemma 2.10, and properties of modulus, we have

() T+ (=2a=) ") ) - Sesty (12 @)+ 12 an (00)

(n(b,a)) k
w(oa) 1
<n (b, a) / th |f'(a+tn(b,a))|dt + / (1—t)% |f'(a+tn(b,a))| dt
0 A(Eay
Since |f'] is log-preinvex, we deduce
\(((b)) T (Wf;;)) Jla) = TR (120 (@) + I S (atn O, a)))'

n(6,a) 1

<) | [ @ @l e [ a-ofr@) )

O Tr—a
n(b,a)

1
—n(b.a) | |£(0)] /t%('§i§ij§|')tdt+}f’(w)| / (- 0F (L) a

If [f(a)] = [f'(z)| = [f(b)], then (3.4) gives

!<<;z;;>>z ()7 - B (20 2

(n(ba)) ®

<n / thdt + | f/(x ] (1—t)%dt

0 r—a
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&4 o _ &1
s (1) () +Ir@) (=) ")

a z—a wH a a)—x TR
- aik) ‘f ‘ <<n(b,a)> + (%) ) : (35)
IE [f'(a)| = |f'(2)| # | f'(b)], then (3.4) gives

()" + (=) 7) s kst (4104 1ty s n )
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VTN a 1)\
<n(ha) | 7@ / it (@) at+ |1'@)] / (-0 (L8 ar
0 (&0

o) ngzb_,g) '
() | @l () el [ ()
0
o |
=1 (b7 a) <a-lf-k ‘f/(a)} (WQE;»Z)> k
- o\ (@YY
e—a \* T (1F @]\ TAEw (’<1’n(b’a>>ln(|f’<b>l))
+\f’(b)1<1—n(b,a)> (If’(b)l) | Z; (&+1);
@4
=n(t.0) (7o) (75) "

(3.6)

It £(a)] # /(@) = | £/(b)], then (3.4) gives

(o) (==)") 10— iy (22 @+ 2 0 00,)

<) | 1£@] [ o8 () e @) [ a-of ()
0

, e & (g the)
=) | 7@ ()" (55) " ",

/ )\ 7100 [z \FTL OO( Aoray I ||}ffl((2§||)i_1
=n(b,a) |f (CL)’ <|f’(a)|) (n(b,a)) Z @ +1)i

o241
+ 210 (1- 5Y) " ) . (3.7)
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In the case where |f'(a)| # |f/(b)| # | f'(x)|, then applying Lemma 3.1 for (3.4) we get

(o) (52) ) - ki (2220 00)

(n(v,a))k
n(b,a) 1
<nto) | @] [ oF () as r@l [ a-of () @
0 n(5.a)
0] 1= Gw
—n(b,a) | |f(a) /ti<|§igg||)tdt+\f’(b)\ / % (|‘§/'((§>)l|>tdt
0 0
oo [ mea g @
1t (1710 () T (i) 7 3= E“”

e o ((1oea Y L)
+!f/<x>\(1—5"217,23)”1('}”fé2§')"“‘“)2(( i) i) ) (38)

(#+1);
From (3.5)-(3.8), we obtain the desired result.

Corollary 3.3. In Theorem 3.2, if we choose n(b,a) =b— a, we have

()7 +(52)") 100 - B (12 )+ 135 )|
i@l () () vir@i=1r@i=1ro),
o a b=z
(b _ a) ai-i,-k ]f’(a)\ (%>E+1 n ’fl( ’ (b x) P (||§/’((Zg||> b—a

i‘é( = <%L ; ) if 17(@)] = If'@)] £ 1£/ O]
0-a (lrol ()" + i) (l';ié N (=)
I\~
. ) 17 @] #1F@)] =170,

/ i—1
s oo (~z2m )

IN

if |f' (@) # 1" (@)] # 1/(b)].

