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Abstract

In this paper our main result is a coupled coincidence point theorem for a compatible pair of a coupled and
a singled mapping in a fuzzy metric space with a partial ordering under the assumption of a new coupled
contraction inequality which involves a recently introduced control function which is a generalization of many
such functions previously used in literatures. The proof depends on a lemma in which we prove a condition
for simultaneous holding of Cauchy criteria for two sequences. We use H-type t-norms in this paper in order
to utilize the equi-continuity of the t-norm iterates in the proof of the lemma. The contraction inequality
also involves another function which is borrowed from a recent work. There is a partial ordering defined on
the fuzzy metric space. There are several corollaries of the main theorem. An illustrative example is given.
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1. Introduction

Fuzzy fixed point theory has developed into a vast area of study during the last two and a half decades
in which a large number of results have appeared in the setting of fuzzy metric spaces introduced by George
and Veeramani [12] in 1994. The successful development of metric fixed point theory in this space is to
a large extent due to the fact that the topology of such space is Hausdorff. Actually the authors of [12]
introduced the definition of fuzzy metric space by modifying of an earlier definition which was given by
Kramosil and Michalek [19] with a view to obtaining a Hausdorff topology in this space. Examples of works
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from this field of research are [7, 21]. It may be mentioned that the aforesaid development is not a mere
fuzzy extension of metric fixed point theory. It has its own characteristics. Sometimes it is more versatile
than the fixed point theory in metric space. This versatile character is derived from the inherent flexibility
of fuzzy concepts. As an instance, we consider the case of Banach’s contraction mapping principle which
has several inequivalent fuzzy extensions leading to the concepts of B-contraction [26], C-contraction [15],
etc.

Control functions have been used in many results in fixed point theory. Such use was initiated in metric
fixed point theory by Khan, Swaleh and Sessa [18] in 1984. Essentially control function alters the metric
distance which makes the triangular inequality directly unavailable in the proofs of the theorems. New
methods in the proofs are then to be introduced in order to obtain the final results. The work of Khan et
al [18] was following by several other works in the same vein. The idea of control function was extended
by Choudhury et al [2] to fixed point theory in probabilistic metric spaces which is a sister branch of fuzzy
fixed point theory. Recently Fang [10] utilized one of such functions which includes several other control
functions appearing in earlier works as special cases. In our present work we use the function introduced by
Fang [10] as mentioned above.

Coupled fixed point problems have attracted large attention in recent years. Although the concept was
introduced by Guo et al [11] in 1987, large interest was felt in this category of problems after the coupled
contraction mapping theorem was established by Bhaskar et al [1]. Several works like [3, 9, 20] followed the
work of Bhaskar et al in this line of study in the metric spaces. In fuzzy metric spaces, coupled fixed point
results were introduced in the work in Zhu [27] which was followed by works like [4, 5, 6, 16, 17, 23, 24].

Fixed point and related problems in partially ordered metric spaces have been studied in a good number
of papers in recent times as, for instances, in [1, 3, 20]. Such problems in fuzzy metric space with a partial
ordering have been considered works some of which are [4, 5, 6, 16, 17].

In this paper our main result is a coupled coincidence point theorem for a compatible pair in a fuzzy
metric space with a partial ordering under the assumption of a coupled contraction inequality which involves
a control function introduced by Fang [10] as mentioned earlier. The proof depends on a lemma in which
we prove a condition for simultaneous holding of Cauchy criteria for two sequences. We use H-type t-norms
in our results. The reason is that we utilize the equi-continuity of the t-norm iterates at ’1’ in the above
mentioned lemma. The inequality also involves another function which is borrowed the work of Choudhury
et al [4]. The main result is illustrated with an example. There are several corollaries of the main theorem.
The example shows that the corollaries are properly contained in the theorem.

2. Preliminaries

Definition 2.1[14, 25] A binary operation x : [0,1]2> — [0, 1] is said to be a t-norm if:
(1) * is commutative and associative,
(73) 1 is the unity of x,

(7i7) = is the monotone increasing in both variables,

(tv) The operator * is a continuous t-norm if % in continuous.