Corollary 3.4. In Theorem 3.2, if we taking k =1, we obtain

()" + (=53657) ") #0) = e (T @)+ J2f (0t m ()
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a+l a+1
w1 @) ((i’ébfﬁ)) " (2tpee) +) if 1£(a)] = |f'(@)] = |70,
a+1 a+1 , 1_%
1 (b, a) <ai1 @) (%) : + 170 (1- 55) " (o) e

X
0.0 (171 (1= 5) " 1@ ()™ ()™
)

b
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o, ) )if F@) =@ #1£0),

IN

1=
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‘o _ @)
+|ff<x>|<1—W,,s>>““<;;:gzgl,>w§< (s i) )
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0= (sl (52) " ol ()" ()
T <a(+'§3(f”)> ) if 1£(@)] = 1F @) # 17O,

8

—a

el () el () ()
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== ) ) 717 @] #17@)] = 7).

r—

o @Iy
(b-a) (f’(a) (=)™ (o= § (&= la +|{;a>l)

r-a L@y
siren (i) (i) = £ EEEEL )

s)

=1

if |f' (@) # 1f' ()] # 1/ ()] -

Theorem 3.5. Let f : [a,a+ 1 (b,a)] — [0,00) be a differentiable function such that f' € L ([a,a + 1 (b,a)])
with n(b,a) > 0. If |f'|* is log-preinvex function where ¢ > 1 with % + % = 1, then the following inequality
for fractional integrals

‘ <<J§Z,Z>)

£l

+ (%) k) flz) — % (Iﬁ’_’“f (@) + I3E f (a+ (b, a))) '
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( e

) ()" (i1 () 1 (- i) )
@I = ol .
n(t.a) ()" (17l () 1@ (1 )

1
a (ba) a % B .
('”“' e ) ) i 1)l = | @) £ 170,

1
a, 1 T—a r—a q
PR [ @ @) — ()7
[f (@) 0 (vfib,Z) ( [ B =]/ (@)
(

S =

IN

?r\@

)

“+1
2 ) ) i @) # 1 @) = 170,
)

1

1
P

1(6,0) (it
b,a) ( n(Ea)

1 (b, 1 (a)"

ap+k

(b)
' )
+ 17w (1-
) H>‘2+i 1 (@) 70 | ()] 5
n(b,a) In|f’(z)]?~In|f’(a)|?

_eoa o \FF5 [ @1 @ T g @) ) T
+ ‘f/(x)| n(b,a) (1 — T):?b,g)) ( In[f"(b)|T—In]f'(x)[?

N——
Q\H\/
N——— Q

( if 1f/(a)l # [f(x)] # [f'(b)]
holds for all x € [a,a + n(b,a)].

Proof. From Lemma 2.10, properties of modulus, and Hélder’s inequality, we have

wea \ ¥ atn(ba)— x _ Ty(atk) [ rak ok
’ <(n(b,a)) + ( n(b,a) f(l') (U(bﬂ))% (Ixf f (a> + Ix+ f (CL +n (ba (Z))) '

r—a

n(b,a) n(b,a)
<n(b,a) /to;cpdt (/ | (a+tn(b,a))|"dt

0

5‘

o=
Q=

—
S

1
1 q
+ /(1—t)°?fdt (/ |/ (a+tn(b,a))|" dt

1 £+l ﬁ
—(b0) (o) | (i) | [ £k o)

Q=

Q=

Since |f’|? is log-preinvex, from (3.9) we have
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1
1 L n?byg) /
v o \ET @)\
(b CL) (ap+k) ’ |f/((1)’ (nz(b,a)> ' / (H"Ea;}q) dt
0
1
1 q
r—a \ 57 THOTAY
@) (1= 5) / (tF) ar (3:.10)
ey
If |f'(a)| = |f'(b)] = [f'(z)], then (3.10) gives
()" + (‘W)’“)ﬂx)—m (122 @)+ 125 0 0.0)|
2+1 24_1
<n(b.0) ()" (\f | (55)" + 1@ (- &5)" > . (3.11)

If|f'(a)] = |f'(=)| # | f'(b)], then (3.10) gives

(n(b,a)) &

1
o _o \ FE (101 @) T @ )
+ £ (1 ) < TPl (@] '

(3.12)
If | f'(a)| # |f'(x)| = |f'(b)], then (3.10) gives
T—a % a+n(b,a)—x % 'y (a+k a,k a,k
’((n(bﬂ)) + (et ) f(:z:)—(n’“(;a))%) (wa(a)+lx+f(a+77(b,a)))'
1
1 o 1 T—a T—a a
3 1-2=a (oo \E o [ £ ®) 70 —|f () e
Sn (bv a’) (ap+k)p (lf ’ 7o) <77(b,a)> ’ <| (121||f/(b)|qfln|](‘/()(|1)‘q )
T—a wH
+1F0) (1 _ n(,m)) ) . (3.13)
If | f'(a)] # |f'(z)| # | ()], then (3.10) gives
T—a % a+n(b,a)—x % T (a+k o,k a,k
() o+ (=2a=) ") @) - Eesty (12 @)+ 12 a0
1
1 a 1
P -5 ( z—a tTp f n(b a) f n(b a)
<n(b.a) ()" ('fl(a) o () (l e >
) 1
oS (1 ama \ R e [ PO @) 1 — | (@) (b)) )
+ [/ ()]0 (1 n(b,a)> < W[ ] ()7 ) ) '
(3.14)