For examples of t-norm we refer to [14, 25].
The following is the definition of fuzzy metric space with which we work the definition is given by George
et al [12].

Definition 2.2[12] The 3-tuple (S, M, ) is said to be a fuzzy metric space if S is an arbitrary non-empty
set, * is a continuous t-norm and M is a fuzzy set on S? x (0, co) satisfying the following conditions for each
r1,22,x3 € S and t, s > O:

(Z) M(xlaant) > 07
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(13) M(xy1,z2,t) =1 if and only if z; = z9,
(ii1) M(x1,x9,t) = M(x2,21,1),

(tv) M(z1,x2,t) * M(x2,23,5) < M(x1,23,t+ s) and
(v) M(z1,x2,.):(0,00) — [0, 1] is continuous.

Let (S, M, *) be a fuzzy metric space. For ¢t > 0, 0 < r < 1, the open ball B(z1,t,r) with center z; € S is
defined by
B(zy,t,r)={y e S: M(z1,z2,t) >1—r}.

These open balls form a base for a topology which is metrizable.

Definition 2.3[12] Let (S, M, *) be a fuzzy metric space.

(i) A sequenc {yn} in S is convergent to y € S if lim M (y,,y,t) =1 for every t > 0.
n—oo

(i7) A sequence {y,} in S is Cauchy sequence if for every 0 < ¢ < 1 and ¢t > 0, we can find a positive
integer N such that M (yy, ym,t) > 1 — e for every n,m > N.

(7i7) A fuzzy metric space is called complete when a sequence is convergent whenever it is a Cauchy sequence.

Lemma 2.4[13] Let (S, M, %) be a fuzzy metric space. Then M (x1, x9,.) is nondecreasing for all 1,25 € S.
Lemma 2.5[22] M is a continuous function on S? x (0, 00) for a fuzzy metric space (S, M, x).

Here is established a coupled coincidence point theorem for two mappings complete fuzzy metric space
having a partial order defined on it.

Let (S, =) be a partially ordered set and F' be a mapping from S to itself. The mapping F' is a non-
decreasing mapping if for all ay,ay € S, a1 < ay implies F(a;) < F(ag) and a non-increasing mapping if
for all @y, € S, a1 = g implies F(a1) = F(az2)[1].

Definition 2.6[1] Let (S, <) be a partially ordered set and F': S x S — S be a mapping. The mapping F
is said to have the mixed monotone property if, for all a1, a2 € S, a1 < ay implies F(aq, 5) < F(az, 8), for
fixed 8 € S and, for all 81,832 € S, 81 = B2 implies F(a, B1) = F(«, B2), for fixed a € S.

Definition 2.7[20] Let (S, <) be a partially ordered set and F' : S x S — S and g : S — S be two
mappings. The mapping F' has the mixed g-monotone property if, for all aj,as € S, g(a1) < g(az) implies
F(a1,B) 2 F(ag,p), for any B € S and, for all 81,82 € S, g(81) = g(B2) implies F(a, B1) = F(a, B2), for
any a € S.

Definition 2.8[20] Let S be a nonempty set. An element (a,3) € S x S is called a coupled coincidence
point of the mappings F': S xS — Sand g: S — S if

F(a,B) = g(a) and F(B,a) = g(8).
If ¢ = I, the identity mapping, then we have a coupled fixed point («,f), that is, F(«a,f) = « and

F(ﬁ7a) =B.

Definition 2.9[20] Let S be a nonempty set. The mappings F': S x S — S and ¢g: S — S are commuting
if for every a, 8 € S,

9(F(a, ) = F(g(a),9(8)).

Definition 2.10[16] Let (S, M, %) be a fuzzy metric space. The mappings F' and g where F': S x S — §
and g : S — S, are called to be compatible if for every ¢ > 0
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lim M(g(F(amﬁn))?F(g(an)ag(/gn>vt) =1

n—oo

nli_{r;oM(g(F(ﬁn,an)),F(g(ﬁn),g(ocn),t) =1,

whenever {«,} and {3,} are sequences in S such that lim F(ay,, ,) = lim g(a,) = « and lim F(5,, a,)
n—00 n—o00 n—oo

and

= lim g(f,) = B for some o, 3 € S.
n—oo
Note. A commuting mapping is compatible, but not the converse.

Definition 2.11 [8] Let ®,, represent the set of all mappings ¢ : Rt — R™T satisfying the following condi-
tion:
lim ¢"(t) = 0 for every ¢t > 0.
n—oo
Definition 2.12 [10] Let ® represent the set of all mappings ¢ : Rt — R satisfying the following condi-
tion:
for each ¢t > 0 there exists r > t such that nh_}rrologon(r) =0.

Here ®,, is a proper subclass of @ [ see [10]].
Lemma 2.13 [10] Let ¢ € @, then for each ¢ > 0 there exists r > ¢ such that ¢(r) < t.

Definition 2.14[14] A t-norm = is a HadZi¢ type t-norm if the family {*”},>¢ of its iterates defined for
each s € [0,1] by

$0(s) = 1, #P*1(s) = *(¥P(s), s) for all p > 0, is equi-continuous at s = 1, that is, given A\ > 0 there
exists n(A) € (0,1) such that

1>s5>n\) = *P(s) >1—\forall p>0.
Examples of the above definition are obtainable in [14].

3. Main Results

Lemma 3.1 Let (S, M, %) be a fuzzy metric space with a HadZié¢ type t-norm * for which M (a,b,t) — 1 as
t — oo, for all a,b € S. If {a,} and {b,} in S are such that, for alln > 1, ¢ > 0,

M(an, ant1,0(t)) * M(by,bpt1,0(t)) > M(an—1,an,t) * M(by—1,bn,t) (3.1)
where ¢ € ®, then {a,} and {b,} are Cauchy sequences.
Proof. By repeated applications of (3.1) it follows that for every ¢t > 0, n > 1,

M(Cbn, An+1, (Pn(t)) * M(bn, bn+1, cp”(t)) > M(ao, ai, t) * M(bo, by, t). (32)
Now we prove that li_>m M(ay, any1,t) * M(by,bpi1,t) = 1, for every ¢t > 0. (3.3)
n o

Since M (ag,a1,t) — 1 and M(bg,b1,t) — 1 as t — oo, and * is continuous, we have that given € € (0, 1]
there exists £1 > 0 such that
M(ao,al,tl)*M(bo,bl,tl) >1—e (3.4)
Since ¢ € ®, there exists tg > ¢; such that lim ¢"(t9) = 0. then, for every t > 0, there exists an integer
n—oo

ng > 1 such that ¢"(tp) < t for every n > ny.
Then, we get for every n > ny,
M (an, ant1,t) % M (b, bpi1,t) > M(an, ant1, 9™ (to)) * M(bn, bpt1, ™ (to))
> M (ag,a1,to) x M(bg,b1,to) (by (3.2))
> M(ao, ai, tl) * M(bo, by, tl)
>1—e  (by (3.4))
Therefore (3.3) holds.
Let P,(t) = M(an, an+t1,t) * M (by, bpi1,t). (3.5)
Since ¢ € ¢, by Lemma 2.13, for any ¢ > 0 there exists r >t
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such that ¢(r) < t.
Let n > 1 be given. We next show by induction that for any k£ > 1,
M (an, Gy, t) % M (b, bpyr, t) > 7 1(Py(t — @(r))). (3.6)
Since +%(s) = s, this true for k¥ = 1. Let (3.6) holds for some k.
For any t > 0, there exists a positive integer ng such that for every n > ng,
M(ana Qp4k+1, t) * M(bm bn+k+17 t)
= M(an, anit1, (E = @(r) + @(r))) % M(bp, bnyrr1, (8= @(r) + ¢(r)))
> {M(an, ant1, (t — @(1))) * M (b, byy1, (t — o(r)))}
#{ M (ant1, angkr1,9(r)) * M(bpgr, bpgrrt, ()}
> Pt —(r)) * {M (an, anik,7) * M(bp, bpir, )} (by (3.1) and (3.5))
> Po(t — @(r)) « {M(an, anik,t) * M(by,byig,t)} (since r > t)
> Pt — (1)) * (¥ 1(P.(t — ¢(r)))} (since by our assumption (3.6) holds for integer k)
> Pt - o(r).
Therefore, by induction, for all n > 1, (3.6) holds for all £ > 1 and ¢ > 0.
Since, the t-norm x* is of H-type, so for given € > 0, there exists § € (0, 1) such that
*P(s) > 1 —k, (3.7)
whenever 1 > s >1—4§ and p > 1. (3.8)
By (3.3) and (3.5), we have
nlgglopn(t —¢(r)) = ,}L‘EOM(G”’ nt1, (t = (1)) * M (b, bnya, (= (1)) = 1.
Then, there exists a positive integer ng such that for all n > ng, we have
Pt —¢(r) = M(an, ant1, (t — (1)) * M (b, b1, (t —¢(r))) > 1 — 0 when § is the same as in (3.8). (3.9)
Taking s = P, (t — ¢(r), it follows from (3.6)-(3.9) that
M (an, gy t) % M (b, bpyr, t) > ¥ 71(Py(t — @(r))) > 1 — e for all n > ng and k > 1.
The above inequality implies that
M(an,am,t) >1—€and M(by,bm,t) > 1 — e for all n,m > ny.
This shows that {a,} and {b,} are Cauchy sequences.