The desired result follows from (3.11)-(3.14).
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Corollary 3.6. In Theorem 3.5, if we choose n(b,a) =b— a, we have
T—a 3 —x % Iy (at+k o,k ok
((0)*+ (0)") s B (002 25 0)

0o (k)" (17 %)%“ @i ()
@l =17 @l =170, .
(b—a) (ﬁ)ﬁ <|f’(a)y <%>z+ ) ( ,ﬁ)ﬁg

1
/ a4 fl(q q%_ ()9 £ ‘1% q .
o (MO S ) ) i | @) = 1f/@)] 17O

0-0) (st (‘f’<a>'” (1) (1 o)

if 1f' (@)l # 1f' ()] = 1 ()],

00 (k) (w S (g2) (i)

P @I ( <|f’ v |fl;c‘>fb ‘3 G ())g'(b)"”)é)
Zf [f' (@) # |/ (x)] # |F'(0)]-

Corollary 3.7. In Theorem 3.5, if we taking k =1, we obtain
()" + (7)) £ (@) = e (J2F (@) + J24f (a+ (b))
00 ()" (7@ (,,;zb @i (- )"
if 1f' ()] = |f'(= )I—If(b)\ 1
s ()" (700 (55" ¢ 55 - )

1

o [ 117 @) T g T
WOl )]

1
v . RO oY Olk "<ba>
1 (b, a)(ap+1) (f/ (n(b ) ( W[ B[ (a >

Q=

IN

+1f'(b ! "

\ Q
v

@
Q=

) if |f' (@) =" (@)[ # 1 (0)],

<
+1
+1rol (1 )lf @) # @) = 7 0)
1 T—
1 P 1 - ()] n(b a) a)| (e, a)

1 (b, a) (ap+1) ( ) (n ba ) ( iy ok )

- FOIF @) T | @)
@) n<b,>( n(ba) <| )17 131||f/(b - ﬂqfw?'ﬂq”' ) )

\ i 1f @) £ 17 @) 2170

Moreover if we take n(b,a) = b — a, we get

()" + (22)") 5 — 5ot (2 a) 4+ 725 )
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b0 (W)’l’ (\f’( ()" 1 (22) )
=@ =re.
) (g0)” (171 (522)" # 17 @l (b2) ™

a qbfaf qglf 3
x (f” ‘ffnf}/(b).q,l'i\}@')l orts ) ) if |f @] = 17(@)] # 170,
b L\ [ (a) s (2ma ) ) b () b=
(=) ()" | 1F @I= (5=2) Il POl (@)
a+1
ol ()™ # @2 @)= 1.
A PN = O O e T
() ()" | 1£/ @)1= (52) In] Gl (@)

_; f b f qb a—_|f(z qf/ b q% a
o eniglspnenti) )
if 1f(a)] # [f'(@)] # /()]

Theorem 3.8. Let f: [a,a+ n(b,a)] = [0,00) be a differentiable function such that f' € L ([a,a +n(b,a)])
with n(b,a) > 0. If |f'|? is log-preinvexr function where q > 1, then the following inequality for fractional
integrals

/

A

Q=

IN

Q=

(n(b,a)) &
(Z+1 z—a BTl
77(5, a) a+k ‘f/ )‘ nl(,b,g)) (1 o n(b,a))
F Al =1 @) =170 )I
k 1_% /
nea) () (17

‘ <<f<b,5f>> i (%) ) fa) = T (128 f (@) + L3Ef (a4 0, a)))'

IN

- ema o @I\ @
1—-1 , zb Z) @4 0o (— ®.0) In |f’(a)|q)

b,a k a |f (x)|:_(a’ z—a \F e

7 ( )<a+k) |f/(a)|W71 (n(b,a)) ; (2+1),

_ oo LP@ITY T 9
1-1 z—a a4 %) In 7%
e\ T [ @9 (g N ( Ay 7 <a>|)
77(b7 a) (a+k> |f/(a)|’flgfb_72)7l (n(b,a)) (zz:l ( +1)i
1
_z=a N (1 a=ay, @ a
THOCON SR e s °°( (=30 I 177 >|Q)
=l () 2 (21,
17 (b)] n(b,a) i=1 k i

if |f/(a)l # [f'(@)] # [(b)]
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holds for all z € [a,a + n(b, a)].
Proof. From Lemma 2.10, properties of modulus, and power mean inequality, we have