Next we prove that the main theorem of the paper.
Theorem 3.2 Let (S, M, ) be a complete fuzzy metric space, where xis HadZié¢ type t-norm such that
M(a,b,t) — 1 as t — oo, for every a,b € S. Let < be a partial order defined on S. Let F : S xS — S
and g : § — S be two mappings such that F' has mixed g-monotone property and satisfies the following
condition:

M(F(a,b), F(u,v), o(t)) = v(M(g(a), g(u),t) * M(g(b), g(v), 1)), (3.10)
for all a,b,u,v € S, t> 0 with g(a) < g(u) and g(b) = g(v), where p € &, v:[0,1] — [0, 1] is a continuous
function such that y(z) * y(z) > « for each 0 < 2 <1 and F(S x S) C ¢(S), g is continuous and monotonic
increasing, (g, F') is a compatible pair. Also suppose that S has the following properties:

(i) if a sequence {a,} — x is such that a, < an41 for every n > 0, then a, < a for alln >0, (3.11)
(ii) if a sequence {b,} — b is such that b, > b, for all n > 0, then b, = b for every n > 0. (3.12)
If there are ag,by € S such that g(ap) < F(ao,bo), g(bo) = F(bo,ap), then there exist a,b € S such that
g(a) = F(a,b) and g(b) = F(b,a).
Proof. Starting with ag, by in S and since F(S x S) C g(5), we define {a,} and {b,} in S as follows:
g9(a1) = F(ao, bo) and g(b1) = F(bo, ao),
g(az2) = F(a1,b1) and g(b2) = F (b1, a1),
and in general, for every n > 0,
g(anJrl) = F(ana bn) and g(bn+1) = F(bna an)- (3'13)
Next, we prove that {g(a,)} and {g(b,)} are monotone increasing and decreasing sequences respectively,
that is, for every n > 0,
9(an) = glans1) (3.14)
and

9(bp) = g(bn+1). (3.15)
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From the conditions on ag, by, we have g(ap) < F(ag,bo) = g(a1)
and g(bo) = F(bo,ao) = g(b1). Therefore (3.14) and (3.15) hold every n = 0.
Let (3.14) and (3.15) hold for some n = m. As F has the mixed g-monotone property and g(a,,) < g(@m+1),
9(bm) = g(bm+1), it follows that
g(aerl) = F(am7 bm) = F(am+17 bm) and F(berla am) = F(bmyam) = g(bm+1)-
Also, for the same reason, we have
F(ams1,bm) 2 F(ams1,bmi1) = glams2) and g(bmi2) = F(bmi1, amy1) = F(bmit, am).
Then, from the above two relations it follows that
9(am+1) = g(am+2) and g(bm+1) = g(bm2)-
Then, by induction, (3.14) and (3.15) hold for every n > 0.
Let for every t > 0, n > 0,
5ut) = M(g(an), g(ans1),t)  M(g(bn), g(brs1), 1) (3.16)
Then, for every ¢t > 0, n > 1, we have
M(g(an)a g(an-l-l)a (p(t)) = M(F(an—la bn—1)7 F(CLTM bn)> ( ))( ( 3.1
= y(M(g(an—1), g(an),t) * M(g(bn-1), 9(bn)
= 7(0n—1(t))-(by (3.16)) (3.17)
Similarity, for every t > 0, n > 1, we get
M(g(bn), 9(bp+1), p(t)) = M(F(bp—1, an—1), F(bn, an), o(t))(by (3.13))
> 3(M(g(bn-1), 9(bn), 1) * M(g(an-1), glan), £)) (by (3.10))
= (bn-1(1)). (by (3.16)) (3.18)
From (3.14) and (3.15), for every ¢t > 0, n > 1, it follows that
M (g(an), glans1), 9(1)) * M(g(ba), glbus1), £(2)) > (8-1(8)) * (51 (1))
> G 1 (1) (since 4(z) *1(z) > 2),
that is, M (g(an), gans1), 2(t) * M(g(bn), g(bus1), o(2)
> M(g(an-1), 9(an), £) * M(g(bu_1), g(bn),1). (by(3.16)) (3.19)
Then from Lemma 3.1, using (3.19) that {g(a,)} and {g(b,)} are Cauchy sequences. Since S is complete,
there exist a,b € .S such that

nlglgog(an) =a and hm g(b ) =0, (3.20)
that is, nlLIglog(an+1) = nlglgoF(an, bn) = a and nan;og(bn+1) = nan;OF(bn,an) =b. (3.21)
Then, from the compatibility of g and F' (Definition 2.10), we have
g(a) = Tim g(g(ant1)) = lim g(F(an,bn)) = lim F(g(an), g(bn)) (3.22)
and
g(b) = lim g(g(bp+1)) = lim g(F(bn,az)) = lim F(g(bn),g(an)). (3.23)

Also from (3.14), (3.15) and (3.20), and by (3.11) and (3.12), we get for every n > 0,
9(an) = a and g(by) = b.
Since g is monotonic increasing,

9(g(an)) = g(a) and g(g(bn)) = g(b). (3.24)
For each t > 0, by Lemma 2.13, there exists > ¢ such that ¢(r) < t. Now, for each ¢t >0,n >0, and r > ¢

as in the above, we have

M(g(a), F(a,b),t) = M(g(a),g(9(an+1)), (t = (1)) * M(g(g(ant1)), F(a,b), o(r)).
Taking n — oo on the both sides of the above inequality, for all ¢ > 0,
M(F(a,b),g(a),t) = lim [M(g(a),g(9(an+1)), (t = ¢(r))) * M(g(g(ant1)), F(a,b), ¢(r))]
= M(g(a), lim g(g(ant1)), (t = ¢(r)))
« M(lim g(F(ay,bn)). F(a.b), ¢(r)
(

by Lemma 2.5)
= M{g(a),g(a), (t = p(r))) » M( lim (F(g(au),9(b.))). F(a,b). o(r)
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(by (3.22) and the compatibility of g and F')
= 1« lim M(F(g(an), 9(bn)), F(a,b), ¢(r))  (by Lemma 2.5)

— Tim M(F(g(an). (b)), Fla, ). 4(r).
Again, by virtue of (3.24), using the inequality (3.10), we have

M(F(g(an), 9(bn))), F(a,b),¢(r)) = v(M(g(g(an)), g(a),r) * M(g(g(bn)), g(b),7))-
Then, from the above two inequalities, for all ¢ > 0, we obtain

M(F(a,b),g(a),t) > lim [y(M(g(g(an)), g(a),7) * M(g(g(bn)), 9(b),7))]
= 2(M(lim g(g(an)), g(a),r) * M( lim g(g(bs)), g(b),7))
(Since v and M are both continuous)

V(M (g(a), g(a),r) « M(g(b),g(b),r)) (by(3.22)

this shows that g(a) = F(a,b).
By similar application of (3.23), we get ¢g(b) = F(b, a).