() (382" o - s (st

n(b,a)
z—a 1_% x—a %
n(b,a) n(b,a)
<o) || [ [ 115 e b
0 0
-1 1
1 ! 1 !
N /<1_t>zdt /(1—t>%\f'<a+m<b,a>>|th
ﬁ WGEI;Z)
Tr—a l
o) !
1-1 o (241) - ! a
—rva () | Ga) |
0

1

1 1 !
)(“1)(1_‘1) /(1—t)2‘\f'(a+tn(b,a))\‘1dt : (3.15)

r—a
n(b,a)

Since |f’|? is log-preinvex, from (3.15) we have

() + (=) s sy (221
11 ( 1)(1 ) e %
S & - « !
<o) ()" | 1@ (255)" [ o () ae
0
1
Y 1 !
ar1)(1-= o /1 t
1@ (1 ) FO0 [ a-ot () e |- (3.16)
%7,3)

If|f'(a)] = [f'(b)] = |f'(x)|, then (3.16) gives

(G (=) - Bl (245 @ 128 e a0

(n(b.a)) & \"*~
<n(b,a) (ai%) ‘f’(a)‘ <<nﬂzb—72))k+1 + (1 o)

)(’Hl) . (3.17)

If [f(a)] = [f'(x)] # |f(b)], then (3.16) gives
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<ntv0) (75) ™ (17001 ()" (%)

1
- @) @
+ If (a)| Z(b ) (1 n(b a)) ( ( ba ) )|f (b)|q) ) ] (3.18)

,a
a

/(b)) M(ba)

=1

If [f(a)] # [f/(z)] = [f(b)], then (3.16) gives

K(H)% N (W)) fw) = B (10 f (@) 4 13 (a1 0, a)))'

n(b,a) n(b,a) (n(b,a)) &

1
_1 = a o0 |f/'( N @
<n (b, a) (afik)l o[ @t (ngzgg))w (Z( n<ba>( +|,;f)|q> )

|£/(a)| 1(®s2) i=1

ol (- ) ()" (3.19)

It |£(a)] # [£/()] # |£'()], then (3.16) gives

(n(b,a)) k

1
<1 (b, a) (aialé \f’(@@l (nfzf,g))%ﬂ (i( n<ba>(%+||};§§| ) )

£ (a)| () i=1

(6 () - B (0t )

on “aGa) z—a
+ T—a (1_ n(b,a>>
1f7(v)] n(b:a)

0o w—ay o @)\
Z((ln(b,a))ln 'f’(b)q) )q _ (3.20)

=R
+
=
o
~.
Il
—_
—
Ele)
+
—
N—

The desired result follows from (3.17)-(3.20).

Corollary 3.9. In Theorem 3.8, if we choose n(b,a) = b — a, we have

()" ()" s 5 (221 0 2250)
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|
Q
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=)
=
N
8
N
=
-
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S
1
b—z o bz, @I\ @
4 f@)|ba (z,_m)z“ i(‘ =2 o i)
r—a b—a o 1
[ £/ (b)| a =1 (k+ )
if [f' (@)l # [f'(2)] # | f(0)]-

Corollary 3.10. In Theorem 3.8, if we taking k = 1, we obtain

()" + (2226222)") gy - Lo

(n(b,a))*

(J2f (@) + T2 f (a+n (5,0)))
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n(v,a) (55) 11/ (@) ((Jib‘fb)a+
i 17(@)] = 1f (@) =

0.0 () (17 (37

5"

c o oo (i’f (-

1—
S (@) nba) o,
+ (1= 2

_1 -
: >1 q Jlf(i))ﬂbz))l <7ﬁbf§)>

IA

+ 1701 (1- %5)

if 1f'(a)l # | f'(=
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a+1 o0
5

1=

a—i—l( 1
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) =15

x
|7 (a)| (0]

r—a

f/(0)] (b

)

Moreover if we take n(b,a) = b — a, we get
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(b—a) (1) 1/ (@) ((”é‘s)aﬂ * (H)QH)
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