Remark 3.3 In the above theorem we use a function + which has a property involving the t-norm *. It is
a question whether such functions exist for a given t-norm. This function has been used in [4] wherein it
has been shown that such function exists with respect to arbitrary continuous HadZzié type t-norm.

Corollary 3.4 Let (S, M, %) be a complete fuzzy metric space with a HadZi¢ type t-norm, such that
M(a,b,t) — 1 as t — oo, for all a,b € S and with a partially order < defined on it. Let F': S x S — §
and g : S — S be two mappings such that F' has mixed g-monotone property and satisfies (3.10), for every
a,byu,v € S, t > 0 with g(a) < g(u) and g(b) = g(v), where ¢ € &, v : [0,1] — [0,1] is a continuous
function such that y(z) *y(z) > x for each 0 <z <1 and F(S x S) C g(5), g is continuous and monotonic
increasing, (g, F') is a compatible pair. Also suppose that S satisfies (3.11) and (3.12).

If there are ag,bg € S such that g(ag) < F(ag,bo), g(bp) = F(bo,ap), then there exist a,b € S such that
g(a) = F(a,b) and g(b) = F(b,a).

Proof. Since ®,, is a proper subclass of ®, so the Theorem 3.2 implies the Corollary 3.4.

Corollary 3.5 Let (S, M,x) be a complete fuzzy metric space with a HadZié type t-norm such that
M(a,b,t) — 1 as t — oo, for all a,b € S. Let < be a partial order defined on S. Let FF : S x S — S
and g : S — S be two mappings such that F' has mixed g-monotone property and satisfies (3.10), for every
a,byu,v € S, t > 0 with g(a) < g(u) and g(b) = g(v), where ¢ € ®, v : [0,1] — [0,1] is a continuous
function such that y(z) *y(z) > x for each 0 < z <1 and F(S x S) C g(5), g is continuous and monotonic
increasing, (g, F') is a commuting pair. Also suppose that S satisfies (3.11) and (3.12).

If there are ag,bg € S such that g(ag) < F(ag,bo), g(bp) = F(bo,ap), then there exist a,b € S such that
g(a) = F(a,b) and g(b) = F(b,a).

Proof. Since a commuting pair is also a compatible pair, the result of the Corollary 3.5 follows from The-
orem 3.2.

Corollary 3.4 Let (S, <) be a partially ordered set and let (S, M, *) be a complete fuzzy metric space with
a HadZié type t-norm such that M(a,b,t) — 1 as t — oo, for all a,b € S. Let < be a partial order defined
on S. Let F': x5 — S be amapping such that F' has mixed monotone property and satisfies the following
condition:

M(F(a,b), F(u,v), 9(t)) > ~(M(a,u,t)  M(b,v,1)
for all a,b,u,v € S, t > 0 with a < w and b > v, where p € ®, v : [0,1] — [0,1] is a continuous function
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such that y(x) * y(z) > x for each 0 < x < 1. Also suppose that S satisfies (3.11) and (3.12).

If there exist ag,bp € S such that ag < F(ag,by), bo = F(bp,ap), then there exist a,b € S such that
a = F(a,b) and b= F(b,a).

Proof. The proof follows by putting g = I, the identity function, in Theorem 3.2.

4. An illustration

In this section we give an illustration of our main result. With the help of this illustration we show that
the corollaries are properly included in the main theorem.

Example 4.1 Let (S, <) is the partially ordered set where S = [0, 1] and < is the natural ordering < of the
real numbers. Let, for all ¢t > 0, a,b € S,

M(a7 b, t) = w(t)la_M
where 1) is an increasing and continuous function of R™ into (0, 1) given by (t) = t-i%l for each t € (0,00).
Let p x ¢ = min{p,q} for all p,q € [0,1]. Then (S,M,*) is a complete fuzzy metric space such that

M(a,b,t) — 1 as t — oo, for all a,b € S. We define the mapping F': S x S — S as:

2 _ 32
F(a,b) = o’ —b , for all a > b
=0, otherwise.
Let g: S — S be given by g(a) = a? for all a € S.
Let ¢ : Rt — R™ be defined by

. ifte [0,1),

p(t)y=9 —Lt+3, ifte [1,2],

t+ %, otherwise .

It is obvious ¢ € ® but ¢ ¢ ®,,. From the definition of ¢, we have p(t) > t% for all ¢ > 0.
Then, clearly, F/(S x S) C g(S) and F has mixed g-monotone property.
Let v : [0,1] — [0,1] be defined as ~y(s) = s for each s € [0,1]. Let {c,} and {B,} be two sequences in S
such that

lim F(ay,Bn) =a, lim g(a,) = a,

n—o0 n—oo

lim F(5,,a,) =band lim g(8,) =b.

n—o0 n—oo
Now, for every n > 0,

g(an) = 042“ 29(57;) = ,872”

F(anvﬁn) = an;l/o’n’ if ay > ﬁn»

=0, otherwise,

and
F(ﬁman) = 07 if Ay > Bna

2 2
— anan

o1 %, Otherwise.

Then necessarily a = 0 and b = 0.
For all t > 0,

lim M(Q(F(amﬁn))’F(g(an>vg(/8n))7t) =1

n—oo

nlggoM(g(F(/Bn; an))? F(Q(Bn% g(an))7 t) =1
Therefore the pair (g, F') is compatible in S.
Let ap =0 and by = d > 0.
Then g(ag) = g(0) = 0 = F(0,d) = F(ag, bo) and g(bo) = g(d) = d® > & = F(d,0) = F(bo, ap).
Thus ag and by satisfy their requirements in Theorem 3.2. Let a,b,u,v € S be such that g(a) < g(u) and
g(b) > g(v), that is, a < w and b > v.
We next show that (3.10) holds under the above condition.
The following cases may arise:

and
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Case I. When ¢ € [0,1), we have
t(t—1)—1<0, thatis, > — ¢t — 1 <0,
that is, 2t +t < 1+ 2t + 2,
that is, t(2¢t + 1) < (1 +¢)?,

: 1
that 18, 2+1 Z ﬁ,

: t t2 t4
that is, o705 2 gz 2 [T
Subcase I. a > b and u > v.

we have F(a,b) = %7 Fu,v) = UQ2%4U'

M(F(a,b), F(u,v), (8)) = (—20 @b -Fw)

|<a2—u2>|-8+\<62—v2>|

—~

o~
=
2
|
<
ol
=
<o
>
|
Q

Subcase II. ¢ < b and u > v.

we have F(a,b) =0, F(u,v) = “22_4“
We have a < u, it then follows that |u v?| < la? — u?|,
that is, \u 2] < la? —u?| + |b? -,

that is, 2 < L{ja2 — u2| + B2 — 0?]].

M(F(a,5), F(u,0), (1)) = (—2L )PP

2

R (by using (4.2))

1
>(——) (by using (4.1))

(4.1)

(4.2)
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Subcase III. a < b and u < v.
F(a,b) =0, F(u,v) = 0. Then obvious.
Case II. When t € [1,2], we have
6t 9t + 11t +4>0,
that is, —t* + 7t3 — 6t + 9t + 11t + 4 > —t* + 7t3,
that is, (— t—|—4)(1+3t+3t2+t3) >3 (—t+7)
D
that is, =% > (1+3t+3t2+t3)
s —t+4 t3
that is, =7 > S > (1+t)4 (4.3)
Subcase I. ¢ > b and u > v.
2 2 2 2
we have F(a,b) = 5=, F(u,v) = “5*.
()
M(F(a,b), Fu,v), 0(t) = (—_IF(@b)-Fu)]
(F(a,b), F(u,v), (1)) ((p(t>+1)
_t + 4
> ( 3 3 )|F(a,b) F(u,w)|
T i+ 5+1
= (2 pay-F)
—t4+7
(—t+4)\<a2—u2> (b2 —v?)|
Ot 47
(—t + 4) l(a®—u?)|+] (2 —v?)]|
a _i+ 7 2 2 2
a“—u b —v
. (t ! 1)|( NESTCaER] (by using (4.3))
t t
> ) (——la?—u?| (_~__)[p2—0?|
= \/(t ) 1)
t 2 2 t 2 2
— mi v NeF=uF| Y N|pE—v?
min (), (o)1)
= M(a?,u? t) * M(b? v?, t)
= M(g(a), g(u),t) * M(g(b),g(v),t)
Subcase II. ¢ < b and u > v.
2 2
we have F(a,b) =0, F'(u,v) = “5>.
We have a < u, it then follows that ]u v?] < la? — u?|,
that is, |u? — v2] < |a? — u?] + b2 — 07|,
. 2 .2
that is, 5T | < Hlla? — u?| + |b? — v?|]. (4.4)

Il
S
Tz

M(F(a,b), F(u,v), (t))

——HIF@)l (since F(a,b) = 0)

—t+7
—t 44 12w -2
24

—t+7
—t+4 \<a2—u2>\g\<b2—v2>\

—t47

t .l —u2)\+|<b2—u )l
t+1

t
(t+1

(by using (4.4))
> (

(=

v

(by using (4.3))

t

|a2—u2|_(7

jlb2—e2|
t+1

v
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t 2_ 2 t 2_.2
— la®—u?| |62 —v?|
mind () )T
= M(a?,u? t) * M(b? v? t)
= M(g(a), g(u),t) * M(g(b), g(v),1)
Subcase III. a < b and u < v.
In this case F(a,b) =0, F(u,v) = 0. Then obvious.
Case III. When ¢ > 2. We have
t+3 3t4+4
t+§il - %i? = (154%1)4' (45)
Subcase I.a > b and u > v.
we have F(a,b) = a22jlb2, F(u,v) = “2274”2.
Now
M(F(@,b), F(u,),0(8)) = (-2 Pla—Fu)
p(t) +1
4
> (15 Py -F)
Tt 5+l
= U reh )
3t+7
(3t+4)|<a —u2> <b2—v )l
3t+ 7
> (3t+4 I(a®—u )|+\( 2 —v?)|
3tt+ 7 s e
a“—u b —v
> (- ﬁ)% (by using (4.5))
t t
> ) (——la?—u?| (_~__)[p2—0?|
- \/(t + 1) (t + 1)
t 2 2 t 2 2
— mi v NeF=uF| Y N|pE—v?
min{ ()"~ ()}
= M(a?,u? t) * M(b? v?, t)
= M(g(a), g(u),t) * M(g(b),g(v),t)
Subcase II. ¢ < b and u > v. .
we have F(a,b) =0, F'(u,v) = “5>.
We have a < u, it then follows that ]u v?] < la? — u?|,
that is, [u? — 2] < |a? —w?| + |b? — v,
. w2 —p2
that is, ! oI | < Hlla? — u?| + |b? — v?|]. (4.6)

M(F(a,b), F(u,0), (1)) = (—E2_)F@d)-Fou)

e(t) +1
4
> (15 Py -F)
T+ 341
3t+4
— <3t%7>'F<w>' (since F(x,y) = 0)
(M)'“ Lv?)
%giz 2 2 2 2
[(a”—u?)—(b"—v%)|
S (or T % e 2 0m o)l by using (4.6
—(m+7)2 ;42 2 (by using (4.6))
> (3t+4 (a2 —u) I H (2 o))
3z+7 o
Z [(a?—u )H—I(b —v?)] (by using (4‘5))

v

t
e, (e
G
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Subcase III. a < b and u < v.

Here we have F'(a,b) =0, F(u,v) = 0. Then obvious.

Hence (3.10) holds.

Then, by applying of the Theorem 3.2, we conclude that the pair (g, F') has a coupled coincidence point
which is (0,0) here.

Remark 4.2 Since the function ¢ in the example is a member ® and not a member of ®,,, it follows that
Corollary 3.3 is properly included in Theorem 3.2. Again (g, F') is a compatible pair which is not commuting,
Theorem 3.4 is properly included in Theorem 3.2. Corollary 3.5 is trivially included in Theorem 3.2, g is
different the identity function.

Conclusion. We have used HadZzi¢ type t-norm in this paper. Its properties have been used in the proof
of Lemma 3.1 which is instrumental to the proof of the main result. It can be further investigated whether
these results are valid with some other types of t-norms.
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